CS250/EE387 - Lecture 1 - Logisnes + Bisics

(Ta“w"é 1, 201%) at least indae lecture notes
AceNDA Dun’n%‘fhis wurse we are also %oin%h)

@ Lo(}isﬁ CS leam alitle \oit adbbouk SLUGS and SNAILS.

@ Coure Pitde Wiy?  Because | sAY 50,

@ Basic problam in coding MOr\/ Twaﬁ" GQASTROPOD FACT :

@ FOrmal dz‘Fin'\"\'onS Thare is suth odhm% as & " SEMI- -SLuG, " which
is partway betweon o s\wao.nd a snail.

@ Rate vs. Distanca : Hammir\g bound T+ hos a %%\\ but it too sopll b Rl
rehact its bod\‘ info. & N

—
(D LoGIsTes |

This course wets T/Th 10+30 - 11:50
* The (OURSE WEBPAGE is ot web.si'én?ord.edq/wmer%kw / classes/ CS250_WIg
© That is where you will find:
- \O%ish'cs info & tertative. schedule
— Leclure rotes and Homasork assi%nwmm’cs
~ HIGHLIGHTS:
* 3 HW assigneants.  Eaditake 2 weeks.  Hest one. will pereleased THURSDAY
- Find pagject. This will bein tesos of size. 1-3 pasgl.
- No reqénre& fextbook. L will post notes and m&dmé'

@ Course PireH
 ALGEBRAIC. ERROR. (ORRECTING CODES’
o = s e g . s s
T = - CoMMUNicaion
- stoage
I. Error corredina codes Bre o Q\mdavv\wﬂm tool for >\ - comP\sinha mwr\,

- a\gon'i’hm dQSi%Y\
. Ngdbraic Jcecmmcgms are 2 fundamental tool J‘;gr dgs\'%v\u\% ECCs. - CV%P}OSQPW&
- pseudorandomnass
%esfcel\%, tnis cowrse is sbout Ye ?o(low\'né Fact: . etc..
LOW -DEGREE POLYNOMIALS
DON'T HAVE Too MANY RoOTS.

s we will see, This fadt s S’fupidl% wse ‘W\Yl?\l%\!\oujr CS and EE.



L Course Pitdn ctd.]

In this class we will discuss:
7+ Basics o Error (rrecting (odes:  combinatonial bounds  + existential results
s . Some esic. doshact b, L foite {%Qlds-nowng%mcﬂ
ot % * The. dlessic. palypomio codes :  Read-Solomon and Reed -Muller
! . ],—Ife Hre. we will wenh’oa] Cancier Pol%nomiox\ cocles:
Mulfiplicity Codes, Folded RS codes , Polar codles

wﬁiz

Tnformedion maon'sts
o A\c%on%wxs o mamPtAla’(\'ncé tese codes invarious seffings: :;ﬁ'.:;\:jw*;’;;é
WSt 2 . . . - -
et ’\AV\\’CQAQ d;zmdmaj \ist dQLOdm(é/ Jocal dQCOd\ﬂé b Pl
. . . . ’ oing b do i
v\““ciﬂe.;' APP\\C&hOﬂS. L anyney -
wﬂ.

In this cless we will NOT™ discuss:
: NM% %ri dofails of any one. application (nis is & THEORY course)
- LDPC codes,” Turbo codes, Raphor Codes, Tountuin Codes; .
L See Montanad’s course EE3¥3 B ol tnat %ood shxﬁz. 1

At the end OQ this Course:

NOu SHOULD HAVE THE TOolS TO USE
I=RROR - CORRECTING CODES
IN YOouR OWN TRESEARCH/LIFE.

That means :
. Enou%\f\ %xm'\\iari)r\i with Arewmm\om , consbruckoas, a\%odm,
and notoas of C\QLDdi(\g o pick vp & researdn Papec
and undorstard it .

* Exposure o lots of excmplos OQ how ECCs can \ee
uselul in o wide V&Yie)rY o@ Sejrh‘n?.



(@) The BADIC PROBLEM in CODING THEORY

The pichure. looks ke Fhis - CODEWORD ¢ OQ |€V\(a"\'h "
(\/\/—\
I ] q [ |

MESSAGE X l SOMETHING BAD WATENS
of \enciﬂ\ k.

[ |
— )
CORRUPTED CODEWORD c.
YMY\IL sume enines (hd deleled ,c.har\ﬁad,dt.

The %oo& L

GQIVEN €, FIND (somerhing feorr) X.

EXAMPLE : coMMuUNIcATION

R
xeio % .\_./ —-—\[\[\/\/\/\e @oo 4. Whet did

Alice wean
1033,\‘ ”?
1. Alice has some 2. Alice encodes 3. Nice Sands
Wiesssge X her Messatp 3s ¢ C o Bdo over
she would likg Q noisy el
bsndloBp,  NHCE B hewss &

BB



EXAMPLE : STORAGQE

1. Suppose X sa bl

/
2. X is sfored; sy ona D 3. Sbmdi'\ir\%b&\

or in o RAID arTa\f. \r\ap\;ens...
4. T shll want x !

THINGS WE CARE ABOUT :

D We should \pe. abdle To hendle the  SOMETHING BAD, whiatever that mears.
(D We should e doe o fecover WHAT WE WANT 10 KNOW about x..

@ We want 1o MINIMIZE OVERHEAD: ®in ould e gs small as ?ossib(a.
(@D We wart 1o toall tis EFFICIENTLY

Quesnon  What are the ‘mde—o(E betwezn DA4) ¢

IS depends on how we wodel ﬂ\m%s:
« Whot isthe SOMETHING BRD ?
* What emcﬂado we WANT TO KNow?
- What courts as EFFICIENT?  Whst Kind of acaass do we hove to €7

—Edcq we'll ook of one Wy of ens wmna%&se 0«23’1\‘0{\&
There are ma,nxl \e%i’r ways, and we will see more Throuc&\nou\"ﬂ/&.%mrkec



@ FormAL DEFINITONS

Lei: Z. bea’“é fate <ot and \et >0 e an if\\'ecdef.

DEF, A CodE C of BLOCKLENGTH o over
an ALPRABET 27, is a subst C €2

Qo For, is is not aver\i ‘\J\Jrereﬁrmg de@niﬂoﬂ

EXAMPLE {.
EXAMPLE 2.

v,
(1,

(0,0,0,D)
(0,0, |
(y

(1,0,0,1)

Somgimes T will say
“lenath" instead of
“block \era‘ﬂ« X

C = E WELLOWORLD | BRUNCHTIME, ALL‘IHETIME}
is o cade of bluck lergfn 10 aver 421 AR, wyel

This isvnet
o very interestin
(o, e\'mow}h it
does @pture the
V&Sfma\')od’r\;
is a code, of my ‘mooa‘nfs.
ot \CY%HA 4 over
Z = {o) 1.}
P, This second
ST examole is
Cis o BINARY CODE. a it tY\OrC.
in*eresh‘fg.

\What does fnis ave 4o do withie Je\cJ(ure om belore?  Ths o \1

Consider the map  Enc: 30, \3 e{Olg Swmb\l

ENC: (X, Xo, Xe) >0, X,, Xs, XetpoXs mm_)
S A Mg S
messafa:. x codlaword

for examP\QJ EN(.(QO;\;\» = (9,1,1,0).

) =)

— v ENCODE
MESSAGE X

of \encxfhk

CODEWORD ¢ oFlewé‘}h n

C ——

[ |

' SOMETHING BAD WMPENS

( I

CORRUPTED CODEWORD C.

(ke some. enbries Lhaf dde\ed,chmyd,dr..

Then (= Tm(ENC). That is, Cis e st all codewords that could

be obtwined fusm% this encodif\a maP.



T\;\e secord examP(sL can actuall 3 =2 'USIZC\ ?{Df“ ercoc Covrection.

SUppose You See

O O 1
R~ The JOMETHING BAD W\nowzned
obscured this exr\ry
What is the missing \oit ? This is called an ERASORE,
It must be a1 since O+&+O =4 wmed d. W know which bit
Sofemsgd, but we.
don't Krow what its
S\Apposz i0stead \ou SeL! ongioed vadue v
O o1
Then we know OMETHING went weong (ot Qoost one ot Wo"Sg‘PP@i) buf
we are viot sure wha it wes. T — This is cslled an ERROR.
Ore bt may hsve bean
Ne 58y that the code in EXAMPLE 2 can DETECT ove enor: Kno v&n‘?‘cﬁw"”

%U\’F it camot CORRECT one ewor  |et's see a code that can.

EXAMPLE 3. Corsiclr tha_ encodiﬂg mop ENC A
/

ENC. (X‘J X,_/ X.S) X,‘\ —> ()(I) )(z/ XS, th) X2+%3+%4) (xr|+%3+9(¢h ')(,\T'Xzi-%‘\)

let C= Tm(ENC). S C P03 ake Cisa BINKRY COE of LENGTHT

|
PUzZLE : L took some ceC and {:\iwed ot wostone it , o obfain:

Er(Oittoxo)

What is ¢7

Answer on next Pac&@

“The suspense.
is kiliog we!



I
PARTIAL SOLUTION: O1O 1 01O dhecks out. b Hnat could have been ¢ ...

But Wha is that the, Onlxg Posiloi\ﬂr ?
Refoe we answer s, we Nead wore ’revmino\o%Y.

]
DEE The VAMMINGDISINCE  \oehween x,aez“ s

A(Xﬂj) ot Z\.zl ﬂi%a*ga} €™ Nohw:
His is o pddc .
" In pocticalas;
The RELATVE HAMMING DISTANCE |ichuemn x,«(jei s | e ,
Gﬂa IML’C iy,
o) = ey - Ly
D_EE_ The MlNlMUM DISTANCE of a code CQZ:\ 1S
mine A( C, C')
C,:/’C' hves TN
inC Calm‘é d?s?r;azgj
CLAIM  The Code in EXAMRLE 3 hes minimam distonce 3.
\§ this daim s True, it solves e sz(a;
e o e . M& Wo codewordsare ot
(,40\\‘ /\/\ \Q&S{' 2 QPQT{'
..\.ﬂy\‘aoﬁw ceC. ° SO \? C is o(\\ 1 awa\(
DISCLAIMER s 'Q\_/\(O\E;sf& gﬂ)(V\ C, ﬂW\lASJr\)QSi' |east
T will &QWI\A dew e Z qwoy fom ama other ¢/,
\;(dms os%\ou%h ﬁémmil\%ldfs)réﬂ& s Eucliclan e % =0101010 con be’ckmon\y

distne, ond 50,\}“ is [R*. Possibil;ﬂ.



EA’C.' (.XU XZ/ ij Xq\ H (X\) Xz, XS) X'{ ) X1+X‘s+xq/ X\"'Xg“' X;‘) X\sz"'X"-)

| :P(DOF 0{: QLA\M : con be visuallized \le this:
Notice Thot each cirle sumso O waf 2, Q
SUBCLAIM. Tt suffices fo showthat win  wob(C) 2 3, WD

ceC\lot N
2 e v

P, Nobice thaf Prtnis code, i e C ad be €, e asbe C
| etz A_ Each cell holds
(oka, Cis 6 LINEAR SUBSPACE of TF,"— we'll come beck htat). e kit of e oo,
Yo suppse ot I ¢, e C wy Al )<, porees®
Tn coceC, o Alee) = wblere’). S 3 ceCuy whle?)<3.
[hnis shows 4nat § twedistane o('k/zwo{l 5 <3, Yun amin wi(c") <3 as wel ],
CI’GC\§°}

guachiM . Y ceC, wh 23,

A formew) \ma Srering I e Wei%\\’c o? o nonz codewnnd 1S 4 or 2,
J(vmn fere's some circle ted  doesnt sumio O mod 2.

LEGIT CoDEwoR D LEGIT CopEWaRD NOT LEGIT. >

of WEIEHT 4 of WEIGHT 3 This circledoes not:
Sum fo O med &,

(You will pove his ore ﬂ'%oﬂle on Your l’\omewarb.

_W\ak“pﬂms"*\/m cdaint, 50 we Mave. sohved e puzz(e. Hoorou‘ |
What was e pomt?

MINIMUM DISTANCE s a reasondola proxy for cobustness.

0 EXAMPLE 2. e code Tud minimon distance 2 (checkthis!) and could CORRECT 1 ERASURE
and DETECT 1 ERRoR.
‘v EXAMPLE 2, Y code Ted minimum  distance 3, and could CORRECT 4 ERROR. |



Mom %u\wmu\j) a code with distance d can:

= Covrrect <d-1 evasures

o detect <d-1 errors <
—>+ correct < L%“—J enrors

— o these two, e, (ineffictent) al(aon%m is: For this one, the. (ireffient ) ala. s
“If you see €, vetum ceC thals clased o & ‘1p 05 C,y oy that somdhin% is wmr\é),"

'H\Q?\cfmm looks \ike, Yhis :

\—These gIEMMM% balls

of radivs d-4 “ confered
a codewrdg are not
dis J'oi.nt, but Ty
each contuin exudl\/

one codenw.
Trve codeword ¢ N ofer codevard ¢’

- If ¢ st “comrect’ cdeword and < delx envurs are intduced, we Moy eY\d’M()
with E\ . S die [ e ) balls e dis\jo'\f\k, we @an [{md d Gnm Q.

. HOWCVU" '\Q < -1 enors are ithuduced , We \MaY end up wifh E; Now it's dossible
fhot & @me fom Cor that it came fom ' we cant dell. However, since each
0all dvesnt contain an| (odeword  ofver fhon its canter we can fel Wntscxwdwna
went Wﬂmej.



Remmm% 1o this, we can now dari\[\{ e fiesttwo ‘U/\mas.
('(;DW\ earlier)

THINGS WE CARE ABOUT :

O We should pe able 1o hendle the  SOMETHING BAD, whatever that mears.
(D We should e dde Yo recover WHAT WE WANT TO KNOW about X..

(@ We want 1o MINIMIZE OVERHEAD: Rin ghould o g5 ymsl as Po&sibh.
(@D We want to toall this EFFICIENTLY.

\{3 we want :
) We should beabed hande LdZ'X WORST- CASE ERRORS o~ d-1 WORST-CASE ERASURES
@) We want [ reover ALLOF % (gka correct e erors or erosures)

Toen we should say Wawev\t MINIMUM DISTANCE d.

Next we will wove o0 @

Asoe . A natura\ questin &t tis Po'\/ﬁ 5, " Wwhat it T don'f want
handle worst-case. ervors/erasures?” o example, if my ol fhas
Minimum  distence d, and I have two  Codaudords:

c-(000OD 00 0000 QO o o0)cE
¢- (1 L 1 | OO0 OO0 000 o0 O00)epll¥

._—W\J
d

Then if an ac\vmar% chooses to IV\l\\o e §rst two bits, ved e coa\:used,
But \nslead W) fwo bits {-’{iPFed at vondom. The K)fdoabi\i‘r\l We%zt
ofied is () vt it be quite sl

(=)

The  vandom-envr medel  (also called e Shannon moclll” or “Stockashc model" )
is naturad and im])ortant'. We will discuss it @ litfe Wit in tnis cless.  However,
most of our fous will e in e worst -esse. wodel (also called Yo * Hammmg wodel " or
"adversarigl mofel.”




Mwiﬂaof\ o @) what do we mean ‘01 “overhead"?

f
DEF. The MESSAGE LENGTH  (somefimes cslled DIMENSION) of a code

ower anélp‘r\ebek 2. s deﬁ/\zd 1o be f( = lOSIZ\ \C| .

This de%nﬂx'om makes sengz Wit our oeemh‘onal unclm’rand\‘(\%:

(o R T ) 1< (‘o c<C)
—
\Z| ¢ Passa\oi\(\fu ms

So \zlh=lel we k- Iy lCl
|
DeF. The RNTE of o wde C < ZVL with lock \eng(l’\ N Over an alPl'\ebatZ'_, s

R = loglz‘\C‘ - VYlessac?Dw%Wﬁ

o block Slqmc&k Mo

So £ R sdmetod, Yots Goop. Notmuch owerhiead
Aud i€ K is Close o O, that's BAD. Lots of overhesd.

DEF A code with distance d, Message Qmégm 9< Uoctﬂmgdw\

‘ and olpraket 7 is clled o (n,k

QUESTION.  Whar \sTie Best TRADE-OFF ReTWEEN RATE  AND D\STANCE?
[

“This question is I Opan for binary codes!
Buﬁ:;ere 's lots we do knowwy



@ RM—E vs. D\SF!\NCE'- HAMV\\NC‘,] BDOND

What is the Dest tmde-oﬁr beteen vate and distance we can ﬁo?g @r?
The  HAMMING BOUND %iVeS one. Dound on this.

Let's retum to e Picture we %ad beﬁre_) with dl'sdoir\’r Hsmmm& balls
of radius %5 |

\ceC_) ces”
\We have \C| o\(sjoinjr Hamming balls of raclius 5], I
* There can't De foo many of them o ey wouldn't all fit in 2.,

To be 8 bit yore P(m'se:

|
 DER  The HAMMING BNL in 7' of rodius e dbust xe 2 i

By = Tues  Bliglee])
The VOLUME of Bsn(xe) is VOII\ZI (e,n)= | B, (xe)]

Noti ce thait '%Z“ (X,e)l clues not 0(@%0/ on X . Notes:

'%ﬂomdims {I;w\:t\illdmp
_ e " fom the
Qoo 1Z0=g. Then B
=44 (" OV (™No-1Noren (1 (o= e - Somdives T will write.
\/Olfk(e,f\) "’1 (1) (% ” (1)(% ” (C>(% 1) Ezn(x, e/“) fits

5/ alli;‘ne elements Kallﬂr:z clemant s _._Kc'i“ the. elemants of 3" miore convenient 1o fulk about
of T ofweght{ & Z"fueight ” of weight €. relstive distanca



So tat meansthat i a code C. € 57 fus distnee. d and Wss%zﬁma‘}h 'fg) whare [zlz%)
. ii é "
lcl VOI% < 2 J ) VL> (L

\—’W\JW

fotal volume n The (o )ig fokal volume \‘/\,Z,Vb
0 king Q,o%; of both sides,
Lo 4 <
(7 |03%(ICJ) + (oqu(\/OL()( z |, 3) YU
loa (1) =

L\ feg, (Vel, (L% 151)

= Rake = = )
This is called e HAMMING BOUND.
— Back b EXAMPLE 3, which was a ( :/7, L", 5).& coda.
VA RN
n k d %

- We have L%l‘i
Nol,(1,2)= £+ GM1=¢%
. 2

e

& < { - loga(3) . 4 -3 - 4
7

*And i gad ko479 inis wse e Hammmé bond is 1\%\45 .’

Notes  gbout this €X8‘MF(LZ

« Whot T Hamming bound is ﬂ\‘%lat, e sy e eode is PERFECT
« EXAMPLE D (which \'s‘wéd) iS o special caSe.oF mmd%inj colled o, HAMMING, CODE
* You will exg\ovc fnis more on Yoor homework. (Proebly).



—mat's it 1()_‘”‘ +odq7.
(QVESTIONS + PONDER.

 How would \ou caamra\fze. e code in EXAMPLE 3 1o \BT(XJ‘ n?

(2) What is e best bound \ou can come up with on e T3te o?a code
C €50,13" with distance d? Can Jou Deat the Hammmg bound ?



