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The Empirical Distribution of Rate-Constrained
Source Codes

Tsachy Weissman, Member, IEEE, and Erik Ordentlich, Member, IEEE,

Abstract—Let = ( 1 . . .) be a stationary ergodic finite-
alphabet source, denote its first symbols, and be the
codeword assigned to by a lossy source code. The empirical

th-order joint distribution ^ [ ]( ) is defined as the
frequency of appearances of pairs of -strings ( ) along the
pair ( ). Our main interest is in the sample behavior of this
(random) distribution. Letting ( ) denote the mutual informa-
tion ( ; ) when ( ) we show that for any (se-
quence of) lossy source code(s) of rate

lim sup
1

( ^ [ ]) +
1

1
� ( ) a.s.

where � ( ) denotes the entropy rate of . This is shown to
imply, for a large class of sources including all independent and
identically distributed (i.i.d). sources and all sources satisfying the
Shannon lower bound with equality, that for any sequence of codes
which is good in the sense of asymptotically attaining a point on the
rate distortion curve

^ [ ] ~ a.s.

whenever ~ is the unique distribution attaining the min-
imum in the definition of the th-order rate distortion function.
Consequences of these results include a new proof of Kieffer’s
sample converse to lossy source coding, as well as performance
bounds for compression-based denoisers.

Index Terms—Compression-based denoising, empirical distri-
bution, good codes, lossy source codes, pointwise bounds, Shannon
lower bound, strong converse.

I. INTRODUCTION

LOOSELY speaking, a rate distortion code sequence is con-
sidered good for a given source if it attains a point on its

rate distortion curve. The existence of good code sequences with
empirical distributions close to those achieving the minimum
mutual information in the definition of the rate distortion func-
tion is a consequence of the random coding argument at the heart
of the achievability part of rate distortion theory. It turns out,
however, in ways that we quantify in this work, that any good
code sequence must have this property.

This behavior of the empirical distribution of good rate dis-
tortion codes is somewhat analogous to that of good channel
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codes which was characterized by Shamai and Verdú in [27].
Defining the th-order empirical distribution of a channel code
as the proportion of -strings anywhere in the codebook equal
to every given -string, this empirical distribution was shown to
converge to the capacity-achieving channel input distribution.
The analogy is more than merely qualitative. For example, the
growth rate of with where this convergence was shown in
[27] to break down will be seen to have an analogue in our set-
ting. A slight difference between the problems is that in the set-
ting of [27] the whole codebook of a good code was shown to be
well behaved in the sense that the empirical distribution is de-
fined as an average over all codewords. In the source coding ana-
logue, it is clear that no meaningful statement can be made on
the empirical distribution obtained when averaging and giving
equal weights to all codewords in the codebook. The reason
is that any approximately good codebook will remain approxi-
mately good when appending to it a subexponential number of
additional codebooks of the same size, so essentially any em-
pirical distribution induced by the new codebook can be created
while maintaining the “goodness” of the codebook. We there-
fore adopt in this work what seems to be a more meaningful
analogue to the empirical distribution notion of [27], namely,
the empirical distribution of the codeword corresponding to the
particular source realization, or the joint empirical distribution
of source realization and its associated codeword. We shall show
several strong probabilistic senses in which the latter entities
converge to the distributions attaining the minimum in the asso-
ciated rate distortion function.

The basic phenomenon we quantify in this work is that a rate
constraint on a sequence of codes imposes a severe limitation
on the mutual information associated with its empirical distribu-
tion. This is independent of the notion of distortion, or goodness
of a code. The described behavior of the empirical distribution
of good codes is a consequence of it.

Our work consists of two main parts. The first part, Sec-
tion III, considers the distribution of the pair of -tuples ob-
tained by looking at the source–reconstruction pair
through a -window at a uniformly sampled location. More
specifically, we look at the distribution of ,
where is chosen uniformly from (indepen-
dently of everything else). We refer to this distribution as the
“ th-order marginalization of the distribution of .” In
Section III-A, we show that the normalized mutual information
between and is esentially1 upper-bounded by

denoting the rate of the code and
the source entropy rate. This is seen in Section III-B to

1Up to an o(1) term, independent on the particular code.

0018-9448/$20.00 © 2005 IEEE



WEISSMAN AND ORDENTLICH: THE EMPIRICAL DISTRIBUTION OF RATE-CONSTRAINED SOURCE CODES 3719

imply, for any asymptotically good code sequence, the conver-
gence in distribution of to the joint distribu-
tion attaining (the th-order rate distortion function)
whenever it is unique and satisfies the relation

(with denoting the rate distortion function of the
source). This includes all independent and identically dis-
tributed (i.i.d.) sources, as well as the large family of sources
for which the Shannon lower bound holds with equality (cf.
[10], [11], [2], and references therein). In Section III-C, we
show that convergence in any reasonable sense cannot hold
for any code sequence when increases with such that

, where is the entropy rate of the
reconstruction process attaining the minimum mutual informa-
tion defining the rate distortion function. It is further shown that
for any growth rate of with (such that as ),
there exist good code sequences for which this convergence
breaks down. The argument used to establish this last fact is
readily seen to be applicable to establish an analogous result
on the empirical distribution of good channel codes, resolving
a question left open in [27]. In Section III-D we apply the
results to obtain performance bounds for compression-based
denoising. We extend results from [7] by showing that any ad-
ditive noise distribution induces a distortion measure such that
if optimal lossy compression of the noisy signal is performed
under it, at a distortion level matched to the level of the noise,
then the marginalized joint distribution of the noisy source and
the reconstruction converges to that of the noisy source and the
underlying clean source. This is shown to lead to bounds on the
performance of such compression-based denoising schemes.

Section IV is dedicated to pointwise analogues of the re-
sults of Section III. Specifically, we look at properties of the
(random) empirical th-order joint distribution in-
duced by the source–reconstruction pair of -tuples .
The main result of Section IV-A (Theorem 7) asserts that

is not only an upper bound on the nor-
malized mutual information between and (as
established in Section III), but is essentially,2 with probability
one, an upper bound on the normalized mutual information
under . This is seen in Section IV-B to imply the
sample converse to lossy source coding of [18], avoiding the
use of the ergodic theorem in [17]. In Section IV-C this is used
to establish the almost-sure convergence of to the joint
distribution attaining the th-order rate distortion function of
the source, under the conditions stipulated for the convergence
in the setting of Section III. In Section IV-D, we apply these
almost-sure convergence results to derive a pointwise analogue
of the performance bound for compression-based denoising
derived in Section III-D. In Section IV-E, we show that a simple
post-processing “derandomization” scheme performed on the
output of the previously analyzed compression-based denoisers
results in essentially optimum denoising performance.

The empirical distribution of good lossy source codes
was first considered by Kanlis, Khudanpur, and Narayan in

2In the limit of large n.

[15]. For memoryless sources, they showed that any good se-
quence of codebooks must have an exponentially nonnegligible
fraction of codewords which are typical with respect to the

-achieving output distribution. It was later further shown
in [14] that this subset of typical codewords carries most of
the probabilistic mass in that the probability of a source word
having a nontypical codeword is negligible. That work also
sketched a proof of the fact that the source word and its recon-
struction are, with high probability, jointly typical with respect
to the joint distribution attaining . More recently, Donoho
established distributional properties of good rate distortion
codes for certain families of processes and applied them to
performance analysis of compression-based denoisers [7]. The
main innovation in the parts of the present work related to good
source codes is in considering the pointwise behavior of any

th-order joint empirical distribution, for general stationary
ergodic processes.

Other than Sections III and IV which were detailed above, we
introduce notation and conventions in Section II, and summarize
the paper with a few of its open directions in Section V.

II. NOTATION AND CONVENTIONS

and will denote, respectively, the source and reconstruc-
tion alphabets which we assume throughout to be finite.

We shall also use the notation for and
.

We denote the set of probability measures on a finite set by
. For we let

will denote the ball around , i.e.,

(1)

For will stand for

(2)

For will denote the mutual informa-
tion when . Similarly, for

will stand for when .
For and a stochastic matrix from into

is the distribution on under which
. and

will both denote when .
will stand for when . When

dealing with expectations of functions or with functionals of
random variables, we shall sometimes subscript the distribu-
tions of the associated random variables. Thus, for example, for
any and , we shall write for
the expectation of when is distributed according to .

will denote the subset of consisting of
-types, i.e., if and only if is an integer

multiple of for all . For any , will
denote the set of stochastic matrices (conditional distributions)
from into for which .
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For , we let , or simply , denote the associ-
ated type class, i.e., the set of sequences with

(3)

will denote the set of for which .
For , or simply , will denote the set of se-
quences with

(4)

For a random element, subscripted by the element will de-
note its distribution. Thus, for example, for the process

, and will denote, respectively, the
distribution of its first component, the distribution of its first
components, and the distribution of the process itself. If, say,

are jointly distributed then will de-

note the conditional distribution of given . This will
also hold for the cases with and\or by assuming

to be a regular version of the conditional distribution of

given , evaluated at . For a sequence of random vari-

ables will stand for .
For and we let

and denote the th-order empirical
distributions defined by

(5)

(6)

and

(7)

will denote the conditional distribution
when . In accordance with notation
defined above, for example, will denote

expectation of when .

Definition 1: A fixed-rate -block code is a pair
where is the codebook and . The rate
of the block code is given by . The rate of a sequence
of block codes is defined by

will denote the reconstruction
sequence when the -block code is applied to the source se-
quence .

Definition 2: A variable-rate code for -blocks is a triple
with and as in Definition 1. The code op-

erates by mapping a source -tuple into via , and
then encoding the corresponding member of the codebook (de-
noted in Definition 1) using a uniquely decodable binary

code. Letting denote the associated length function, the
rate of the code is defined by and the rate of a se-
quence of codes for the source is defined by

.

Note that the notion of a code in the above definitions does
not involve a distortion measure according to which goodness
of reconstruction is judged.

We assume throughout a given single-letter loss function
satisfying

(8)

We will let denote a conditional distribution of given
with the property that for all

(9)

(note that (8) implies existence of at least one such conditional
distribution). The rate distortion function associated with the
random variable is defined by

(10)

where the minimum is over all joint distributions of the pair
consistent with the given distribution of .

Letting denote the (normalized) distortion measure between
-tuples induced by

(11)

the rate distortion function of is defined by

(12)

The rate distortion function of the stationary ergodic process
is defined by

(13)

Note that our assumptions on the distortion measure, together
with the assumption of finite source alphabets, combined with
its well-known convexity, imply that (as a function of

) is

1. nonnegative valued and bounded,
2. continuous,
3. strictly decreasing in the range , where

(and identically 0 for ),
properties that will be tacitly relied on in proofs of some of the
results. The set

will be referred to as the “rate distortion curve.” The distortion
rate function is the inverse of , which we formally define
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such that for
for
for

(14)

(to account for the trivial regions) as shown in (14) at the top of
the page.

III. DISTRIBUTIONAL PROPERTIES OF RATE-CONSTRAINED

CODES

Throughout this section “codes” can be taken to mean either
fixed- or variable-rate codes.

A. Bound on the Mutual Information Induced by a
Rate-Constrained Code

The following result and its proof are implicit in the proof of
the converse of [6, Theorem 1].

Theorem 1: Let be stationary and
be the reconstruction of an -block code of rate .

Let be uniformly distributed on , and independent
of . Then

(15)

In particular, when is memoryless.
Proof:

(16)

where the last inequality follows from the facts that (by station-
arity) for all , that , and
the convexity of the mutual information in the conditional dis-
tribution (cf. [4, Theorem 2.7.4]). The fact that is the recon-
struction of an -block code of rate implies ,
completing the proof when combined with (16).

Remark: It is readily verified that (15) remains true even
when the requirement of a stationary is relaxed to the require-
ment of equal first-order marginals. To see that this cannot be
relaxed much further note that when the source is an individual
sequence, the right-hand side of (15) equals . On the other
hand, if this individual sequence is nonconstant, one can take a
code of rate consisting of one codeword whose joint empirical

distribution with the source sequence has positive mutual infor-
mation, violating the bound.

Theorem 2: Let be stationary and
be the reconstruction of an -block code of rate .

Let and be uniformly distributed on
, and independent of . Then

(17)

Proof: Let

for . Note that . Let be the
distribution defined by

(18)

Note, in particular, that

(19)

Now

(20)

where the first inequality is due to the rate constraint of the code
and the last one follows from the bound established in (16) with
the assignment

Rearranging terms

(21)

where in the second inequality we have used the fact that

Inequality (17) now follows from (21), (19), the fact that
(both equaling the distribution of a source
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-tuple) for all , and the convexity of the mutual
information in the conditional distribution.

An immediate consequence of Theorem 2 is the following.

Corollary 1: Let be stationary
and be a sequence of block codes of rate .
For let be uniformly distributed on

, and independent of . Consider the pair
and denote

(22)

Then

(23)

Proof: Theorem 2 implies

(24)

completing the proof by letting .

B. The Empirical Distribution of Good Codes

The converse in rate distortion theory (cf. [1], [9]) asserts that
if is stationary ergodic and is a point on its rate dis-
tortion curve then any code sequence of rate must satisfy

(25)

The direct part, on the other hand, guarantees the existence of
codes that are good in the following sense.

Definition 3: Let be stationary ergodic, ,
and be a point on its rate distortion curve. The sequence
of codes (with associated mappings ) will be said to be
good for the source at rate (or at distortion level ) if it
has rate and

(26)

Note that the converse to rate distortion coding implies that the
limit supremum in the above definition is actually a limit and
the rate of the corresponding good code sequence is .

Theorem 3: Let correspond to a good code se-
quence for the stationary ergodic source and
be defined as in Corollary 1. Then we have the following.

1. For every

(27)

(28)

so, in particular

(29)

2. If it also holds that
then

(30)

3. If, additionally, is uniquely achieved (in distri-
bution) by the pair then

as (31)

The condition in the second item clearly holds for any mem-
oryless source. It holds, however, much beyond memoryless
sources. Any source for which the Shannon lower bound holds
with equality is readily seen to satisfy

for all . This is a rich family of sources that includes Markov
processes, hidden Markov processes, autoregressive sources,
and Gaussian processes (in the continuous alphabet setting), cf.
[10], [11], [2], [8], [31].

The first part of Theorem 3 will be seen to follow from The-
orem 2. Its last part will be a consequence of the following
lemma, whose proof is given in the Appendix, part A.

Lemma 1: Let be uniquely achieved by the joint distri-
bution . Let further be a sequence of distributions
on satisfying

(32)

(33)

and

(34)

Then

(35)

Proof of Theorem 3: For any code sequence , an
immediate consequence of the definition of is
that

(36)

Combined with the fact that is a good code this implies

(37)

proving (27). To prove (28) note that since is a se-
quence of codes for at rate , Theorem 2 implies

(38)

On the other hand, since , it follows from the defi-
nition of that

(39)
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implying

(40)

by (37) and the continuity of . This completes the proof
of (28). Displays (29) and (30) are immediate consequences.
The convergence in (31) is a direct consequence of (30) and
Lemma 1 (applied with the assignment
and ).

Remark: Note that to conclude the convergence in (31) in the
above proof, a weaker version of Lemma 1 would have sufficed,
that assumes for all instead of in (32).

This is because clearly, by construction of
for all and . The stronger form of Lemma 1 given will
be instrumental in the derivation of a pointwise analogue to (31)
in Section IV (third item of Theorem 9).

C. A Lower Bound on the Convergence Rate

Assume a stationary ergodic source that satisfies, for
each

and for which is uniquely achieved by the pair
. Theorem 3 implies that any good code sequence for

at rate must satisfy

as (41)

(recall Corollary 1 for the definition of the pair
). This implies, in particular

as (42)

It follows from (42) that for increasing sufficiently slowly
with

as (43)

Display (43) is equivalent to

as (44)

where we denote by (a limit which ex-
ists3 under our hypothesis that is uniquely achieved
by for every ). As we show later, the rate at which
may be allowed to increase while maintaining the convergence
in (44) depends on the particular code sequence (through which

are defined). We first show, however, that if
increases more rapidly than a certain fraction of , then the

convergence in (44) (and, a fortiori, in (41)) fails for any code
sequence. To see this note that for any

(45)

(46)

(47)

3In particular, for a memoryless source �H( ~YYY ) = H( ~Y ). For sources for
which the Shannon lower bound is tight it is the entropy rate of the source which
results in XXX when corrupted by the max-entropy white noise tailored to the
corresponding distortion measure and level.

(48)

(49)

Now, since is associated with a good code

(50)

Letting , (49) and (50) imply

(51)

excluding the possibility that (44) holds whenever

(52)

Thus, we see that, for any good code sequence, convergence
takes place whenever (Theorem 3), and does not hold
whenever for satisfying (52). This is analogous to
the situation in the empirical distribution of good channel codes
where it was shown in [27, Theorem 5] for the memoryless
case that convergence is excluded whenever for

, where stands for the entropy of the capacity-achieving
channel input distribution.

For growing with at the intermediate rates, whether or not
convergence holds will depend on the particular code sequence.
Indeed, as argued earlier, for any good code sequence there ex-
ists a growth order of (with ) such that (44) holds.
Conversely, we have the following.

Proposition 1: Let be any memoryless source whose rate
distortion function at some distortion level has a unique joint
distribution attaining it, that satisfies .
Given any sequence satisfying , there exists a
good code sequence for under which (44) fails (and, a for-
tiori, so does (41) with replaced by ).

Note that the stipulation on the joint distribution attaining the
rate distortion function holds for all but the degenerate cases
where the test channel that attains the rate distortion
function is deterministic (in which case optimum rate distortion
performance is attained by simple entropy coding). In proving
Proposition 1, we will make use of the following, the proof of
which is deferred to the Appendix, part B.

Lemma 2: Let be arbitrarily distributed and be formed
by concatenation of i.i.d. -tuples distributed as . Then for
any and

(53)

where is constructed from as in Corollary 1.

Proof of Proposition 1: Let denote the generic pair
achieving the rate distortion function of the memoryless (as
in the statement of the proposition) at some distortion level ,
and fix any positive . Let be any given se-
quence satisfying . Assume without loss of generality
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that is nondecreasing (otherwise, we can take a nonde-
creasing subsequence on which it would suffice to show that
(44) fails). Take to be any good code sequence
for at a distortion level . We now use this sequence to con-
struct a new code sequence which we shall argue
to be a good code sequence as well, but for which (44) fails. To
this end define, for every

(54)

For each and , let be the -block
code formed by concatenating the -block code
times, using some arbitrary deterministic code symbols (regard-
less of the source symbols) on the last remaining
if does not divide . To see why is a good
code sequence note that, by construction of , for every
and both

(55)

and

(56)

(57)

(58)

the last inequality following since, by construction, .
Taking limit suprema, (55) and (58) give, respectively

(59)

and

(60)

where the existence of the limits, as well as the equalities on
the right-hand sides of (59) and (60), follow by the fact that

is a good code sequence. This shows that
is a good code sequence.

To show that (44) fails, let denote the asso-
ciated with the code . Note that for every and

which is an integer multiple of (there exists at
least one such in that range since ),

, by its construction and the memorylessness of , is
formed by a concatenation of i.i.d. -tuples distributed as

. From the definition of and the fact that is
nondecreasing it further follows that for every such

(61)

Combined with Lemma 2, this implies that for all and
which are integer multiples of

(62)

Consequently

(63)

(64)

(65)

(66)

where the last inequality is due to . Note that,
since is memoryless, on the right-hand side of (44)
equals . Thus, (66) shows that (44) fails under the good
code sequence .

To conclude this subsection, we point out that an idea very
similar to that used in the preceding proof can be used to estab-
lish an analogous fact for the setting of [27]. More specifically, it
can similarly be shown that for any memoryless channel whose
capacity is strictly less than the entropy of the input distribu-
tion that achieves it, and for any sequence with ,
there exists a good (capacity-achieving) sequence of channel
codes whose induced th-order empirical distributions do not
converge (neither in the weak convergence sense of (41) nor
under the normalized divergence measure of [27]) to the ca-
pacity-achieving distribution. This resolves a question left open
in [27, Sec. III] (cf., in particular, Fig. 4 therein).

D. Applications to Compression-Based Denoising

The point of view that compression may facilitate denoising
was put forth by Natarajan in [22]. It is based on the intuition
that the noise constitutes that part of a noisy signal which is
least compressible. Thus, lossy compression of the noisy signal,
under the right distortion measure and at the right distortion
level, should lead to effective denoising. Compression-based de-
noising schemes have since been suggested and studied under
various settings and assumptions (cf. [21]–[23], [3], [13], [7],
[28], [25], [29] and references therein). In this subsection, we
consider compression-based denoising when the clean source is
corrupted by additive white noise. We will give a new perfor-
mance bound for denoisers that optimally lossily compress the
noisy signal (under distortion measure and level induced by the
noise).

For simplicity, we restrict attention throughout this subsec-
tion to the case where the alphabets of the clean, noisy, and re-
constructed sources are all equal to the -ary alphabet

. Addition and subtraction between elements
of this alphabet should be understood modulo- throughout.
The results we subsequently develop have analogues for cases
where the alphabet is the real line.

We consider the case of a stationary ergodic source cor-
rupted by additive “white” noise . That is, we assume are
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i.i.d. , independent of , and that the noisy observation se-
quence is given by

(67)

By “channel matrix” we refer to the Toeplitz matrix whose, say,
first row is . We assume that

for all and associate with it a difference
distortion measure defined by

(68)

We shall omit the superscript and let stand for throughout
this section.

Fact 1:

is valued and

is uniquely achieved (in distribution) by .
Proof: is clearly in the feasible set by the definition of

. Now, for any -valued in the feasible set with

where the strict inequality follows from .

Theorem 4: Let denote the th-order rate distortion
function of under the distortion measure in (68). Then

(69)

Furthermore, it is uniquely achieved (in distribution) by the pair
whenever the channel matrix is invertible.

Proof: Let achieve . Then

(70)

where the last inequality follows by the fact that

(otherwise would not be an achiever of
) and Fact 1. The first part of the theorem follows

since the pair satisfies and is
readily seen to satisfy all the inequalities in (70) with equality.
For the uniqueness part, note that it follows from the chain of
inequalities in (70) that if achieve
then is the output of the memoryless additive channel with
noise components whose input is . The invertibility of

the channel matrix guarantees uniqueness of the distribution
of the satisfying this for any given output distribution (cf.,
e.g., [32]).

Let now be the loss function according
to which denoising performance is measured. For ,
let

Define by

(71)

and by

(72)

It will be convenient to state the following (implied by an ele-
mentary continuity argument) for future reference.

Fact 2: Let be sequences in with
and . Then

Example 1: In the binary case, , when denotes
Hamming distortion, it is readily checked that, for

Bernoulli (73)

where

(74)

is the well-known Bayesian envelope for this setting [12], [26],
[20]. The achieving distribution in this case (assuming, say,

) is

(75)

Theorem 5: Let correspond to a good code se-
quence for the noisy source at distortion level (under
the difference distortion measure in (68)) and assume that the
channel matrix is invertible. Then

(76)

Note, in particular, that for the case of a binary source corrupted
by a binary-symmetric channel (BSC), the optimum distribution-
dependent denoising performance is (cf. [32,
Sec. 5]), so the right-hand side of (76) is, by (73), precisely twice
the expected fraction of errors made by the optimal denoiser (in
the limit of many observations). Note that this performance can
be attained universally (i.e., with no a priori knowledge of the
distribution of the noise-free source ) by employing a universal
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rate distortion code on the noisy source, e.g., the fixed distortion
version of the Yang–Kieffer codes4 [33, Sec. III].

Proof of Theorem 5: Similarly as in Corollary 1, for
let be uniformly distributed on

, and independent of . Consider
the triple

and denote x

(77)

Note first that

(78)

so

(79)

and in particular

(80)

Also, by the definition of

(81)

Now, clearly

so, in particular,

(82)

4This may conceptually motivate employing a universal lossy source code
for denoising. Implementation of such a code, however, is too complex to be of
practical value. It seems even less motivated in light of the universally optimal
and practical scheme in [32].

On the other hand, from the combination of Theorems 3 and 4 it
follows, since corresponds to a good code sequence,
that

as (83)

and therefore, in particular,

as
(84)

The combination of (82), (84), and Fact 2 implies that

as (85)

Thus, we obtain

(86)

where follows from (80) and from combining (81) with

(85) (and the fact that ). The fact that

a.s.

(martingale convergence), the continuity of and the bounded
convergence theorem imply

(87)

which completes the proof when combined with (86).

IV. SAMPLE PROPERTIES OF THE EMPIRICAL DISTRIBUTION

Throughout this section “codes” should be understood in the
fixed-rate sense of Definition 1.

A. Pointwise Bounds on the Mutual Information Induced by a
Rate-Constrained Code

The first result of this section is the following.

Theorem 6: Let be a sequence of block codes with
rate . For any stationary ergodic

a.s.

(88)

In particular, when is memoryless

a.s. (89)
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The following lemma is at the heart of the Proof of The-
orem 6.

Lemma 3: Let be an -block code of rate . Then,
for every and

(90)

where .

Lemma 3 quantifies a remarkable limitation that the rate of
the code induces: for any , only an exponentially neg-
ligible fraction of the source sequences in any type class can
have an empirical joint distribution with their reconstruction
with mutual information exceeding the rate by more than .

Proof of Lemma 3: For every let

(91)

and note that

(92)

since there are no more than different values of
and, by [5, Lemma 2.13], no more than dif-
ferent sequences in that can be mapped to the same
value of . It follows that

(93)

Now, by definition

(94)

so

(95)

(96)

where (95) follows from (93) and (96) from the definition
of .

We shall also make use of the following “converse to the
asymptotic equipartition property (AEP)” (proof of which is de-
ferred to the Appendix, part C).

Lemma 4: Let be stationary ergodic and an
arbitrary sequence satisfying

(97)

Then, with probability one, for only finitely many .

Proof of Theorem 6: Fix an arbitrary and
small enough so that

(98)

(the continuity of the entropy functional guarantees the exis-
tence of such a ). Lemma 3 (with the assignment

) guarantees that for every and

(99)

where denotes the rate of . Thus,

(100)

(101)

(102)

where (101) follows from (99) and from the (obvious) fact that
is a union of less than strict types, and (102) fol-

lows from (98). Denoting now the set in (100) by , i.e.,

(103)

we have

(104)

But, by ergodicity, for only finitely many with
probability one. On the other hand, the fact that

(recall (102)) implies, by Lemma 4, that for only
finitely many with probability one. Thus, we get

eventually a.s (105)

But, by hypothesis, has rate (namely,
) so (105) implies

a.s. (106)

which completes the proof by the arbitrariness of .

Theorem 6 extends to higher order empirical distributions as
follows.

Theorem 7: Let be a sequence of block codes with
rate . For any stationary ergodic and

a.s. (107)
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In particular, when is memoryless

a.s. (108)

Note that defining, for each by5

(109)

it follows from Theorem 6 (applied to a th-order super-symbol)
that when the source is ergodic in -blocks6

a.s. (110)

Then, since for fixed and large and,
by the -block ergodictiy, , it
would follow from the continuity of and its convexity in
the conditional distribution that, for large

implying (107) when combined with (110). The proof that fol-
lows makes these continuity arguments precise and accommo-
dates the possibility that the source is not ergodic in -blocks.

Proof of Theorem 7: For each , denote
the th-order super source by . Lemma
9.8.2 of [9] implies the existence of events with
the following properties.

1.

if
otherwise.

2. For each conditioned on
is stationary and ergodic.

3. conditioned on is equal in distribution to
conditioned on (where the indices are

to be taken modulo ).
Note that

(111)

where is a deterministic sequence with as
. Theorem 6 applied to conditioned on gives

a.s. on (112)

5Note that Q̂ [x ; y ] may not be a bona fide distribution but is very close
to one for fixed k and large n.

6When Q̂ [x ; y ] is not a bona fide distribution, I(Q̂ [x ; y ]) should
be understood as the mutual information under the normalized version of
Q̂ [x ; y ].

where and denote, respectively,
the entropy of the distribution of when conditioned on

and the entropy rate of when condition on . Now, due
to the fact that conditioned on is stationary ergodic
we have, for each

a.s. on (113)

with denoting the distribution of conditioned on
. Equation (113) implies, in turn, by a standard continuity

argument (letting be defined analogously as
)

a.s. on (114)

Combined with (111), (114) implies also

a.s on (115)

implying, in turn, by the continuity of the mutual information
as a function of the joint distribution

a.s. on (116)

On the other hand, by the convexity of the mutual information
in the conditional distribution [4, Theorem 2.7.4], we have for
all (and all sample paths)

(117)

Using (113) and the continuity of the mutual information yet
again gives for all

a.s. on (118)

Consequently, almost surely on

(119)

(120)
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(121)

(122)

where (119) follows by combining (116)–(118), (120) follows
from (112), and (121) follows from the third property of the
events recalled above. Since (122) does not depend on we
obtain

a.s. (123)

Defining the -valued random variable by

on (124)

it follows from the first property of the sets recalled above
that

(125)

and that

(126)

Combining (123) with (125) and (126) gives (107).

A direct consequence of (107) is the following.

Corollary 2: Let be a sequence of block codes with
rate . For any stationary ergodic

a.s. (127)

B. Sample Converse in Lossy Source Coding

One of the main results of [18] is the following.

Theorem 8 ([18, Theorem 1]): Let be a sequence
of block codes with rate . For any stationary ergodic

a.s. (128)

The proof in [18] was valid for general source and reconstruc-
tion alphabets, and was based on the powerful ergodic theorem
in [17]. This result is also implied by those in [19, Sec. II.D],
proof of which was based on a similar, though simplified, ap-
proach as that of [17]. We now show how Corollary 2 can be
used to give another proof, valid in our finite-alphabet setting.

Proof of Theorem 8: Note first that by a standard conti-
nuity argument and ergodicity, for each

a.s. (129)

implying, in turn, by the continuity of the mutual information
as a function of the joint distribution

a.s. (130)

Fix now . By Corollary 2, with probability one there exists
a large enough that

for all sufficiently large

(131)

implying, by (130), with probability one, existence of large
enough so that

for all sufficiently large (132)

By the definition of it follows that for all such and

(133)

implying, by the continuity property (129), with probability one,
the existence of large enough so that

for all sufficiently large (134)

By the definition of , it is readily verified that for any (and
all sample paths)7

(135)

where is a deterministic sequence with as
. Combined with (134) this implies

a.s. (136)

completing the proof by the arbitrariness of and the continuity
of .

7In fact, we would have pointwise equality

E � (X ;Y ) = � (x ; y )

had Q̂ been slightly modified from its definition in (3) to

Q̂ [x ; y ](u ; v ) =
1

n
jf1 � i � n : x = u ; y = v gj

with the indices understood modulo n.
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C. Sample Behavior of the Empirical Distribution of Good
Codes

In the context of Theorem 8, we make the following sample
analogue of Definition 3.

Definition 4: Let be a sequence of block codes with
rate and let be a stationary ergodic source.
will be said to be a pointwise good sequence of codes for the
stationary ergodic source in the strong sense at rate if

a.s. (137)

Note that Theorem 8 implies that the limit supremum in the
preceding definition is actually a limit, the inequality in (137)
actually holds with equality, and the rate of the corresponding
good code sequence is . The bounded convergence theorem
implies that a pointwise good sequence of codes is also good in
the sense of Definition 3. The converse, however, is not true [30].
The existence of pointwise good code sequences is a known con-
sequence of the existence of good code sequences [18], [16]. In
fact, there exist pointwise good code sequences that are univer-
sally good for all stationary and ergodic sources [34], [35], [33].
Henceforth, the phrase “good codes” should be understood in
the sense of Definition 4, even when omitting “pointwise.”

The following is the pointwise version of Theorem 3.

Theorem 9: Let correspond to a pointwise good
code sequence for the stationary ergodic source at rate

. Then we have the following.

1. For every

a.s.

(138)

a.s. (139)

so in particular

a.s. (140)

2. If it also holds that
then

a.s.
(141)

3. If, additionally, is uniquely achieved by the
pair then

a.s. (142)

Proof of Theorem 9: being a good code se-
quence implies

a.s. (143)

implying (138) by (135). Reasoning similarly as in the proof of
Theorem 8, it follows from (129) that

a.s. (144)

implying

a.s. (145)

where the left inequality follows from (130) and the second one
by (144) and the continuity of . The upper bound in
(139) follows from Theorem 7. Displays (140) and (141) are
immediate consequences. The convergence in (142) follows di-
rectly from combining (141), (138), the fact that, by ergodicity

a.s. (146)

and Lemma 1 (applied to the th-order super-symbol).

D. Application to Compression-Based Denoising

Consider again the setting of Section III-D, where the sta-
tionary ergodic source is corrupted by additive noise of
i.i.d. components. The following is the almost sure version of
Theorem 5.

Theorem 10: Let correspond to a good code se-
quence for the noisy source at distortion level (under
the difference distortion measure in (68)) and assume that the
channel matrix is invertible. Then

a.s. (147)

Proof: The combination of Theorem 4 with the third item
of Theorem 9 gives

a.s. (148)

On the other hand, joint stationarity and ergodicity of the pair
implies

a.s. (149)

Arguing analogously as in the Proof of Theorem 5 (this time,
for the sample empirical distribution8 instead
of the distribution of the triple in (77)) leads, taking say,

, to

a.s. (150)

implying (76) upon letting .

E. Derandomizing for Optimum Denoising

The reconstruction associated with a good code sequence has
what seems to be a desirable property in the denoising setting
of the previous subsection, namely, that the marginalized distri-
bution, for any finite , of the noisy source and reconstruction
is essentially distributed like the noisy source with the under-
lying clean signal, as becomes large. Indeed, this property was

8We extend the notation by letting Q̂ [x ; z ; y ] stand for the kth-order
empirical distribution of the triple (X ;Z ; Y ) induced by (x ; z ; y ).
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enough to derive an upper bound on the denoising loss (Theo-
rems 5 and 10) which, for example, for the binary case, was seen
to be within a factor of from the optimum.

We now point out, using the said property, that essentially op-
timum denoising can be attained by a simple “post-processing”
procedure. The procedure is to fix an and evaluate, for each

and

In practice, the computation of
can be done quite efficiently and sequentially by updating counts
for the various as they appear along the noisy
sequence (cf. [32, Sec. 3]). Define now the -block denoiser

by letting the reconstruction symbol at location
be given by

(151)

(and can be arbitrarily defined for ’s outside that range). Note
that is nothing but the Bayes response to the conditional dis-
tribution of given induced by the joint
distribution of . How-
ever, from the conclusion in (148) we know that this converges
almost surely to the conditional distribution of given

. Thus, in (151) is a Bayes response to a con-
ditional distribution that converges almost surely (as )
to the true conditional distribution of conditioned on .
It thus follows from continuity of the performance of Bayes re-
sponses (cf., e.g., [12, eq. (14)], [32, Lemma 1], and (149)) that

a.s. (152)

with denoting the Bayes envelope associated with the loss
function defined, for , by

(153)

Letting in (152) gives

a.s.

(154)

where the right-hand side is the asymptotic optimum distribu-
tion-dependent denoising performance (cf. [32, Sec. 5]). Note
that can be chosen independently of a source, e.g., taking
the Yang–Kieffer codes of [33] or any other universal lossy com-
pression scheme such as the simplistic ones of [24] or the “Kol-
mogorov sampler” of [7], followed by the postprocessing de-
tailed in (151). Thus, (154) implies that the post-processing step
leads to essentially asymptotically optimum denoising perfor-
mance. Bounded convergence implies also

(155)

implying, in turn, the existence of a deterministic sequence
such that for

(156)

The sequence for which (156) holds, however, may de-
pend on the particular code sequence , as well as on
the distribution of the active source .

V. CONCLUSION AND OPEN QUESTIONS

In this work, we have seen that a rate constraint on a source
code places a similar limitation on the mutual information as-
sociated with its th-order marginalization, for any finite , as

becomes large. This was shown to be the case both in the dis-
tributional sense of Section III and the pointwise sense of Sec-
tion IV. This was also shown to imply in various quantitative
senses that, for any fixed , the th-order empirical distribution
of codes that are good (in the sense of asymptotically attaining a
point on the rate distortion curve) becomes close to that attaining
the minimum mutual information problem associated with the
rate distortion function of the source. This convergence, how-
ever, was shown to break down in general when allowing to
increase with . This convergence was also shown to imply, for
a source corrupted by additive “white” noise, that under the right
distortion measure, and at the right distortion level, the joint em-
pirical distribution of the noisy source and reconstruction asso-
ciated with a good code tends to “imitate” the joint distribution
of the noisy and noise-free source. This property led to perfor-
mance bounds (both in expectation and pointwise) on the de-
noising performance of such codes. It was also seen to imply
the existence of a simple post-processing procedure that, when
applied to these compression-based denoisers, results in essen-
tially optimum denoising performance.

One of the salient questions left open in the context of the
third item in Theorem 3 (respectively, Theorem 9) is whether
the convergence in distribution (in some appropriately defined
sense) continues to hold in cases beyond those required in the
second item. Another interesting question, in the context of the
postprocessing scheme of Section IV-E, is whether there exists
a universally good code sequence (for the noisy source sequence
under the distortion measure and level associated with the given
noise distribution) and a corresponding growth rate for under
which (156) holds simultaneously for all stationary ergodic un-
derlying noise-free sources.

APPENDIX

A. Proof of Lemma 1

We shall use the following elementary fact from analysis.

Fact 3: Let be continuous and be compact.
Assume further that is uniquely attained by some

. Let satisfy

Then
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Equipped with this, we prove Lemma 1 as follows. Let
denote the conditional distribution of given induced by

and define

(A1)

It follows from (32) that

(A2)

and therefore also, by (34)

(A3)

Define further by

(A4)

where

(A5)

By construction,

and (A6)

Also, (A3) implies that and hence,
implying, when combined with (A2), that

(A7)

implying, in turn, by (33) and uniform continuity of

(A8)

Now, the set

is compact, is continuous, and is uniquely achieved
by . So (A6), (A8), and Fact 3 imply

(A9)

implying (35) by (A7).

B. Proof of Lemma 2

Let be arbitrarily distributed and be formed by con-
catenation of i.i.d. -tuples distributed as . For any and

, define

(A10)

where is the index uniformly distributed on
in the definition of . Then

(A11)

(A12)

(A13)

(A14)

(A15)

where (A14) follows since, given , for any
is distributed as a deterministic function

of i.i.d. drawings of . The proof is completed
since (A15) is upper-bounded by the right-hand side of (53) for

.

C. Proof of Lemma 4

Inequality (97) implies the existence of and such
that

(A16)

Defining

(A17)

we have for all

(A18)

(A19)

(A20)

(A21)

Thus, by the Borel–Cantelli lemma, with probability one,
for only finitely many . On the other hand, by

the Shannon–McMillan–Breiman theorem (cf., e.g., [4, The-
orem 15.7.1]), with probability one, for only finitely
many . The result now follows since
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