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- If the errors are

random
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Somewhere in here if

theemrsareworst . case
.

(
go.wg.in wegam

if we want to do it efficiently .

Worst . case errors
.

That
is

,
if 't want to handle random errors

,

I can handle WAYMUE

than if the errors Were adversarial
.



As
q→• ,

the
picture

looks similar :
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Bestqarycodes

✓ Bestcodesforap - fraction of random

forap . fraction
% errors live here

.

With Htqlp ) instead

of worst .

case
| , |

of 1- Hdp )
.

errors live p
here (1¥)

( tkf ) 1 *  
theqaysymmelnicnannd

qsclp
)  

isgivenby
:

- P{ xly}=ftp
 

x=y

wehavethisreallybiggapforlowratecodes.
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Almost 1001 . of random errors is cool
,

but 50%

adversarial errors is not cool
.

WHY IS THERE SUCH A BIG DIFFERENCE ?

Here is a geometric explanation :
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C
'
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Suppose c is the
"

correct
"

codeword
,

ii.
,

Y
;

and there is > 812 error
.

:

:

"

•
z

• If the errors are adversarial
,

the adversary

might choose
y ,

Which would confuse Us
.

• •
. However

,
iftheemrsare random

,
then z is

justaslikelyasy ,
and in fact cstillisthe

closest codeword to z .
Sothatwouldbefire!

-

The intuition istnatwecancomeupwithcocks

sh•%⇒.
•

a

Sothat these "in between
"

spaceshavealotofmass
.y
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•
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"
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Question for today :

How can we take advantage of this intuition in the worst . case model ?

p
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• Suppose we received
y ,

and we know there was a
p

- fraction

of adversarial errors
.

• Then
y may

have
originated from any

codeword in the

shaded circle : either c or c
'

.

•

If we have the intuition (frombefore ) that
 "

most of the mass is

in the in - between spaces
"

then there should not be that
many

codewords in the shaded circle :

mostly
it

just captures empty space .

This discussion motivates LIST DECODING
.

We
may not know which of c. c

'

was the right answer
,

but at

least we have a pretty
short list .



D LIST DECODING

.

DEF .

A code CEE
"

is (p ,
L ) - LIST . DECODABLE if V.

yet ,

1 { cec : Slay ) ←

p
} It L

.

So if Cis ( pit - list . decodable and there are a
p

fraction of

adversarial errors
,

we can narrow down the possibilities
to L

possible messages .

¥÷D¥i±
qq.it?eEefYIFg1

.

Not the most
compelling application of list

decoding
.

Why might
this be a

good thing
?

• In communication
.

if Bob can
get some side information andlor use

some
crypto assumptions ,

he can narrow the list down
.

go.gg#t9I
away . Better

ATTACK!

. We see

many
other applications later

. +
×

BOB

Nonetheless
,

this is obviously only interesting
in his small

.

So the
question

is :

WHAT Is THE BEST
 

TRADEOFF BETWEEN R
, p ,

L ?



�2�LIST . DECODING CAPACITY THEOREM

THM I List .

decoding Capacity) Let
of

> 2
, Oepettg ,

e > o
.

Then :

11 ) If R et -

Hfpl
-

c.
,

there exists a family of
gay

codes that

are ( p , 0h11 - List . Decodable
.

(2) If R > 1 -

Hqlp) + e
,

then
every

(
p , 4 - list - decodable code

of length n has ↳ gun!

This should look
very

familiar! Just like Shannon 's thmof the BSC !

proof (sketch)

IH Use a random code ! Let ENC :[
''

→ E
"

be
completely random

.

Fx A. E Eh
,

IAHLH
,

and
picky

c. E ?

P{ ENCCA ) e

Body
, p

) } =

(Vdglpninleq )
" '

= z

- na . Holplkltt)

Now union bound :

P{ 3A
.

, Fy sit . Emu ) e Body , p
) }f (It,

) .

qn
. qnhttdt

"t " "

€

qkkthtn
- na -

Hdplkhl )

ChooseRtttqlpl
. e

g.qn[ 112+1.Hglpltktl ) +1 ]

=

qn
( 1- EIHH )

=

q

- mm
if Lake

.

SO then E- IMLENC) is (p,L ) list decodable whp .

Hd
.
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ctd .
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Suppose we have acode C that has rate R >

Htglplte .

We need to show F

y
sit . I C n

Bglp
,

y
) I is

large .

TIIEA
: Pick a random

Y .

For a fixed ce C
, we

have

lP{ ce Bg (p ,

y ) } ⇒

Wedge =

g

. na -

How )

.

So the
expected number of codewords in a ball is

KI
I CA Blp.gl/=EE1feBlp.yl }

3 / C / .

of

- na -

Hqlp) )

assm .

= qk
- n 11 -

Help ) )

on R J

z

qn
11 -

Hqlplte I -

n It -

Hqlp ) )

which is what we claimed? 5
"

e.

Thus
,
LIST . DECODING

gives
us a worst . case

way
to achieve R=I -

Hglp ) !

But as usual We have some questions .

1. Efficient Algorithms
?

2.
Explicit Constructions ?

3
.

Small alphabet sizes ?



ASIDE :

ALGORITHMIC LIST
-DECODING

There's been lots of
progress ,

but still here are

many
open questions .

(

Guaiuaewaamiiokausdnhistaeebcapaaty

(Bigalphabets , big lists )
1998 vHmm

1

1 11 11111111111111 1 I

1950's : (
.

2008 - 2018

Capacity mm Yghonusnog
,

Gtfmswami

. Sudan :

smaller alphabet sizes

efficiently list . decode

smaller lists( JB ) RS codes UPNIMJB
faster

algs

State-of-the-art [ asofwinler 2018 ] :

•

Explicit constructions over constant - sized alphabet and ALMISTconstant list sizes

lists
,

with near - linear time algs . [Hemenway , Ronzauiw. 'tH Ether
isalogxtn )

• ( Or
,

F Monte Carlo constructions w/ constant list size
[ Gumswami .

Xing

'12,13]
in it

'

Still Open :

• The "

correct
"

constant . sized lists I He )
•

Binary
codes -

we don't even have explicit constructions !

lendIASIDL:)

Let's start
trying

to answer Questions 1 and 2
.

First
try

:

We have codes With good distance !

Isn't that
enough

?



�3� JOHNSON BOUND

Suppose we have
a code with

good pair wise distance
.

That should
say

SOMETHING about list .

decoding , right
?

THM (JOHNSON BOUND)

Let Jglstlttqlll . FE
'

)
Let CEE

"

( w/Kl=g ) be a code with relative distances .

If p
<

Jg ( 8)
,

then C is (p , q£n2 ) -

List . DECODABLE
.

There are
many

different versions of the Johnson bound
.

You 'll
prove

one on
your

homework

For a few more
,

check out
'  '

EXTENSIONS to the JOHNSON BOUND
"

(Gumswami
,
Sudan

,
204 )

which is posted on the website
.

In class
,

let's just try
to understand the statement . That Jgls) Kmis GROSS !

Let's start with
q=2

.
How does the JB compare

to capacity ?

LIST . DECODING CAPACITY THM JOHNSON BOUND

If Rc 1- Hdp ) - E
,

then a If  

p< Ils ) =±( 1- E)

random
binary

code of rate R vs
. then

any
code of distances is

is 1
p ,

L ) - list . decodable for (
p ,

L) - list decodable for reasonable L
.

reasonable L



lkorderlu
compare these we need some

way bcompare Rands .

Since this is a positive result Esacodesti. )
,

let 'susetheGV bound
.

So for
any

d
,

we know there Facodeofrek 12=1 . Hds )

anddi
With this

,
we have : aka s=Hi 'll - R )

LIST - DECODING CARACIMTHM JOHNSON BOUND

If Rc 1- Hdp ) - E
,

then a Ifp< EH )=±( 1- E)

random binanycodeofrutek vs
. lhenanycodeofdistdnafis

is 1
p ,L ) - list . decodable for (

p
,L ) . list decodable for reasonable L

.

reasonable L

%

tin )If p<E( 1 - ft .

then there exists acodeofrater

that is 4%4
- list . decodable

.

(
Solving frp gives

:R< 1-

HZKHHH
We can plot these two tradeoffs :

R

1-

Sothefohnson Bound is WORSE than

✓
USIDECCAPA #y

the List '

decoding capacity Thm
...

BUT
itdoesktusgetp

→ "
z*BT

f
Johnson Bound

With Positive rate .

1 / s

"
4 1/2 /



And now we can do the same exercise for large
of

.

When
qis really big , JQHKH

-

' '

g) 11 -

FE ) at - FT

recover
,

I -

Hqcp) a

tp .

Again ,
we need some

Way
to convert 8 to R so let's use the SINGLETONBOUND

and set 12=1-8 in the Johnson Bound
.

LIST . DECODING CARACIMTHM JOHNSON BOUND

If R < 1 - pit ,
then a If  

p< Ils )

al
- Fsi

random
gay

code of Retek vs
. then

any
code of distances is

is ( p ,L ) - list . decodable for (
p

,L ) - list decodable for reasonable L
.

reasonable L

lf
If p<

1 - or '( aka
,

R< 4- pt )
,

there exists a code of rate R that is

(p ,
L ) - list - decodable for reasonable L

.

Now
,

the picture looks like :

IN BOTH CASES (
q=2 , q→o ) ,

The Johnson bound establishes

that codes with good distance

✓ LIST . DECODING CAN be list decoded up
to

%F¥"Fun"?n . In's8un!b"II.gr?IaIhY
"

I
1

"
2 1 However

,
the trade . off that we get

?
Really 's  ' '

get isn't quite as good as list .

decoding

capacity .



QUESTIONS to PONDER

�1� What does the Johnson bound
say

about RS codes ?

y
a  non

- vacuous  statement  of the form

�2� Is it possible to
prove that any

code with
good enough

distance acheives list .

decoding capacity
?

�3�
Today we waved our hands about the connection between

list -

decoding
and the Shannon model

.

Can
you

make

this connection less hand -

wavey
?


