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0.618 is Around Us: Art and Science

0.618 ~
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|
0.618 and Optimization

Finding the maximum/minimum of a unimodal function:
Optimal strategy: using golden ratio 0.618

fx)

@ Optimal strategy/decision is desired
@ Optimization finds such decision

@ Optimization is natural and intuitive
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What is Optimization?

Definition
Mathematical optimization is the selection of a best element, with regard
to some criterion, from some set of available alternatives.

Best Criterion

s min f(a})/
€r

subjectto x € X

Alternative

Mathematical Optimization deals with different f and X
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Mathematical Optimization History of Optimization

Advance of Optimization in the Last Century

Johan Ludwig
William
Valdemar Jensen

Harris Leonid John von George Bernard
Hancock Kantorovich Neumann Dantzig

Convex Theory of LP-model and Duality for Simplex Method
Functions Maxima and Algorithm for Linear Father of Linear
Minima solving it Programming Programming

Breakthrough in the 20th century: Linear Programming
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A
George Dantzig and the Simplex Method

In the simplex method, we move among the
vertices until reaching the optimal basic feasible
solution
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T
Optimization in the Early Days

Optimization was initially applied to

@ Small or medium-sized problems
hundreds of variables

@ Simple scenarios
dieting, transportation...

rood

mostly Linear Programs mmunition-

Jon't u

But now, things have gone far beyond simple LPs

Millions of Variables + Various Optimization Models
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T
Types of Optimization Problems by Now

Beyond LP, there are now many new mathematical optimization models.

Uncertainty

I

Robust Optimization

[ Stochastic Programming

Bound Constrained

‘Semidefinite Programming
Second-Order
Cone Programming
Quadratically-Constrained
Quadratic Programming

Global Optimization

Nonlinear Programming

‘ Network Optimization

Linearly Constrained

Nonlinear
Least Squares

Linear
Programming

Derivative-Free
Optimization

Semilnfinite
Programming

Mathematical Programs
with Equilibrium Constraints

Mixed Integer
Nonlinear Programming

Quadratic,
Programming

Complementarity
Problems

They solve models arising from different kinds of applications
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Mathematical Optimization Applications of Optimization

Optimization Nowadays

Finance

Optimization

Control

Supply Chain
Dara Science/Machine
Energy

Learning/ Al

Optimization is Everywhere
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization

Mixed Integer Programming and Combinatorial Optimization

Facility Location and Vehicle Routing Problem
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization

Facility Location Problem

Senario
@ Potential sites for locating facilities
@ Demands from consumers must be covered

@ Total cost (transportation + opening) should be minimized

minimize Total cost
subject to Demand of customers
Decision Whether to open
x € {No, Yes} = {0, 1} 8 e

@ soss

The problem
@ is NP-Hard
@ can be formulated as an Integer Program
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization
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Mixed Integer Programming and Combinatorial Optimization
Vehicle Routing Problem

There is growing need for efficient traveling.

4 Cost ' Efficiency
7%7&“:':”? N 9/"’*7 .-

: /9 9{\\ .
¢ [

How to get the most efficient routing strategy?
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization

Vehicle Routine Problem

What is the optimal set of routes for a fleet of vehicles to traverse in order
to deliver to a given set of customers?

minimize Total Travelling Distance
subject to  Arrival at Destination
Decsion Whether to go
x € {No, Yes} = {0,1}

The problem as well as its variants
o are NP-hard

@ possibly solved efficiently using specially designed algorithms
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Mixed Integer Programming and Combinatorial Optimization
Application: Truck Scheduling System

& TEIhREE

FUYOUKACHE.CON

To Accelerate Freight Transportation in China

ForU chose to work with intermediaries in the transport sector so that drivers can get orders via agents and conventional
intermediaries can get more orders.
ForU sent operation team to monitor each deal to avoid possible corruption problem between shipper representative and
drivers, which bought true value for its clients and marked its core competence was the offline operation ability.

=R hdh = =&

508,593 83,638 507,294 4.2 Billion
Truck Drivers Clients Orders Revenue per Year
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization

Strategy and Improvement

Real-time Scheduling + Multi-objective Optimization

Improvements and Results

China's First Successful Case of

Before . After Using Intelligent Scheduling System
Two-sides/Three-sides Globally optimize the whole network to Solve Truck Vehicle

Transportation
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Frontier of Modern Optimization Applications Mixed Integer Programming and Combinatorial Optimization

Application: Chinese Postman Problem
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@ A special case of vehicle routing
sending mails to the destinations

@ solved efficiently by state-of-the-art solvers
COPT, Gurobi, CPLEX
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Frontier of Modern Optimization Applications Robust Optimization

Robust Optimization

Robust Optimization and Uncertainty
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A
Uncertainty and Robust Optimization

Many real-life applications are faced with uncertainty

@ Production scheduling
how much is needed?

@ Autonomous driving
will there be pedestrians?

Optimal decision for one scenario may be unacceptable for another

e High cost of a sub-optimal decision
danger in driving, loss of sales...

@ We need an acceptable solution in all the cases

Solution: We optimize against the controllably worst situation
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A
Uncertainty and Robust Optimization

@ A solution that works in the worst case works in all cases

@ We apply Distributionally Robust Optimization

(Distributionally) Robust Optimization

Given a decision variable, consider the expected value of the objective
based on the worst-case possible distribution:

' Er.(h
min | max Er(h(x, ¢)
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Frontier of Modern Optimization Applications Robust Optimization

The robust optimization model that exploit the historic data and

@ remains computable
@ has some interesting theoretical /statistical properties

@ can be applied to many problems
portfolio decision, image recognition, medical diagnosis, etc.
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Application: Portfolio Decision in Stock Market

Scenario: decide a portfolio allocation maximizing the expected revenue.

@ Decide facing high uncertainty maximize Return—Risk of Loss

subject to Possible Portfolio Decisions

@ Little perturbation causes huge loss Decision Portfolio Allocation

Solution: apply distributionally robust optimization via Optimal Transport
(OTCMV) (Nguyen, Zhang, Blanchet, Delage & Ye, 2021)

! )

Ew MV DRMV  CMV  DRCMV OTCMV
Model

|
N
b

-1.30-

5%-Quantile of Return (%)
5%-Quantile of Return (%)

-1.55- ¢
CMV  DRCMV  OTCMV

Figures: simulated return for the US. and Chinese stock market
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A
Application: Scheduling Facing Uncertainty
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Frontier of Modern Optimization Applications EESEUIEeSTTN et 114

Semi-definite Programming

Satellite Localization and Starlink
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Semi-definite Programming
Satellite and Starlink

Wide application of satellite
@ GPS, Vehicle Locationing
@ Wireless Connection, Starlink
@ Massive satellites (upto 10%)
Technically, locating ground objects is
@ based on location of satellite

@ relatively easy

But how to locate the satellites?
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Frontier of Modern Optimization Applications EESEUIEeSTTN et 114

Network Localization for Satellites

Generally, we have access to

@ the location of a few satellites
These satellites are called anchors

@ insufficient to locate the rest of them 71“ \
The rest are called sensors “u g g

But fortunately,

@ Satellites know each other when close ‘%% e i%%
@ They form a large network in space \\%% %

@ Sensor Network Localization Problem
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Frontier of Modern Optimization Applications EESEUIEeSTTN et 114

Sensor Network Localization

Satellite Localization

Given coordinates of some of the satellites and certain distance between satellites,
find the coordinates of satellites that realize the distance

Sensor Network Localization

Given coordinates of the anchors and certain distance between anchors and
sensors, find the coordinates of sensors that realize the distance

Given m anchor points ay, ..., am € R? whose locations are known and n sensor
points xi, ..., X, whose locations we wish to determine. Further more, we are
given the Euclidean distance dj; between aj and x; for some k,j and dj; between
x; and x; for some i, j. The Problem is to find a realization of xy, ..., x, such that
Vi,j, k

F 2
lax = x> = dig™,  [Ix = x|* = df,
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Frontier of Modern Optimization Applications EESEUIEeSTTN et 114

SNL and Semi-definite Programming

The SNL problem

@ s intractable even for d =1
@ can be relaxed as an SDP feasibility problem (so, m. c., and v.ve, 2007)

@ the relaxed problem can be solved efficiently (Biswas and Y 2004) (Wang and Ding, 2008)

30/61
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(ECTIAIT T MV Y ST WOT Tl [Pl WAV (=Y  Online and Dynamic Programming

Online and Dynamic Programming

Dynamic Pricing Mechanism Design and Unmanned Warehouse
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ECINRI NV S ORI IPETHI WA [ILIHNM  Online and Dynamic Programming

Online Combinatorial Auction

Senario:

o Fixed number of buyers

o Fixed inventory of goods

@ Buyers require goods and bid
Decision:

@ To sell or not
Objective:

@ Maximize the revenue

From 0.618 to Mathematical Optimization 32/61



Gl 3e] Piee e
Application of the Online Algorithm

We can use the Online Algorithm to

@ instruct the pricing strategy of sellers

@ get better performance when combined with Al
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(ECTIAIT T MV Y ST WOT Tl [Pl WAV (=Y  Online and Dynamic Programming

Unmanned Warehouse

Senario

@ Massive real-time decisions
Hundreds of robots

@ Complex constraint and objective
Short path; no collision

@ A series of large-scale problems

Highly efficient algorithms is needed
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(ECTIAIT T MV Y ST WOT Tl [Pl WAV (=Y  Online and Dynamic Programming

Unmanned Warehouse and Dynamic Programming

LEER-TACEERERE

Solution
© 0
@ Decompose large problems

SCRHTE KRR 2ERHR By region and path

REEAM. B TH—S e HENRMNE, TRESH e Dynamic programming approach
ASHRRBENARAFEHREY, BE2021 FRETE

RS (Informs) HHE-HEEdeIman TURFAZ (Informs Efficiency: 3-4x faster than human
RRHTE) PRMABRE, EHERABNREAT, E—

AAHEBE N T RERER2021 AT,
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Algorithm: Core of Optimization

EFE IS = HETR 328

{ERBNRIARE, MABNBIAE MMEE, BER FINBERL, MBS H
E@HE . FIE MARRE LM 2 8, MEML, EZ HABSRK, B, EOBEERE
B, RERBERY AR e, BEEE, R BATHE,

REBHRA EHVERERM B A

Tuk4.0 FE L iR R
HEF=HHR, | F8inE, Beeamht, UEH EHRBMAA, RN BERBRML, WE BEASHL, TiH
BEEBIE, EEEE, W, RaEE, EF MEHE, BRARE Mz, SR, B BHiE, XNREE
CHTRE, TRERL Rt S R, REEEMR

. RERESHE

With so many applications of optimization, it is
@ modeling that tells the problem
@ algorithm that tells the answer

Large-scale Applications Demand Faster Algorithms
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Frontier of Optimization Algorithms

Algorithms and Computation Complexity

We use

Zeroth order f(x)  First order Vf(x)  Second order V?f(x)

information to design numerical algorithms.

The more information we use,

@ the more accurate solution is

@ the more computation is needed

We choose algorithm by need
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Frontier of Optimization Algorithms

Numerical Algorithms Combinatorial,

-Geng"cic.,Q

Accuracy Computation

A

Newton’s Method
Interior Point Method Second

Conjugate Gradient
Quasi-Newton
ADMM...

First

SGD, Proximal... Order

Zeroth

Blackbox Order

>

f&x) Vi) V2f(x) Information

We apply different algorithms on different problems
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Frontier of Optimization Algorithms First Order: Simple and Fast Online Algorithm

First Order: Simple and Fast Online Algorithm

Offline Binary LP and Column Generation
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Frontier of Optimization Algorithms First Order: Simple and Fast Online Algorithm

Binary Integer Linear Program

Consider the offline LP relaxation of a Binary Integer Linear Program

max r'x (BILP)
X
st. Ax<b
0<x<1
The secretary problem
o P ! =
o Wide applications in reality % )
<

@ Approximate solution is acceptable - 3’, ==
@ Sometimes too large for IPM . ==

We use a simple and fast algorithm to solve the offline LP.
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Frontier of Optimization Algorithms First Order: Simple and Fast Online Algorithm

Simple and Fast Online Algorthm
Simple and Fast Online Algorithm (Li, Sun, & Ye (2020)) simultaneously

@ Learn the dual price of LP using first order oracle for one pass
An implementation of O(nnz(A)) complexity

@ Output the primal estimates using duality theory
A good approximate solution X

o K o
LS50 o %o

J; P 0o ol S
Prok Proktt Progral Pookes, o5

Variable j | ... [n+k nfk':rl n—k+2[n>k+3[. .. [p—4
I{r>a/p}|... | pl 1 ) 41 ..
Xj 1 1 0 1 1 1 0

- 1 1

X
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First Order: Simple and Fast Online Algorithm
Boosted Online Algorthm

A boosted version of online algorithm (BOA) (Gao, Sun, Ye, &Ye(2021))
@ Learn the dual price for multiple passes with random permutation

@ Output the primal estimates by taking average

€

Variable j n
X1 0
X2 0
Xk 0
X; 0.21
] 0
X 0
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Applications

(Boosted) Online Algorithm can be applied to
e Approximately solve binary/integer linear programs

@ Identify basic (non-zero) variables for “thin” LPs

Figure: A thin LP

BN - <
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Frontier of Optimization Algorithms First Order: Simple and Fast Online Algorithm

Numerical Results for Binary LP

We generate data of Multi-knapsack problem as in Chu & Beasley but with

b= 0(v/n).

| V.R. Alg. | Gurobi

Time 0.048 > 60

m=32n=8000.k=50 " Crnt Ratio | 89.4% | 95.4%
Time 0.720 > 60

M =320 =4000,k=1000 e Ratio | 90.6% | 95.4%
X Time 0.392 > 60
m=064n=100k=50 oot Ratio| 89.9% | 98.5%
o Time 3.400 | >60

m = 64,n = 10* k = 1000 Cmpt. Ratio | 90.9% 98.5%
j o Time 2.100 > 60
m=128n=10%k=50  cont. Ratio | 91.3% | 98.6%
B o Time 45.000 > 60
m=128n =100 k=100 oot Ratio | 94.9% | 98.6%
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Frontier of Optimization Algorithms First Order: Simple and Fast Online Algorithm

Numerical Result: Basic Variable Identification

Datasets from MIPLIB 2017

ID | Dataset Accuracy Size Reduction
1 rail507 271/301 11862/62171
2 rail516 121/138 8572/46978

3 rail582 325/347 12465/54315
4 | rail2586 | 1536/1672 | 145373/909940
5 | rail4284 | 1951/2042 | 348135/1090526
6

7

8

scpml 2754 /2754 10352/500000
scpn2 3411/3411 | 20860/1000000
scpl4 1149/1149 5718,/200000
9 | scpjdscip | 552/552 3635/99947
10 scpk4 930/930 4077/100000
11 s82 1992/3020 | 52383/1687859
12 s100 150/487 835/364203
13 | s250r100 | 415/747 | 3080/270323

Table: Basic variable identification
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First Order: Simple and Fast Online Algorithm
Numerical Result: Basic Variable Identification
We generate sparse Multi-knapsack instances following Chu & Beasley and

initialize Column Generation by boosted online algorithm. Result is compared
against CPLEX.

Il cPLEX Bl BOA-Based CG

Time(s)

Timets)
B

u}
8
I
il
it
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HET I A OIS IPETIO WA TGN 3/2 th Order: ADMM and Parallel Optimization

3/2 th Order: ADMM and Parallel Optimization

Security Constrained Unit Commitment Problem
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HET I A OIS IPETIO WA TGN 3/2 th Order: ADMM and Parallel Optimization

ADMM is an algorithm that

@ tackles hard problems using the block structure
@ s friendly to variable splitting and parallelism
@ can be applied to Mixed Integer Linear Programs

@ is an 1.5th order algorithm (access 2nd order information once)
ADMM has been applied vastly in recent years

@ Statistical and Machine learning
Lasso, robust PCA, tensor completion

@ Optimal control
System estimation, beamforming

@ Security constrained Unit commitment
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3/2 th Order: ADMM and Parallel Optimization
Application: SCUC

Security Constrained Unit Commitment Problem
@ determines the startup/shutdown of a series of generators
@ s constrained by the load demand and security

minimize Cost of generating Power
subject to Thermal Power+ Hydro Power = Load
Security Constraints
Decision Whether to startup/shutdown
xz € {No, Yes} = {0, 1}

A natural block structure between thermal and hydro power
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Frontier of Optim WA 3/2 th Order: ADMM and Parallel Optimization

n 6 ERERNEASHKT Qrunr @ C0PT

-
Z ExeEm

KKEBRNEHESMRL

S5ERENENNERERESBEE, FRHNM)IIKXBRSERNWTAESHL, BEMR

AFRONEENEARBE, HESK. RE. 5, 2EEREFOBRSR (BRIERHE
FXERREES)

REAFNRAKE, BRRERFAERE, RERN, MRENEFCWEFRES.
@ DERERATHRFNARBARW, FBBRRERS, 5. FE. THERBENEMESD, XRAEREFTSRIERERZS.
INEBix RO BIRRRN—EESRENRNABAENERRER, HETRBSERMTHIEHENE, SEEHTHHERR
BARFRADRARCARBUENREY, #MHANEK, 82, B, TRNENARRCRBOER.

@ Dominating advantage over conventional method
@ Upto 10x faster than original model and solver

o Full support over parallelism
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ECNIATRG RO IPEI WAL I Second Order: Interior Point Method and Smart Crossover

Second Order: Interior Point Method and Smart Crossover

Solve a Puzzle 100 Times Faster
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ECNIATRG RO IPEI WAL I Second Order: Interior Point Method and Smart Crossover

Interior Point Method and Linear Programming

For Linear Programming, the Interior Point Method (IPM)

@ generates iterates in the interior of
primal-dual space

@ is a second order algorithm

@ converges towards basic optimal
solution

IPM is
@ one of the most efficient algorithms for LP

@ one of the most beautiful and elegant numerical algorithms
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Second Order: Interior Point Method and Smart Crossover
Crossover: Last Step for the IPM

@ |IPM gives a solution in the interior of primal-dual space
A strictly feasible solution close to some basic optimal solution

@ We are often more interested in basic solutions
Network problems, decision variables, MIP root problem...

Interior Point Iterates

Crossover

AN

Basic Feasible Solution

Crossover does this last job
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Second Order: Interior Point Method and Smart Crossover
Smart Crossover (Ge, Wang, Xiong, &Ye)

For problems with certain network structure, one can

© utilize the structure to detect the basic variables accurately

@ initiate re-optimization using the simplex method

netlarge6 inl3
52501 Gurobi | 250 Gurobi
H —— CNET — CNET
g 200 200
g
o
£ 150 150
£
§ 100 100
$
2
2 50 50
“ . . o 01 - —
1 1E-1 1E-2 1E-3 1E-4 1E-6 1 1E-2 1E-3 1E-4 1E-6
16_nl4 1 1010
7 Gurobi Gurobi
2 100 — CNET | 1250 — CONET
@
8 55 1000
£
E 750
F so0
% 5001
2 25
4 K 250
o0
1E-1 1E-2 3 1E-5 1E-8 1E-1 1E-6

1E= 1E-2
Primal-dual gap Primal-dual gap

Figure: Results on Benchmark Datasets
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Second Order: Interior Point Method and Smart Crossover

Perturbation Crossover Method and Puzzle Problem

One “horrible” problem for crossover exists in the benchmark

problem MOSEK MATLAB Gurobi CLP TULIP  COPT MDOPT KNITRO

datt256 255 61 514 238 24 7 26 18

Gurobi spends 1.5s finding the interior optimal but 500s on crossover

Objective Residual
Tter Primal Dual Primal Dual Compl Time
0 4.47194709e+04 2.56000000e+02 2.31e+02 9.96e-14 5.70e-03 1s
1 1.40975104e+03 2.44173005e+02 6.00e+00 5.55e-16 1.76e-04 1s
2 3.74750808e+02 2.48268648e+02 6.18e-01 4.44e-16 3.19e-05 1s
3 2.62724890e+02 2.54388185e+02 3.50e-02 4.44e-16 4.43e-06 1s
4 2.56032589e+02 2.55997788e+02 1.69e-04 6.66e-16 6.68e-09 1s
5  2.56000008e+02 2.55999998e+02 4.07e-08 7.77e-16 5.89e-12 1s
Barrier solved model in 5 iterations and 1.48 seconds
Optimal objective 2.56000008e+02
Crossover log...
6288 DPushes remaining with RInf 0.0000000e+00 2s
0 DRushes remaining with DInf 0.0000000e+00 s
143784 PRushes remaining with PInf 9.1721636e+00 s
A long time...
892 PPushes remaining with PInf 0.0000000e+00 510s
0 PRushes remaining with PInf 0.0000000e+00 514s
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ECNIATRG RO IPEI WAL I Second Order: Interior Point Method and Smart Crossover

The problem comes from relaxation of the well-known puzzle

Eternity II (meaning “take eternity to solve”)

0.0
T -#-A

Y 4& X
}- OO

@ The problem has complicated network structure

@ The original MIP is still unsolved...
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Second Order: Interior Point Method and Smart Crossover
COPT: State-of-the-art Optimization Solver

The First Commercial Solver for Mathematical Programming in China

o o enese aonoaLcie L sxs L contioonr

2015-07 1.94 1.18

2016-11 1.88 1.01 1 1.03

2017-10 1.91 1.22 1 1.69

2018-07 1.88 1.07 1 1.87 5.61

2018-11 216 1.15 1 219 6.43

2019-05 1.32 4.26 1

2020-06 2.03 4.52 1

2020-08 3.01 6.12 1.4 1

2020-09 1.28 2.83 6.10 1 1.19

2020-10 1.45 3.37 7.25 1 1.4

2020-11 1 4.01 8.63 1.19 1.68
2020-12a 1.25 5.01 1.20 1
2020-12b 1.60 6.43 1 1.28
2021-0608 1.60 6.43 1 1.28

Figure: Performance of COPT on Mittelman Hans' Simplex LP Benchmark
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Second Order: Interior Point Method and Smart Crossover
Current Best Barrier Solver on Benchmark

oenen | oriox nese | cunon | uosex _oas | corr _unorr

2011-11 1.52 1.15 1.47

2012-10 1.08 1.35 1 1.64

2013-07 1.15 1.01 1 1.54

2015-07 1.64 1 1.07 1.55

2016-11 1.56 1 1.01 1.95

2017-10 1.84 1.03 1 2.29

2018-07 1.78 1 1.10 2.69 10.70

2018-11 1.92 1.08 1 3.31 11.60

2019-10 1 1.22

2020-11 1 2.36 5.26 2.39

2020-12 1 2.34 1.58 2.00
2021-03 1 2.34 1.09 2.00
2021-06 1.22 2.85 1 2.45

Figure: Performance of COPT on Mittelman Hans' Barrier(IPM) LP Benchmark
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Second Order: Interior Point Method and Smart Crossover
The First Commercial MILP Solver in China

+++++++
Unscaled and scaled shifted geometric means of run times

All non-successes are counted as max-time.
The third line lists the number of problems (240 total) solved.

1 thr CBC GLPK LP_SOL MATLAB SCIP Gurobi COPT
unscal 2107 5044 5335 3301 1100 245 1029
scaled 8.59 20.5 21.7 13.5 4.48 1 4,19
solved 89 23 20 63 125 201 132

8 thr CBC FSCIP Gurobi COPT
unscal 1723 1065 146 754
scaled | 11.8 7.30 1 5.17 |
solved | 98 138 220 156 |

Figure: Performance of COPT on Mittelman Hans' MILP Benchmark
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Summary

Summary

@ Many real-world problems, especially
real-economy applications, demand
mathematical optimization tools/solvers

@ The innovation of efficient optimization
methods/algorithms should be driven by
scientific/theoretical research, besides

software engineering and coding Stanford

© The development of mathematical University
programming solvers is best done by a small
dedicated team whose members have passion
and love in optimization

Thanks for Listening!
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