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AGENDAOO
The story so far GASTROPODFACT

.

�1� FRS CODES In 1995
,

the US imported

AODEFINMON more than $4.5 million in

BOFIRSTPASS

Snails from 24 countries
.

@ NEXT PASS ( That  includes alive + dead snails )
.

ltI¥⇒¥ .

1100
THE STORY SO FAR :

• REED - SOLOMON CODES ! AWESOME !

• LIST . DECODING CAPACITY :

p=
1- R

• GURUSWAMI - SUDAN : Can efficiently list - decode Rscodesuplo p=1
- R

• Question : Can we efficiently list . decode RS codes
up

to p=tR
?

ANSWER : NO or PROBABLY NOT
, depending on the RS code

.

÷
evalpts =

Fg -

Ifisashardas discrete log .[ Ben . Sasson
, koppartyiradhaknshnan ]

[ Cheng ,
Wan ]

• "

Today we will seethe happy ending
to the

story ,
via

...

FOLDED REED .SOLOMON CODES
.

These werethetirst codes known to achieve capacity with explicit algs
[ Gumswami

,
Rudra 2008 ish ] and since then there have been several other

constructions
.



�1� FOLDED REED SOLOMON CODES

AO Definition .

A FOLDED Rs code is obtained
by

"

folding
" RS codes :

Start with an Rscodewithevdpts 1
, of ,j2 , 83 ,

. . ,ft ,
where

n=qt , gisa primitive

Suppose that m|n .
Then consider the

following operation

element  

offq

on a codeword from the RS code :

M

f (1)

⇒
ft ) ,fH )

,
...

, ftymy

ftf )
f(ymhflymty

,
... ,flpmD

n|
* a "

> " n'

÷
't . "

|%
.

:

ftp.m )
,

...

,
flrmf

^

1

ftp.T
FOLDMK)E(Fgm)"

"

⇒
Sadler , ,r 's,n,k )

Define the M - Folding FOLDMK
'

) of a code C
'

as { Fousmk ) : Cec
'

}
.



Def
.

Let C '=RSq( a ,r , ... ,F
'

)
, n ,k )

,

where
n=q1

and

jeltg is a primitive element
.

Let mln .

The FOLDEDRSCODE
corresponding

to C
'

is FOLDMK
'

)
.

The length of FOLDMK
'

) is N - Mm

The alphabet is [ =

Fgm.

Note : Since folding just shuffles around the symbols
,

the

rate does not change . formally ,

ratekt 1099M¥ .ly?Yoglng,=tnYMghy=hngYghg,=lo9d=RateK
'

)

Why
should this tea good idea ? It

"

restricts
"

thepowerofthe adversary :

WORLDI : Bad
guy gets

to corrupt  

ap
- fraction WORLD 2 :

Badgley gets
10 ( ompta

of  an Rs codeword
.

p
- fraction of a folded RS codeword

.

f (1)

-

f- (1)

fly )
fly )

fly )
iff ) ,f(j )

,
...

, flymy FHD

fly '

) flymhftymty
,

... ,flpmD fly '

)

f (pm )
,

... . ,Hr3m
"

)

#
:

i

.

:

ftp.m )
,

...

,
flrmf

ffyny
flyny

Here
,

he has much more freedom - he can Here
,

much less

freedom
. Only certain

corrupt any
set of symbols he wants from the emrpaltemsin the

original
codeword

original
codeword . oredlowed

.



We will
prove ( or at least sketch ) :

THM
.

Let 1 es em
.

Let C be an M . folded Rscodeof

rate R
.

Then C is (p ,L ) - list - decodable for

p= ⇒ ( 1- (mma ) . R )

with list size
L =

qs .

Moreover
,

the list is contained

in an affine subspace of dimensions
.

Choose M= He
,

S=He
.

Then L = qk
,

and

¥ It -

( m÷+
, )R)=I÷ . ( 1- fI÷+,tR )

=

⇐ elt
-

( Ieee . )R )
-

= 1- R - Old

So folded RS codes will
give us capacity -

achieving
list - decodable codes :

. Rate R

D- This trade . off is optimal
.

p=
1- R - Ole ) jothynerisbfuinde

. L =

qlk = ( Me )
"E

← This is NOT optimal ...
should probably be ke

"  wide
#

• KI =

of
"E2

= ( Mei )
" '

← This  is also Not optimal ...
we 'd like it to be constant

.

Subsequent work has given codes which get basically all of the desiderata
,

although there are still
many open questions

.

-



BO First PASS : Let's
ignore

that parameter
"

s !

Here is the decoding algorithm .

It has a familiar outline
.

FOLDED RS DECODER TAKE
 

I
.

input :

y= Him
,

) , Mm
,

) , ... (YI ) HEY
"

as well as an agreement parameter t
,

and a parameter
D

,
and hen

.

Output : A list L containing
all

polynomials fkletf ,[X] of degree < k
,

so that for at least t values of ie [ 0
,

Nt ]
,

Malik
,
ttyimiml

STEP 1
. ( Interpolation )

Find
a nonzero polynomial

Qlx ,Y , ,k
,

... ,Ym ) = AOKHAKIY
,

+ . .+AmklYm

with deg ( to ) < Dtk - 1
,

and deg ( Ai ) ED for in
, ... ,m .

so that

Q ( Jm s Ymi , Ymin ,
...

, ymitm . ,)=O tie [ 0
,

. .

,

N' B
.

,
-

I takes on
Yi

, ...

,
Ym take on

Yee"phIYn"atevsdymoo,

the symbol
( djmmam

. ,

)
ctd ...



folded RS decoder Take 1 continued . . .

STEPZ
.

( Root -

finding)

Find all the polysfsothat

QCX
, fkhftrx )

,
. .

, flymtx ) )=O
,

and relumthem .

Thisalgisnotour final algorithm ,
and it

only gets p= (E) It MR )
.

Hsgwq.gg?aun.mfnieniedeaswillcomethnughbyanalyingthisceasienvenY

As usual
,

we need to do three
things .

i. Set parameters
ii. Show that we can find such a Q ← As usual

,
via linear algebra

iii. Show that STEPZ is a good idea
.

← As usual
,

low . degpdys don't have many roots
.

iv. Show that we can do STEPZ efficiently .

←

Usually this one follows sinawecanfdur

pays ,
but how we 'll switch itupabit .

i. Suppose that t = N(m+÷+mR(Fm
, ))

Let D=LNhk+#f

← mm

"p¥IH¥t9I!we*µ
.

)

ii. There are Dtk + m(D+1 ) = IMHKDH ) th -1 coefficients
.

⇐tsof Coe # of Yi .Xj
Ii that thatshowupin

show Upinao each Ai

Our choice of N ensures that this is # coeffs> N= # constraints
,

so we can find the desired Q
.

\



iii Let RCX ) =Q( X
,

fkl
,

HRX)
,

...

, flym'X) )

= Ao ( × ) + fk ) . A ,W+ ... + FHMXTAMK)

Agatha TgDtkidegDtk=
[ since deglfkk

SO deg( R ) e D + k . 1
.

desak 's ]

Suppose that Foldm ( f )
agrees

with
y

in at least t
places .

Then R has at least t roots
,

so 12=0 as

long
as

( # roots ) >

deglk )

t > Dtk . 1 = Nink+tf- th . 1.

-

So it would be enough if t

3
Nutt + k

= N mk
Ft

+

MFI

= N ( m÷
,

+ (mma) . R ) which is what we chose
.

Therefore
,

if f agrees w/ y
too much

,
we will return it

.

\

iv. How do we actually find this list ? Is it small ?

±¥IF€

73K¥:*

PUNT
. ( we 'll come back to this)

.



CO FIXING UP the FIRST PASS
.

We will tweak
things

to
get MORE ROOTS in our

interpolating poly
.

support

www..lt#imi+m..)

We were
using

the root of Q at

Q ( jmi , flymi )
,

...

,
f( ymits

' '

)
, ffymits )

,
. .

, ffymitmy) .=O
.But

we could get MORE roots if we did
something

like this :

Make
→ Q ( ymi

,
f( ymip

,
...

,
f ( ymits

-

'

) )

=
0

Q have fewer

vars so this makes sense .

Q ( ymitt ,
f (ymitt )

,
...

, flymits ))

io:

:

Q ( ymitm
's

,
f( ymitm

- s )
,

...

,

f (ymitm
"

)) EO

Basically ,
we take a sliding window across each symbol and turn that into a constraint

.

← So we get better
' '

t
' '

for a
given

"

D
.

"

Theres a trade - off here : . More T.MN
!

.

← so D has to be smaller in order to. fewer coefficients
be able mind Q

.

But this trade . off hems out to be beneficial !



FOLDED RS DECODER TAKE # The
Changes from TAKEI are

input :

5 Him
,

) , Mm) , ...

, pgn;) ⇐ *

hjinimted

" * "

as well as an agreement parameter t
,

and a parameter
D

,
and hen

.

and a parameter se m
.

Output : A list L containing
all

polynomials fkletf
,
[ X ] of degree < k

,

so that for at least t values of ie [ 0
,

Nt ]
,

MAIL.mn
,
ttyimnm )

STEP 1
. ( Interpolation )

Find
a nonzero polynomial

Qlx ,Y , ,k
,

...

,Ys
) = AOKHAKIY

,

+  ... +

Aslxl
.

's
with deg ( to ) E D + k - 1

,

and deg ( Ai ) ED for it
, ...

,
s

so that

f Osi < N

Qfgimtj
, yimtj ,

...

, yimtjtst ) = 0

f O < j< m - s
.

Step 2
.

( Root -

finding)

Find all the
pays f so that

Q ( X
,

fkl
,

Hrx )
,

. .

,ftp.s' '

X ) )=O
,

and return them .



Again
, wcgotnnughour steps " " iiii

'

"

ginwjsphatnefehguuktbere
i. SET PARAMETERS :Suppose claimed at the

beginning
.

D= L Nlmsstf
,

) - htt

] ,
t > I+ k -

1

M - St 1

ii. We can find Q
.

FUN EXERCISE ! (
exactly

the same as usual )

iii. STEP 2 is a
good

idea .

OUTLINE :

• If Foldmlfl agrees w/y
in at places

,

then

Fun Exercise
.

'
R( × ) :

 = Q( X
,

FHX)
,

...

, flystx ) )

⇐ " in the details

| has at cease

,

.§.(q=¥÷¥p..gg, ...
,

• The degree of RK ) is < tlm . stt ) with our choices

of parameters .

iv. We
can efficiently find dlpdysfso that QIX

,
fk )

,
. .

,
fly "XH=O

.

¥÷g
.

7 The
way

we would
normally

do this is
argue

that since the degree of
( Q is small there can't be to

many
f 's

.

This is supposed to That breaks down a bit here since each instance of f- is a little different .

be the football we

punted earlier
.

Instead
,

We 'll
go

back to LINEAR ALGEBRA
.

Here
,

we will just sketch how this
goes

.

See Chapter 14 of ESSENTIAL CODING THEORY for details
.



iv. continued
.

We want to find all f so that

C* ) RW

:=Q(

X
,

fkl
,

Hrx )
,

. .

, ftp.tx) )=O
.

Say that fk ) = fo + f. X + fzX2+ .  .
. + fk

. ,

XK
"

We can write At as a giant
linear equation

In
the coefficients fo

,
f.

,
. .

,
fk

. , .

Question : What is the constant km in RH ) ?

That is
,

if RIX ) = § r
,

Xi
,

what is ro ?

ANSWER 1 : ro=O
,

since REO
.

ANSWER 2 : Okay ,

let's compute it
. Recall that

RK ) = QK.HN
,

... ,Hr" X))= Aok) + fkl.A.KH.it ftp.t.x ) . Ask )
,

and so

ro = RCO)
f

Here
, AiW=§aijX

'

'

=
Ao ( 0 + HO

.At0)+
.  .  . + HO) . Ask)

= Aoo + [
j ! ,

Ajo . fo

= aootfo (Ejsiajo)

So actually we know fo ! fo
 

=

(£agYa⇒ .



It turns out that we can keep
doing

this
,

and moreover it lums out that the

linear
system

that we
get

is
triangular.

fkt

- :

Stuff we

know from Q
: -

Stuff we know from Q

0 f
,

D M

to @
(

This
entry

is Ejajo

(
this

entry
is -

aoo

Even better
,

we can exactly figure out what
goes

on the diagonal
:

Blyk
'

) fkt to
,ki

.
 

-
 

'

;
!

Blf) : =
. au

BH)
0

fi -

au

Bh ) to too

M

Where B ( X ) = aiotazox + a3oX2t . .  . +
as

,o

X
"

B has at most S . 1 roots

⇒ M has at most 51 0 's on the diagonal

⇒ dim (Kerin ) ) E s - 1

⇒ There are at most qst solutions to this linear system .

That's what we wanted !

§:#
So

,
modulo the details

,
We've proved the THM

(na[Jut Essential CODWGTKOM
,from the

beginning
of the lecture .

chapter 14
,

for the details !



QUESTIONS to PONDER

�1� Workout the details for part Cir )

�2� Can
you get

a smaller list size for FRS codes ?

�3� Can
you

extend this
algorithm

do do list
recovery

?


