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Chapter One: Set Theory and Cantor's Theorem

Our journey into the realm of mathematics begins with an exploration of a surprisingly nuanced
concept: the set. Informally, a set is just a collection of things, whether it's a set of numbers, a
set of clothes, a set of nodes in a network, or a set of other sets. Amazingly, given this very
simple starting point, it is possible to prove a result known as Cantor's Theorem that provides a
striking and profound limit on what problems a computer program can solve. In this
introductory chapter, we'll build up some basic mathematical machinery around sets, then will
see how the simple notion of asking how big a set can lead to incredible and shocking results.

What is a Set?

Let's begin with a simple definition:

A set is an unordered collection of distinct elements.

What exactly does this mean? Intuitively, you can think of a set as a group of things. Those
things must be distinct, which means that you can't have multiple copies of the same object in a
set. Additionally, those things are unordered, so there's no notion of a “first” thing in the group, a
“second” thing in a group, etc.

We need two additional pieces of terminology to talk about sets:

An element is something contained within a set.

To denote a set, we write the elements of the set within curly braces. For example, the set {1, 2,
3} is a set with three elements: 1, 2, and 3. The set { cat, dog } is a set containing the two
elements “cat” and “dog.”

Because sets are unordered collections, the order in which we list the elements of a set doesn't
matter. This means that the sets {1, 2, 3}, {2, 1, 3}, and {3, 2, 1} are all descriptions of exactly
the same set. Also, because sets are unordered collections of distinct elements, no element can
appear more than once in the same set. In particular, this means that if we write out a set like {1,
1, 1, 1, 1}, it's completely equivalent to writing out the set {1}, since sets can't contain
duplicates. Similarly, {1, 2, 2, 2, 3} and {3, 2, 1} are the same set, since ordering doesn't matter
and duplicates are ignored.

When working with sets, we are often interested in determining whether or not some object is an
element of a set. We use the notation x € S to denote that x is an element of the set S. For
example, we would write that 1 € {1, 2, 3}, or that cat € { cat, dog }. If spoken aloud, you'd
read x € S as “x is an element of S.” Similarly, we use the notation x € S to denote that x is not
an element of S. So, we would have 1 € {2, 3, 4}, dog € {1, 2, 3}, and ibex & {cat, dog}. You
canread x € S as “x is not an element of S.”
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Sets appear almost everywhere in mathematics because they capture the very simple notion of a
group of things. If you'll notice, there aren't any requirements about what can be in a set. You
can have sets of integers, set of real numbers, sets of lines, sets of programs, and even sets of
other sets. Through the remainder of your mathematical career, you'll see sets used as building
blocks for larger and more complicated objects.

As we just mentioned, it's possible to have sets that contain other sets. For example, the set

{ {1, 2}, 3 } is a set containing two elements — the set {1, 2} and the number 3. There's no
requirement that all of the elements of a set have the same “type,” so a single set could contain
numbers, animals, colors, and other sets without worry. That said, when working with sets that
contain other sets, it's important to note what the elements of that set are. For example, consider
the set

{11, 2}, {2,3}, 4}
has just three elements: {1, 2}, {2, 3}, and 4. This means that
{12} € {{1,2}, {2,3}, 4}
2,3y € {{1,2}, {2,3}, 4}
4 € {{1,2},1{2,3},4}

However, it is not true that 1 € {{1, 2}, {2, 3}, 4}. Although {{1, 2}, {2, 3}, 4} contains the set
{1, 2} which in turn contains 1, 1 itself is not an element of {{1, 2}, {2, 3}, 4}. In a sense, set
containment is “opaque,” in that it just asks whether the given object is directly contained within
the set, not whether it is contained with that set, a set contained within that set, etc.
Consequently, we have that

& {{1,2},{2,3},4}

2 ¢ {{1,2},{2,3}, 4}

3¢ {{1,2},{2,3}, 4}
But we do have that

4 € {{1,2},{2,3}, 4}
Because 4 is explicitly listed as a member of the set.

In the above example, it's fairly time-consuming to keep writing out the set {{1, 2}, {2, 3}, 4}
over and over again. Commonly, we'll assign names to mathematical objects to make it easier to
refer to them in the future. In our case, let's call this set “S.” Mathematically, we can write this
out as

S=1{{1,2}, {2,3}, 4}
Given this definition, we can rewrite all of the above discussion much more compactly:
{1,2} €S
{2,3} €8
4€8
1¢S
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2¢S
3¢S

Throughout this book, and in the mathematical world at large, we'll be giving names to things
and then manipulating and referencing those objects through those names. Hopefully you've
used variables before when programming, so I hope that this doesn't come as too much of a
surprise.

Before we move on and begin talking about what sorts of operations we can perform on sets, we
need to introduce a very special set that we'll be making extensive use of: the empty set.

The empty set is the set that does not contain any elements.

It may seem a bit strange to think about a collection of no things, but that's precisely what the
empty set is. You can think of the empty set as representing a group that doesn't have anything in
it. One way that we could write the empty set is as { }, indicating that it's a set (the curly
braces), but that this set doesn't contain anything (the fact that there's nothing in-between them!)
However, in practice this notation is not used, and we use the special symbol @ to denote the
empty set.

The empty set has the nice property that there's nothing in it, which means that for any object x
that you ever find anywhere, x € @. This means that the statement x € @ is always false.

Let's return to our earlier discussion of sets containing other sets. It's possible to build sets that
contain the empty set. For example, the set { @ } is a set with one element in it, which is the
empty set. Thus we have that @ € { @ }. More importantly, note that @ and { @ } are not the
same set. O is a set that contains no elements, while { @ } is a set that does indeed contain an
element, namely the empty set. Be sure that you understand this distinction!

Operations on Sets

Sets represent collections of things, and it's common to take multiple collections and ask
questions of them. What do the collections have in common? What do they have collectively?
What does one set have that the other does not? These questions are so important that
mathematicians have rigorously defined them and given them fancy mathematical names.

First, let's think about finding the elements in common between two sets. Suppose that I have
two sets, one of US coins and one of chemical elements. This first set, which we'll call C, is

C = { penny, nickel, dime, quarter, half-dollar, dollar }
and the second set, which we'll call E, contains these elements:
E = { hydrogen, helium, lithium, beryllium, boron, carbon, ..., ununseptium }

(Note the use of the ellipsis here. It's often acceptable in mathematics to use ellipses when
there's a clear pattern present, as in the above case where we're listing the elements in order.
Usually, though, we'll invent some new symbols we can use to more precisely describe what we
mean.)
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The sets C and E happen to have one element in common: nickel, since
nickel € C

and
nickel € £

However, some sets may have a larger overlap. For example, consider the sets {1, 2, 3} and {1,
3, 5}. These sets have both 1 and 3 in common. Other sets, on the other hand, might not have
anything in common at all. For example, the sets {cat, dog, ibex} and {1, 2, 3} have no elements
In common.

Since sets serve to capture the notion of a collection of things, we might think about the set of
elements that two sets have in common. In fact, that's a perfectly reasonable thing to do, and it
goes by the name intersection:

The intersection of two sets S and 7, denoted S N T, is the set of elements
contained in both S and T.

For example, {1, 2,3} N {1, 3, 5} = {1, 3}, since the two sets have exactly 1 and 3 in common.
Using the set C of currency and E of chemical elements from earlier, we would say that C N E =
{nickel}.

But what about the intersection of two sets that have nothing in common? This isn't anything to
worry about. Let's take an example: what is {cat, dog, ibex} N {1, 2, 3}? If we consider the set
of elements common to both sets, we get the empty set @, since there aren't any common
elements between the two sets.

Graphically, we can visualize the intersection of two sets by using a Venn diagram, a pictorial
representation of two sets and how they overlap. You have probably encountered Venn diagrams
before in popular media. These diagrams represent two sets as overlapping circles, with the
elements common to both sets represented in the overlap. For example, if 4 = {1, 2,3} and B =
{3, 4, 5}, then we would visualize the sets as
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Given a Venn diagram like this, the intersection 4 N B is the set of elements in the intersection,
which in this case is {3}.

Just as we may be curious about the elements two sets have in common, we may also want to ask
what elements two sets contain collectively. For example, given the sets 4 and B from above, we
can see that, collectively, the two sets contain 1, 2, 3, 4, and 5. Mathematically, the set of
elements held collectively by two sets is called the union:

The union of two sets 4 and B, denoted A U B, is the set of all elements
contained in either of the two sets.

Thus we would have that {1, 2,3} U {3,4,5} = {1,2,3,4,5}. Note that, since sets are
unordered collections of distinct elements, that it would also have been correct to write {1, 2, 3,
3,4, 5} as the union of the two sets, since {1, 2, 3, 4,5} and {1, 2, 3, 3, 4, 5} describe the same
set. That said, to eliminate redundant redundancy, typically we'd prefer to write out {1, 2, 3, 4,
5} since it gets the same message across in smaller space.

The symbols for union (U) and intersection () are similar to one another, and it's often easy to
get them confused. A useful mnemonic is that the symbol for union looks like a U, so you can
think of the Union of two sets.

An important (but slightly pedantic) point is that U can only be applied to two sets. This means
that although

(1,2,31 U4

might intuitively be the set {1, 2, 3, 4}, mathematically this statement isn't meaningful because 4
isn't a set. If we wanted to represent the set formed by taking the set {1, 2, 3} and adding 4 to it,
we would represent it by writing

{1,2,3} U {4}

Now, since both of the operands are sets, the above expression is perfectly well-defined.
Similarly, it's not mathematically well-defined to say

{1,2,3} N3
because 3 is not a set. Instead, we should write
{1,2,3} N {3}

Another important point to clarify when working with union or intersection is how they behave
when applied to sets containing other sets. For example, what is the value of the following
expression?

125, 35, 1433 0 11,2, 35, {4533

When computing the intersection of two sets, all that we care about is what elements the two sets
have in common. Whether those elements themselves are sets or not is irrelevant. Here, for
example, we can list off the elements of the two sets {{1, 2}, {3}, {4}} and {{1, 2, 3}, {4}} as
follows:
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1,2} € {11, 2}, {3}, 14}} {1,2,3} € {{1,2,3}, {4}}
33 € {1, 2}, 3}, {43} 4y € {1, 2,35, {43}
4} € {{1, 2,3}, {4}}

Looking at these two lists of elements, we can see that the only element that the two sets have in
common is the element {4}. As a result, we have that

{{1, 25, {3}, {43} N {{1,2,3}, {4}} = {{4}}
That is, the set of just one element, which is the set containing 4.

You can think about computing the intersection of two sets as the act of “peeling off” just the
outermost braces from the two sets, leaving all the elements undisturbed. Then, looking at just
those elements, find the ones in common to both sets, and put all of those elements back together.

The union of two sets works similarly. So, if we want to compute

U125, 35, 1433 U {1, 2,3}, {4)3

We would “peel off” the outer braces to find that the first set contains {1, 2}, {3}, and {4} and
that the second set contains {1, 2, 3} and {4}. If we then gather all of these together into a set,
we get the result that

UL 25, 35, 4433 UL 2,35, {45 = 1L, 23, {35, 41,2, 35, {455

Given two sets, we can find what they have in common by finding their intersection and can find
what they have collectively by using the union. But both of these operations are symmetric; it
doesn't really matter what order the sets are in, since A UB=BUAdand 4 N B=B N A. (If this
doesn't seem obvious, try out a couple of examples and see if you notice anything). In a sense,
the union and intersection of two sets don't have a “privileged” set. However, at times we might
be interested in learning about how one set differs from another. Suppose that we have two sets
A and B and want to find the elements of 4 that don't appear in B. For example, given the sets 4
={1,2,3} and B = {3, 4, 5}, we would note that the elements 1 and 2 are unique to 4 and don't
appear anywhere in B, and that 4 and 5 are unique to B and don't appear in A. We can capture
this notion precisely with the set difference operation:

The set difference of 4 and B, denoted 4 — B or A\ B, is the set of elements
contained in 4 but not contained in B.

Note that there are two different notations for set difference. In this book we'll use the minus
sign to indicate set subtraction, but other authors use the slash for this purpose. You should be
comfortable working with both.

As an example of a set difference, {1, 2,3} — {3,4, 5} = {1, 2}, because 1 and 2 are in {1, 2, 3}

but not {3, 4, 5}. Note, however, that {3, 4, 5} — {1, 2,3} = {4, 5}, because 4 and 5 are in {3, 4,
5} but not {1, 2, 3}. Set difference is not symmetric. It's also possible for the difference of two
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sets to contain nothing at all, which would happen if everything in the first set is also contained
in the second set. For instance, {1, 2, 3} — {1, 2, 3, 4} = @, since every element of {1, 2, 3} is
also contained in {1, 2, 3, 4}.

There is one final set operation that we will touch on for now. Suppose that you and I travel the
world and each maintain a set of the places that we went. If we meet up to talk about our trip,
we'd probably be most interested to tell each other about the places that one of us had gone but
the other hadn't. Let's say that set 4 is the set of places I have been and set B is the set of places
that you've been. If we take the set 4 — B, this would give the set of places that I have been that
you hadn't, and if you take the set B — 4 it would give the set of places that you have been that I
hadn't. These two sets, taken together, are quite interesting, because they represent fun places to
talk about, since one of us would always be interested in hearing what the other had to say.
Using just the operators we've talked about so far, we could describe this set as (B —A4) U (4 —
B). For simplicity, though, we usually define one final operation on sets that makes this concept
easier to convey: the symmetric difference.

The set symmetric difference of two sets 4 and B, denoted 4 A B, is the set
of elements that are contained in exactly one of 4 or B, but not both.

For example, {1,2,3} A {3,4,5} ={1,2,4,5},since 1 and 2 are in {1, 2, 3} but not {3, 4, 5}
and 4 and 5 are in {3, 4, 5} butnot {1, 2, 3}.

Special Sets

So far, we have described sets by explicitly listing off all of their elements: for example, {cat,
dog, ibex}, or {1, 2, 3}. But what if we wanted to consider a collection of things that is too big
to be listed off this way? For example, consider all the integers, of which there are infinitely
many. Could we gather them together into a set? What about the set of all possible English
sentences, which is also infinitely huge? Can we make a set out of them?

It turns out that the answer to both of these questions is “yes,” and sets can contain infinitely
many elements. But how would we describe such a set? Let's begin by trying to describe the set
of all integers. We could try writing this set as

,2,-1,0,1,2, ...}

which does indeed convey our intention. However, this isn't mathematically rigorous. When
working with complex mathematics, it's important that we be very precise with our notation. To
standardize terminology, mathematicians have invented a special symbol used to denote the set
of all integers: the symbol Z.

The set of all integers, denoted Z, is the set Z={...,-2,-1,0,1,2, ...}

For example, 0 € Z, -137 € Z,and 42 € Z,but 1.37 € Z, cat ¢ Z, and {1, 2,3} & Z.
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Since Z really is the set of all integers, all of the set operations we've developed so far apply to it.
For example, we could consider the set Z N {1, 1.5, 2, 2.5}, which is the set {1, 2}. We can also
compute the union of Z and some other set. For example, Z U {1, 2, 3} is the set Z, since 1 €
7,2 €Z,and 3 € Z.

You might be wondering — why Z? This is from the German word “zahlen,” meaning
“numbers.” Much of modern mathematics has its history in Germany, so many terms that we'll
encounter in the course of this book (for example, “Entscheidungsproblem”) come from German.
Much older terms tend to come from Latin or Greek, while results from the 8™ through 13"
centuries are often Arabic (for example, “algebra” derives from the title sl Glua (8 paidall QIS
aLed) 5 of a book written in the 9™ century by Persian mathematician al-Khwarizmi, whose name
is the source of the word “algorithm.”) It's interesting to see how the languages used in
mathematics parallel the dominant world power at the time of the discovery.

While in mathematics the integers appear just about everywhere, in computer science they don't
arise as frequently as you might expect. Most languages don't allow for negative array indices.
Strings can't have a negative number of characters in them. A loop never runs -3 times. More
commonly, in computer science, we find ourselves working with just the numbers 0, 1, 2, 3, ...,
etc. These numbers are called the natural numbers, and represent answers to questions of the
form “how many?” Because natural numbers are so ubiquitous in computing, the set of all
natural numbers is particularly important:

The set of all natural numbers, denoted N, is the set N= {0, 1, 2, 3, ...}

For example, 0 € N, 137 € N, but-3 ¢ N, 1.1 € N, and {1,2} € N.

The natural numbers arise frequently in computing as ways of counting loop iterations, the
number of nodes in a binary tree, the number of instructions executed by a program, etc.

Before we move on, I should point out that while there is a definite consensus on what Z is, there
is not a universally-accepted definition of N. Some mathematicians treat 0 as a natural number,
while others do not. Thus you may find that some authors consider

N=1{0,1,2,3, ...}
while others treat N as
N={1,2,3,...}
For the purposes of this book, we will treat 0 as a natural number, so
* the smallest natural number is 0, and (appropriately)
 0€eN.

In some cases we may want to consider the set of natural numbers other than zero. We will
denote this set N,
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The set of positive natural numbers N* is the set N* = {1, 2,3, ...}

Thus 137 € N, but 0 ¢ N*.

There are other important sets that arise frequently in mathematics and that will appear from time
to time in our exploration of the mathematical foundations of computing. We should consider
the set of real numbers, numbers representing arbitrary measurements. For example, you might
be 1.7234 meters tall, or weigh 70.22 kilograms. Numbers like © and e are real numbers, as are
numbers like the square root of two. The set of all real numbers is so important in mathematics
that we give it a special symbol.

The set of all real numbers is denoted R.

The sets N, Z, and R are all quite different from the other sets we've seen so far in that they
contain infinitely many elements. We will return to this topic later, but we do need one final pair
of definitions:

A finite set is a set containing only finitely many elements. An infinite set
is a set containing infinitely many elements.

Set-Builder Notation

Filtering Sets

So far, we have seen how to use the primitive set operations (union, intersection, difference, and
symmetric difference) to combine together sets into other sets. However, more commonly, we
are interested in defining a set not by combining together existing sets, but by gathering together
all objects that share some common property. It would be nice, for example, to be able to just
say something like “the set of all even numbers” or “the set of legal C programs.” For this, we
have a tool called set-builder notation which allows us to define a set by describing some
property common to all of the elements of that set.

Before we go into a formal definition of set-builder notation, let's see some examples. First,
here's how we might define the set of even natural numbers:

{n|n €Nandniseven }
We could define the set of positive real numbers this way:
{x|x€Randx>0}
Or we could define the set of legal C programs this way:

{ p|pisalegal C program }
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If you'll notice, each of these sets is defined using the following pattern:
{ variable | conditions on that variable }

Let's dissect each of the above sets one at a time to see what they mean and how to read them.
First, we defined the set of even natural numbers this way:

{n|n €Nandniseven }

You would read this aloud as “the set of all n, where 7 is a natural number and 7 is even.” In
other words, treat the vertical bar as the word “where” or “such that.” Here, this definition says
that this is the set formed by taking every choice of n where n € N (that is, 7 is a natural
number) and 7 is even. Consequently, this is the set {0, 2,4, 6,8, ...}.

The set
{x|x€Randx>0}

Can similarly be read off as “the set of all x where x is a real number and x is greater than zero,’
which filters the set of real numbers down to just the positive real numbers.

b

Of the sets listed above, this set was the least mathematically precise:
{p|pisalegal C program }

However, it's a perfectly reasonable way to define a set: we just gather up all the legal C
programs (of which there are infinitely many) and put them into a single set.

When using set-builder notation, the name of the variable chosen does not matter. This means
that all of the following are equivalent to one another:

{x|x€Randx>0}
{yly€Randy>0}
{z|z€Randz>0}

Using set-builder notation, it's actually possible to define many of the special sets from the
previous section in terms of one another. For example, we can define the set N as follows:

N={x|x€Zandx>0}

That is, the set of all natural numbers (N) is the set of all x such that x is an integer and x is
nonnegative. This precisely matches our intuition about what the natural numbers ought to be.
Similarly, we can define the set N* as

N*t={n|n€Nandn#0}
Since this describes the set of all # such that z is a nonzero natural number.

So far, all of the examples above with set-builder notation have started with an infinite set and
ended with an infinite set. However, set-builder notation can be used to construct finite sets as
well. For example, the set

{nin€N,niseven,and n <10 }

has just five elements: 0, 2, 4, 6, and 8.
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To formalize our definition of set-builder notation, we need to introduce the notion of a
predicate:

A predicate is a statement about some object x that is either true or false.

For example, the statement “x < 0” is a predicate that is true if x is less than zero and false
otherwise. The statement “x is an even number” is a predicate that is true if x is an even number
and is false otherwise. We can build far more elaborate predicates as well — for example, the
predicate “p is a legal C program that prints out a random number” would be true for C programs
that print random numbers and false otherwise. Interestingly, it's not required that a predicate be
checkable by a computer program. As long as a predicate always evaluates to either true or false
— regardless of how we'd actually go about verifying which of the two it was — it's a valid
predicate.

Given our definition of a predicate, we can formalize the definition of set-builder notation here:

The set { x | P(x) } is the set of all x such that P(x) is true.

It turns out that allowing us to define sets this way can, in some cases, lead to paradoxical sets,
sets that cannot possibly exist. We'll discuss this later on when we talk about Russell's Paradox.
However, in practical usage, it's almost universally safe to just use this simple set-builder
notation.

Transforming Sets

You can think of this version of set-builder notation as some sort of filter that is used to gather
together all of the objects satisfying some property. However, it's also possible to use set-builder
notation as a way of applying a transformation to the elements of one set to convert them into a
different set. For example, suppose that we want to describe the set of all perfect squares — that
is, natural numbers like 0 = 0%, 1 = 1%, 4 =22, 9 =3% 16 = 4, etc. Using set-builder notation, we
can do so, though it's a bit awkward:

{ n | there is some m € N such that n =m* }

That is, the set of all numbers n where, for some natural number m, n is the square of m. This
feels a bit awkward and forced, because we need to describe some property that's shared by all
the members of the set, rather than the way in which those elements are generated. As a
computer programmet, you would probably be more likely to think about the set of perfect
squares more constructively by showing how to build the set of perfect squares out of some other
set. In fact, this is so common that there is a variant of set-builder notation that does just this.
Here's an alternative way to define the set of all perfect squares:

{n*IneN}
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This set can be read as “the set of all n?, where # is a natural number.” In other words, rather
than building the set by describing all the elements in it, we describe the set by showing how to
apply a transformation to all objects matching some criterion. Here, the criterion is “n is a

natural number,” and the transformation is “compute n*.”

As another example of this type of notation, suppose that we want to build up the set of the
numbers 0, ', 1, */5, 2, */», etc. out to infinity. Using the simple version of set-builder notation,
we could write this set as

{ x| there is some n € N such thatx=n/2 }

That is, this set is the set of all numbers x where x is some natural number divided by two. This
feels forced, and so we might use this alternative notation instead:

{n/2|n€N}

That is, the set of numbers of the form n / 2, where #n is a natural number. Here, we transform the
set N by dividing each of its elements by two.

It's possible to perform transformations on multiple sets at once when using set-builder notation.
For example, let's let the set A = {1, 2, 3} and the set B = {10, 20, 30}. Then consider the
following set:

C={a+bla€Adandb EB)

This set is defined as follows: for any combination of an element a € 4 and an element b € B,
the set C contains the number a + b. For example, since 1 € 4 and 10 € B, the number 1 + 10 =
11 must be an element of C. It turns out that since there are three elements of 4 and three
elements of B, there are nine possible combinations of those elements:

10 20 30
1 11 21 31
12 22 32
3 13 23 33

This means that our set C is
C={at+bla€Adandb€eB}={11,12,13,21,22,23,31,32,33}

Relations on Sets

Set Equality

We now have ways of describing collections and of forming new collections out of old ones.
However, we don't (as of yet) have a way of comparing different collections. How do we know
if two sets are equal to one another?

As mentioned earlier, a set is an unordered collection of distinct elements. We say that two sets
are equal if they have exactly the same elements as one another.
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If A and B are sets, then 4 = B precisely when they have the same elements
as one another. This definition is sometimes called the axiom of
extensionality.

For example, under this definition, {1, 2, 3} = {2, 3, 1} = {3, 1, 2}, since all of these sets have
the same elements. Similarly, {1} = {1, 1, 1}, because both sets have the same elements
(remember that a set either contains something or it does not, so duplicates are not allowed).
This also means that

N={x|x€Zandx>0}

since the sets have the same elements. It is important to note that the manner in which two sets
are described has absolutely no bearing on whether or not they are equal; all that matters are
what the two sets contain. In other words, it's not what's out the outside (the description of the
sets) that counts; it's what's on the inside (what those sets actually contain).

Because two sets are equal precisely when they contain the same elements, we can get a better
feeling for why we call @ the empty set as opposed to an empty set (that is, why there's only one
empty set, as opposed to a whole bunch of different sets that are all empty). The reason for this
is that, by our definition of set equality, two sets are equal precisely when they contain the same
elements. This means that if you take any two sets that are empty, they must be equal to one
another, since they contain the same elements (namely, no elements at all).

Subsets and Supersets

Suppose that you're organizing your music library. You can think of one set M as consisting of
all of the songs that you own. Some of those songs are songs that you actually like to listen to,
which we could denote F for “Favorite.” If we think about the relationship between the sets M
and F you can quickly see that M contains everything that F' contains, since M is the set of all
songs you own while F is only your favorite songs. It's possible that F' = M, if you only own
your favorite songs, but in all likelihood your music library probably contains more songs than
just your favorites. In this case, what is the relation between M and F? Since M contains
everything that F' does, plus (potentially) quite a lot more, we say that M is a superset of F.
Conversely, F'is a subset of M. We can formalize these definitions below:

A set A is a subset of another set B if every element of 4 is also contained
in B. In other words, A4 is a subset of B precisely if every time x € 4, then x
€ Bis true. If 4 is a subset of B, we write 4 C B.

If 4 C B (that is, 4 is a subset of B), then we say that B is a superset of 4.
We denote this by writing B 2 A.
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For example, {1, 2} C {1, 2, 3}, since every element of {1, 2} is also an element of {1, 2, 3};
specifically, 1 € {1,2,3} and 2 € {1, 2, 3}. Also, {4, 5, 6} 2 {4} because every element of {4}
is an element of {4, 5, 6}, since 4 € {4, 5, 6}. Additionally, we have that N C Z, since every
natural number is also an integer, and Z C R, since every integer is also a real number.

Given any two sets, there's no guarantee that one of them must be a subset of the other. For
example, consider the sets {1, 2, 3} and {cat, dog, ibex}. In this case, neither set is a subset of
the other, and neither set is a superset of the other.

By our definition of a subset, any set A4 is a subset of itself, because it's fairly obviously true that
every element of 4 is also an element of 4. For example, {cat, dog, ibex} C {cat, dog, ibex}
because cat € {cat, dog, ibex}, dog € {cat, dog, ibex}, and ibex € {cat, dog, ibex}. Sometimes
when talking about subsets and supersets of a set 4, we want to exclude 4 itself from
consideration. For this purpose, we have the notion of a strict subset and strict superset:

A set 4 is a strict subset of Bif A € B and A # B. If A is a strict subset of
B, we denote this by writing 4 C B.

If 4 C B, we say that B is a strict superset of 4. In this case, we write B D
A.

For example, {1, 2} C {1, 2, 3} because {1,2} C {1,2,3} and {1, 2} # {1, 2, 3}. However, {I,
2, 3} is not a strict subset of itself.

The Empty Set and Vacuous Truths

How does the empty set @ interact with subsets? Consider any set S. Is the empty set a subset of
S? Recall our definition of subset:

A C B precisely when every element of A is also an element of B.

The empty set doesn't contain any elements, so how does it interact with the above claim? If we
plug @ and the set S into the above, we get the following:

@ C S if every element of @ is an element of S.

Take a look at that last bit - “if every element of @ is an element of §.” What does this mean
here? After all, there aren't any elements of @, because @ doesn't contain any elements! Given
this, is the above statement true or false? There are two ways we can think about this:

1. Since O contains no elements, the claim “every element of @ is an element of S is false,
because we can't find a single example of an element of @ that is contained in S.

2. Since O contains no elements, the claim “every element of @ is an element of S is true,
because we can't find a single example of an element of @ that isn't contained in S.
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The question boils down to where the burden of proofis. If we go with the first line of
reasoning, we would say that if every element of @ is also an element of .S, then we should be
able to find some specific example of an element of @ that's also an element of S to substantiate
the claim. Of course, there aren't any elements of @ at all, so we can't find the example we're
looking for. We'd be forced to admit that @ is not a subset of S.

On the other hand, we could take the second line of reasoning, which is more in the spirit of an
“innocent until proven guilty” argument that says that we should consider @ to be a subset of §
because we can't find any counterexamples that would disprove it. In particular, if it turns out
that O isn't a subset of S, then we should be able to find some example of an element of @ that
isn't contained in S. Since @ doesn't contain any elements, we can't find this counterexample,
and so we'd be forced to admit that @ actually is a subset of S.

So which line of reasoning ends up being correct? It turns out that it's the second of these two
approaches, and indeed it is true that @ C S. To understand why, we need to introduce the idea
of a vacuous truth. Informally, a statement is vacuously true if it's true simply because it doesn't
actually assert anything. For example, consider the statement “if I am a dinosaur, then the moon
is on fire.” This statement is completely meaningless, since the statement “I am a dinosaur” is
false. Consequently, the statement “if I am a dinosaur, then the moon is on fire” doesn't actually
assert anything, because I'm not a dinosaur. Similarly, consider the statement “if 1 = 0, then 3 =
5.” This too doesn't actually assert anything, because we know that 1 # 0.

Interestingly, mathematically speaking, the statements “if I am a dinosaur, then the moon is on
fire” and “if 1 =0, then 3 = 5” are both considered true statements! They are called vacuously
true because although they're considered true statements, they're meaningless true statements
that don't actually provide any new information or insights. More formally:

The statement “if P, then O is vacuously true if P is always false.

There are many reasons to argue in favor of or against vacuous truths. As you'll see later on as
we discuss formal logic, vacuous truth dramatically simplifies many arguments and makes it
possible to reason about large classes of objects in a way that more naturally matches our
intuitions. That said, it does have its idiosyncrasies, as it makes statements that are meaningless,
such as “if 1 =0, then 5 = 3” true.

Let's consider another example: Are all unicorns pink? Well, that's an odd question — there aren't
any unicorns in the first place, so how could we possibly know what color they are? But, if you
think about it, the statement “all unicorns are pink” should either be true or false.! Which one is
it? One option would be to try rewriting the statement “all unicorns are pink” in a slightly
different manner — instead, let's say “if x is a unicorn, then x is pink.” This statement conveys
exactly the same idea as our original statement, but is phrased as an “if ... then” statement.
When we write it this way, we can think back to the definition of a vacuous truth. Since the

1 In case you're thinking “but it could be neither true nor false!,” you are not alone! At the turn of the 20™ century,
a branch of logic arose called intuitionistic logic that held as a tenet that not all statements are true or false —
some might be neither. In intuitionistic logic, there is no concept of a vacuous truth, and statements like “if I am
a dinosaur, then the moon is on fire” would simply neither be true nor false. Intuitionistic logic has many
applications in computer science, but has generally fallen out of favor in the mathematical community.



Chapter One: Set Theory and Cantor's Theorem -19/74-

statement “x is a unicorn” is never true — there aren't any unicorns! — then the statement “if x is a
unicorn, then x is pink” ends up being a true statement because it's vacuously true. More
generally:

The statement “Every X has property ¥ is (vacuously) true if there are no
X's.

Let's return to our original question: is @ a subset of any set S? Recall that @ is a subset of § if
every element of O is also an element of S. But the statement “every element of @ is an element
of §” is vacuously true, because there are no elements of @! As a result, we have that

For any set S, @ C S.

This means that @ C {1, 2, 3}, @ C {cat, dog, ibex}, @ C N, and even @ C .

The Power Set

Given any set S, we know that some sets are subsets of S (there's always at least @ as an option),
while others are not. For example, the set {1, 2} has four subsets:

* O, which is a subset of every set,

- {1

NP3

* {1, 2}, since every set is a subset of itself.

We know that sets can contain other sets, so we may want to think about the set that contains all
four of these subsets as elements. This is the set

19, {1}, 125, {1, 2}

More generally, we can think about taking an arbitrary set S and listing off all its subsets. For
example, the subsets of {1, 2, 3} are

15 L, 25
5 {2} {1,3} {1,2,3}
35 12,35

Note that there are eight subsets here. The subsets of {1, 2, 3, 4} are
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{1,2}
{1} {1,3} {1,2,3}
125 {1, 4} (1,2, 4}
0 {3} {2,3} (1,3, 4} {1,2,3,4}
4 {2,4} 2,3, 4)
{3, 4}

Note that there are 16 subsets here. In some cases there may be infinitely many subsets — for
instance, the set N has subsets @, then infinitely many subsets with just one element ({0}, {1},
{2}, etc.), then infinitely many subsets with just two elements ({0, 1}, {0, 2}, ..., {1, 2}, {1, 3},
etc.), etc., and even an infinite number of subsets with infinitely many elements (this is a bit
weird, so hold tight... we'll get there soon!) In fact, there are so many subsets that it's difficult to
even come up with a way of listing them in any reasonable order! We'll talk about why this is
toward the end of this chapter.

Although a given set may have a lot of subsets, for any set .S we can talk about the set of all
subsets of S. This set, called the power set, has many important applications, as we'll see later
on. But first, a definition is in order.

The power set of a set S, denoted (), is the set of all subsets of S. That
is, (S)={U|UCS}

For example, @({1, 2}) = {9, {1}, {2}, {1, 2}}, since those four sets are all of the subsets of {1,
2}.

What is 2(@)? This would be the set of all subsets of @, so if we can determine all these subsets,
we could gather them together to form ¢(0). We know that @ C @, since the empty set is a
subset of every set. Are there any other subsets of @? The answer is no. Any set S other than ¢
has to have at least one element in it (let's call it x, with x € §), so if § C @, we'd have to have
that x € @, which we know isn't true because @ has no elements. Thus the only subset of @ is O.
But this does not mean that () = Q! In fact, this previous statement is false. Remember that
§(0) is the set of all subsets of @. Since the only subset of @ is O, the set of all subsets of @ is
the set {O}; that is, the set containing the empty set. Consequently, (0) = {O}.

The power set is a mathematically interesting object, and its existence leads to an extraordinary
result called Cantor's Theorem that we will discuss at the end of this chapter.
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Cardinality

What is Cardinality?

When working with sets, it's natural to ask how many elements are in a set. In some cases, it's
easy to see: for example, {1, 2, 3, 4, 5} contains five elements, while @ contains none. In others,
it's less clear — how many elements are in N, Z, or R for example? How about the set of all
perfect squares? In order to discuss how “large” a set is, we will introduce the notion of set
cardinality:

The cardinality of a set is a measure of the size of the set. We denote the
cardinality of set 4 as |4]|.

Informally, the cardinality of a set gives us a way to compare the relative sizes of various sets.
For example, if we consider the sets {1, 2, 3} and {cat, dog, ibex}, while neither set is a subset of
the other, they do have the same size. On the other hand, we can say that N is a much, much
bigger set than either of these two sets.

The above definition of cardinality doesn't actually say how to find the cardinality of a set. It
turns out that there is a very elegant definition of cardinality that we will introduce in a short
while. For now, though, we will consider two cases: the cardinalities of finite sets, and the
cardinalities of infinite sets.

For finite sets, the cardinality of the set is defined simply:

The cardinality of a finite set is the number of elements in that set.

For example:
e |O]|=0
- {1373 =1
* | {cat, dog, ibex} | =3
e |{n|n€N,n<10}|=10

Notice that the cardinality of a finite set is always an integer — we can't have a set with, say,
three-and-a-half elements in it. More specifically, the cardinality of a finite set is a natural
number, because we also will never have a negative number of elements in a set; what would be
an example of a set with, say, negative four elements in it?
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The natural numbers are often used precisely because they can be used to count things, and when
we use the natural numbers to count how many elements are in a set, we often refer to them as
“finite cardinalities,” since they are used as cardinalities (measuring how many elements are in
a set), and they are finite. In fact, one definition of N is as the set of finite cardinalities,
highlighting that the natural numbers can be used to count.

When we work with infinite cardinalities, however, we can't use the natural numbers to count up
how many elements are in a set. For example, what natural number is equal to [N|? It turns out
that saying “infinity” would be mathematically incorrect here. Mathematicians don't tend to
think of “infinity” as being a number at all, but rather a limit toward which a series of numbers
approaches. As you countup 0, 1, 2, 3, etc. you tend toward infinity, but you can never actually
reach it.

If we can't assign a natural number to the cardinality of N, then what can we use? In order to
speak about the cardinality of an infinite set, we need to introduce the notion of an infinite
cardinality. The infinite cardinalities are a special class of values that are used to measure the
size of infinitely large sets. Just as we can use the natural numbers to measure the cardinalities
of finite sets, the infinite cardinalities are designed specifically to measure the cardinality of
infinite sets.

So what are the infinite cardinalities? We'll introduce the very first one here:

9% ¢

The cardinality of N is 8o, pronounced “aleph-nought,” “aleph-zero,” or

“aleph-null.” That is, |NJ| = Xo.

In case you're wondering what the strange X symbol is, this is the letter “aleph,” the first letter of
the Hebrew alphabet. The mathematician who first developed a rigorous definition of
cardinality, Georg Cantor, used this and several other Hebrew letters in the study of set theory,
and the notation persists to this day.

To understand the sheer magnitude of the value implied by R&,, you must understand that this
infinite cardinality is bigger than all natural numbers. If you think of the absolute largest thing
that you've ever seen, it is smaller than R,. &, is bigger than anything ever built or that ever could
be built.

The Difficulty With Infinite Cardinalities

With &,, we have a way of talking about |N|, the number of natural numbers. However, we still
don't have an answer to the following questions:

* How many integers are there (what is |Z])?
* How many real numbers are there (what is |R|)?
* How many perfect squares are there (whatis | { n* |n € N } |)?

Intuitively, all of these quantities are infinite, but are they all equal to 8,? Or is the cardinality of
these sets some other value?
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At first, it might seem that the answer to this question would be that all of these values are &,
since all of these sets are infinite! However, the notion of infinity is a bit trickier than it might
initially seem. For example, consider the following thought experiment. Suppose that we draw a
line of some length, like this one below:

How many points are on this line? There are infinitely many, because no matter how many
points you pick, I can always pick a point in-between two adjacent points you've drawn to get a
new point. Now, consider this other line:

How many points are on this line? Well, again, it's infinite, but it seems as though there should
be “more” points on this line than on the previous one! What about this square:

It seems like there ought to be more points in this square than on either of the two lines, since the
square is big enough to hold infinitely many copies of the longer line.

So what's going on here? This question has interesting historical significance. In 1638, Galileo
Galilei published Tiwo New Sciences, a treatise describing a large number of important results
from physics and a few from mathematics. In this work, he looked at an argument very similar
to the previous one and concluded that the only option was that it makes no sense to talk about
infinities being greater or lesser than any other infinity. [Gal] About 250 years later, Georg
Cantor revisited this topic and came to a different conclusion — that there is no one “infinity,” and
that there infinite sets that are indeed larger or smaller than one another! Cantor's argument is
now part of the standard mathematical canon, and the means by which he arrived at this
conclusion have been used to prove numerous other important and profoundly disturbing
mathematical results. We'll touch on this line of reasoning later on.



Chapter One: Set Theory and Cantor's Theorem -24/74-

A Formal Definition of Cardinality

In order for us to reason about infinite cardinalities, we need to have some way of formally
defining cardinality, or at least to rank the cardinalities of different sets. We'll begin with a way
of determining whether two sets have the same number of elements in them.

Intuitively, what does it mean for two sets to have the same number of elements in them? This
seems like such a natural concept that it's actually a bit hard to define. But in order to proceed,
we'll have to have some way of doing it. The key idea is as follows — if two sets have the same
number of elements in them, then we should be able to pair up all of the elements of the two sets
with one another. For example, we might say that {1, 2, 3} and {cat, dog, ibex} have the same
number of elements because we can pair the elements as follows:

1 < cat
2 < dog
3 < ibex

However, the sets {1, 2, 3} and {cat, dog, ibex, llama} do not have the same number of elements,
since no matter how we pair off the elements there will always be some element of {cat, dog,
ibex, llama} that isn't paired off. In other words, if two sets have the same cardinality, then we
can indeed pair off all their elements, and if one has larger cardinality than the other, we cannot
pair off all of the elements. This gives the following sketch of how we might show that two sets
are the same size:

Two sets have the same cardinality if the elements of the sets can be paired
off with one another with no elements remaining.

Now, in order to formalize this definition into something mathematically rigorous, we'll have to
find some way to pin down precisely what “pairing the elements of the two sets” off means. One
way that we can do this is to just pair the elements off by hand. However, for large sets this
really isn't feasible. As an example, consider the following two sets:

Even={n|n € Nandn is even }
Odd={n|n€Nandnisodd}

Intuitively, these sets should be the same size as one another, since half of the natural numbers
are even and half are odd. But using our idea of pairing up all the elements, how would we show
that the two have the same cardinality? One idea might to pair up the elements like this:

01
23
45
67
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More generally, given some even number 7, we could pair it with the odd number n + 1.
Similarly, given some odd number n, we could pair it with the even number » — 1. But does this
pair off all the elements of both sets? Clearly each even number is associated with just one odd
number, but did we remember to cover every odd number, or is some odd number missed? It
turns out that we have covered all the odd numbers, since if we have the odd number 7, we just
subtract one to get the even number n — 1 that's paired with it. In other words, this way of
pairing off the elements has these two properties:

1. Every element of Even is paired with a different element of Odd.
2. Every element of Odd has some element of Even paired with it.

As a result, we know that all of the elements must be paired off — nothing from Even can be
uncovered because of (1), and nothing from Odd can be uncovered because of (2).

Consequently, we can conclude that the cardinality of the even numbers and odd numbers are the
same.

We have just shown that |Even| = |Odd|, but we still don't actually know what either of these
values happen to be! In fact, we only know of one infinite cardinality so far: &, the cardinality
of IN|. If we can try finding some way of relating &, to |Even| or |Odd|, then we would know the
cardinalities of these two sets.

Intuitively, we would have that there are twice as many natural numbers as even numbers and
twice as many natural numbers as odd numbers, since half the naturals are even and half the
naturals are odd. As a result, we would think that, since there are “more” natural numbers than
even or odd numbers, that we would have that |[Even| < |N| = Ro. But before we jump to that
conclusion, let's work out the math and see what happens. We either need to find a way of
pairing off the elements of Even and N, or prove that no such pairing exists.

Let's see how we might approach this. We know that the set of even numbers is defined like this:
Even={n|n €N andniseven }
But we can also characterize it in a different way:
Even={2n|n €N}

This works because every even number is two times some other number — in fact, some authors
define it this way. This second presentation of Even is particularly interesting, because it shows
that we can construct the even numbers as a transformation of the natural numbers, with the
natural number #» mapping to 2n. This actually suggests a way that we might try pairing off the
even natural numbers with the natural numbers — just associate » with 2n. For example:

00
12
24
36
48
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Wait a minute... it looks like we've just provided a way to pair up all the natural numbers with
just the even natural numbers! That would mean that |Even| = N|! This is a pretty impressive
claim, so before we conclude this, let's double-check to make sure that everything works out.

First, do we pair each natural number with a unique even number? In this case, yes we do,
because the number 7 is mapped to 2n, so if we take any two natural numbers » and m with n #
m, then they map to 2n and 2m with 2n # 2m. This means that no two natural numbers map to
the same even number.

Second, does every even number have some natural number that maps to it? Absolutely — just
divide that even number by two.

At this point we're forced to conclude the seemingly preposterous claim that there are the same
number of natural numbers and even numbers, even though it feels like there should be twice as
many! But despite our intuition rebelling against us, this ends up being mathematically correct,
and we have the following result:

|Even| = |0dd) = |N| = %o

This example should make it clear just how counterintuitive infinity can be. Given two infinite
sets, one of which seems like it ought to be larger than the other, we might end up actually
finding that the two sets have the same cardinality!

It turns out that this exact same idea can be used to show that the two line segments from earlier
on have exactly the same number of points in them. Consider the ranges [0, 1] and [0, 2], which
each contain infinitely many real numbers. We will show that [0, 1]| =|[0, 2]| by finding a way
of pairing up all the elements of the two sets. Specifically, we can do this by pairing each
element x in the range [[0, 1]| with the element 2x in |[0, 2]|. This pairs every element of [0, 1]
with a unique element of [0, 2], and ensures that every element z € [0, 2] is paired with some real
number in [0, 1] (namely, z/ 2). So, informally, doubling an infinite set doesn't make the set any
bigger. It still has the same (albeit infinite) cardinality.

Let's do another example, one which is attributed to Galileo Galilei. Consider the set of all
perfect squares, which we'll call Squares:

Squares = { n | n € N and n is a perfect square }

These are the numbers 0, 1, 4, 9, 16, 25, 36, etc. An interesting property of the perfect squares is
that as they grow larger and larger, the spacing between them grows larger and larger as well.
The space between the first two perfect squares is 1, between the second two is 3, between the
third two is 5, and more generally between the nth and (n + 1)st terms is 2n + 1. In other words,
the perfect squares become more and more sparse the further down the number line you go.

It was pretty surprising to see that there are the same number of even natural numbers as natural
numbers, since intuitively it feels like there are twice as many natural numbers as even natural
numbers. In the case of perfect squares, it seems like there should be substantially fewer perfect
squares than natural numbers, because the perfect squares become increasing more rare as we go
higher up the number line. But even so, we can find a way of pairing off the natural numbers
with the perfect squares by just associating n with n*:
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00
le1
24
39
416

This associates each natural number » with a unique perfect square, and ensures that each perfect
square has some natural number associated with it. From this, we can conclude that

The cardinality of the set of perfect squares is R,

This is not at all an obvious or intuitive result! In fact, when Galileo discovered that there must
be the same number of perfect squares and natural numbers, his conclusion was that the entire
idea of infinite quantities being “smaller” or “larger” than one another was nonsense, since
infinite quantities are infinite quantities.

We have previously defined what it means for two sets to have the same size, but interestingly
enough we haven't defined what it means for one set to be “bigger” or “smaller” than another.
The basic idea behind these definitions is similar to the earlier definition based on pairing off the
elements. We'll say that one set is no bigger than some other set if there's a way of pairing off
the elements of the first set and the second set without running out of elements from the second
set. For example, the set {1, 2} is no bigger than {a, b, c} because we can pair the elements as

l—a
2<b

Note that we're using the term “is no bigger than” rather than “is smaller than,” because it's
possible to perfectly pair up the elements of two sets of the same cardinality. All we know is that
the first set can't be bigger than the second, since if it were we would run out of elements from
the second set.

We can formalize this here:

If A and B are sets, then |A4| < |B| precisely when each element of 4 can be
paired off with a unique element from B.

If |A| < |B| and |4| # |B|, then we say that |4| < |B|.

From this definition, we can see that |N| <|R|, because we can pair off each natural number with
itself. We can use similar logic to show that |Z] < |R|.
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Cantor's Theorem

In the previous section when we defined cardinality, we saw numerous examples of sets that
have the same cardinality as one another. Given this, do all infinite sets have the same
cardinality? It turns out that the answer is “no,” and in fact there are infinite sets of differing
cardinalities. A hugely important result in establishing this is Cantor's Theorem, which will
build up in the last part of this chapter. Later on, when we have developed proof techniques and
set theory in more depth we will repeat this proof.

As you will see, Cantor's theorem has profound implications beyond simple set theory. In fact,
the key idea underlying the proof of Cantor's theorem can be used to show that

1. There are questions about computer programs that cannot be solved by computer,
2. There are true statements that cannot be proven, and
3. There are more real numbers than rational numbers.

These are huge results with a real weight to them. Let's dive into Cantor's theorem to see what
they're all about.

How Large is the Power Set?

If you'll recall, the power set of a set S (denoted () is the set of all subsets of S. As you saw
before, the power set of a set can be very, very large. For example, the power set of {1, 2, 3, 4}
has sixteen elements. The power set of {1, 2, 3,4,5,6,7,8,9, 10} has over a thousand
elements, and the power set of a set with one hundred elements is so huge that it could not be
written out on all the sheets of paper ever printed.

For finite sets, we can show that |(S)| = 2, meaning that the power set is exponentially larger
than the original set. We'll formally prove this later on in this book, but for now we can argue
based on the following intuition. In each subset of S, every element of S is either present or it
isn't. This gives two options for each element of the set. Given any combination of these yes/no
answers, we can form some subset of S. So how many combinations are there? Let's line up all
the elements in some order. There are two options for the first element, two options for the
second, etc. all the way up to the very last element. Since each decision is independent of one
another, the number of options ends up being 2 x 2 x ... x 2 =2", Interestingly, we can visualize
the subsets as being generated this way. For example, given the set {a, b, c, d}, the subsets are
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a b c d Result
Yes Yes Yes Yes {a, b, c, d}
Yes Yes Yes No {a, b, c}
Yes Yes No Yes {a, b, d}
Yes Yes No No {a, b}
Yes No Yes Yes {a, c, d}
Yes No Yes No {a, c}
Yes No No Yes {a, d}
Yes No No No {a}
No Yes Yes Yes {b, c, d}
No Yes Yes No {b, c}
No Yes No Yes {b, d}
No Yes No No {b}
No No Yes Yes {c, d}
No No Yes No {c}
No No No Yes {d}
No No No No 0]

In summary, we can conclude the following:

If S is a finite set, |S| < |g(S)), since |@(S)| = 21.

This is the first time we've found some operation on sets that produces a set that always has
strictly greater cardinality than the original set.

Does this result extend to infinite sets? That is, is it always true that |S] < |¢(S)|? We might be
tempted to think so based on our analysis of the finite case, but as we've shown before our
intuition about the sizes of infinite sets is often wrong. After all, there's the same number of even
natural numbers as natural numbers, even though only half the even numbers are natural
numbers!

Let's take a minute to outline what we would need to do to prove whether or not this is true.
Since this result will have to hold true for all infinite sets, we would need to show that any
infinite set, whether it's a set of natural numbers, a set of strings, a set of real numbers, a set of
other sets, etc., always has fewer elements than its power set. If this result is false, we just need
to find a single counterexample. If there is any set S with |S| > |§(S)|, then we can go home and
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say that the theorem is false. (Of course, being good mathematicians, we'd then probably go ask
for which sets the theorem is true!) Amazingly, it turns out that |S] < |¢(S)|, and the proofis a
truly marvelous idea called Cantor's diagonal argument.

Cantor's Diagonal Argument

Cantor's diagonal argument is based on a beautiful and simple idea. We will prove that

IS] < [42(S)| by showing that no matter what way you try pairing up the elements of S and (),
there is always some element of ¢(S) (that is, a subset of S) that wasn't paired up with anything.
To see how the argument works, we'll see an example as applied to a simple finite set. We
already know that the power set of this set must be larger than the set itself, but by seeing the
diagonal argument in action in a concrete case it will make clearer just how powerful the
argument is.

Let's take the simple set {a, b, ¢}, whose power set is { O, {a}, {b}, {c}, {a, b}, {a,c}, {b,c},
{a, b, ¢} }. Now, remember that two sets have the same cardinality if there's a way of pairing up
all of the elements of the two sets. Since we know for a fact that the two sets don't have the same
cardinality, there's no possible way that we can do this. However, we know this only because we
happen to already know the sizes of the two sets. In other words, we know that there must be at
least one subset of {a, b, c} that isn't paired up, but without looking at all of the elements in the
pairing we can't necessarily find it. The diagonal argument gives an ingenious way of taking any
alleged pairing of the elements of § and its power set and producing some set that is not paired
up. To see how it works, let's begin by considering some actual pairing of the elements of {a, b,
¢} and its power set; for example, this one:

a < {a, b}
b 0O
c {a,c}

Now, since each subset corresponds to a set of yes/no decision about whether each element of {a,
b, ¢} is included in the subset, we can construct a two-dimensional grid like this one below:

a? b? c?
a paired with Y Y N
b pared with N N N
¢ paired with Y N Y

Here, each row represents the set that each element of {a, b, ¢} is paired with. The first row
shows that a is paired with the set that contains a, contains b, but doesn't contain c, namely {a, b}
(indeed, a is paired with this set). Similarly, b is paired with the set that doesn't contain a, b, or c,
which is the empty set. Finally, ¢ is paired with the set containing a and ¢ but not b: {a, c}.

Notice that this grid has just as many rows as it has columns. This is no coincidence. Since we
are pairing the elements of the set {a, b, ¢} with subsets of {a, b, c}, we will have one row for
each of the elements of {a, b, ¢} (representing the pairing between each element and some
subset) and one column for each of the elements of {a, b, ¢} (representing whether or not that
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element appears in the paired set). As a result, we can take a look at the main diagonal of this
matrix, which runs from the upper-left corner to the lower-right corner. This is highlighted
below:

a? b? c?
a paired with Y Y N
b pared with N N N
¢ paired with Y N Y

Notice that this diagonal has three elements, since there are three rows and three columns
(representing the three elements of the set). This means that the diagonal, as a series of Y's and
N's, can potentially be interpreted as a subset of {a, b, ¢}! In this case, since it includes a,
excludes b, and includes c, then it would correspond to the set {a, c}. This set might already be
paired with some element (in this case, it is — it's paired with c), though it doesn't have to be.

Cantor's brilliant trick is the following: suppose that we complement the diagonal of this matrix.
That is, we'll take the diagonal and flip all the Y's to N's and N's to Y's. In the above case, this
gives the following:

a? b? c?

a paired with Y Y N

b pared with N N N

¢ paired with Y N Y
Complemented Diagonal N Y N

This complemented diagonal represents some subset of {a, b, ¢}. In this case, it's the set {b}.
Now, does this set appear anywhere in the table? It turns out that we can guarantee that this set
isn't paired with anything. Here's why. Let's look at the first row of the table. This row can't be
the set {b}, because this row and the complemented diagonal disagree at their first position (the
first row has a Y, the complemented diagonal has an N). So let's look at the second row. This
row can't be the set {b} because it disagrees in the second position — there's an N in the second
spot of the second row and a Y in the second spot of the complemented diagonal. Similarly, the
third row disagrees in the third position, because there's a Y in the third spot of the third row and
an N in the third spot of the complemented diagonal.

The deviousness of complementing the diagonal lies in the fact that we have specifically crafted
a set that can't be paired with anything. The reason for this is as follows:

1. Consider any row 7 in the table.

2. That row can't be equal to the complemented diagonal, because it disagrees in the nth
position.

3. Consequently, no row in the table is equal to the complemented diagonal.
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Since the rows of the table represent all of the subsets paired with the elements of {a, b, c}, the
fact that none of the rows are equal to the complemented diagonal guarantees us that the set
represented by the complemented diagonal cannot possibly be paired up with any of the elements
of the set! In other words, this diagonal argument gives us a way to take any pairing of the
elements of {a, b, ¢} and its subsets and producing at least one subset that wasn't paired up. To
see this argument in action again, here's another pairing:

a <> {a}
b < {b}
c <> {a, b}
This gives the following table and complemented diagonal:

a? b? c?
a paired with Y N N
b pared with N Y N
¢ paired with Y Y N
Complemented Diagonal N N Y

The complemented diagonal here is {c}, which is missing from the table.

If we didn't already know that the power set of {a, b, ¢} was bigger than the set {a, b, c}, this
diagonal argument would have just proven it — it gives a way of taking any possible pairing of
the elements of {a, b, c} with its subsets and shows that after pairing up all the elements of {a, b,
c}, there is always some element left uncovered. This same technique can be applied to other
sets as well. For example, suppose we have the set {a, b, ¢, d, e, f}, and this pairing:

a<> {b,c,d}

b {e, f}
ce{a,b,c,d, e f}
d—0
e < {a, f}
f— {b,c,d,e}

We can then build the following table, which has its diagonal and complemented diagonal
shown:



Chapter One: Set Theory and Cantor's Theorem -33/74-

]
~
=2
~
o)
-~
="
~
(o)
~

a paired with

b pared with

¢ paired with

d paired with

e paired with

f paired with

|z | < Z|< | Z| 2
M < |Z zZz|< | Z <
Z <|z|zZz|< Z|<
K< |Z 2| < |Z
M < |Z Zz|<| < Z
< Z| < |z | <|<|Z 3

Complemented Diagonal

From this, we get that the complemented diagonal is the set {a, b, d, e, f}, which indeed is not in
the list of sets described in the pairing.

Formalizing the Diagonal Argument

We have just described the intuition behind Cantor's diagonal argument — we can show that in
any pairing between a set S and the set (S), there must be some element of ¢(S) that isn't
covered by the pairing. However, so far our proof requires us to construct a table representing
the pairing whose size is determined by the number of elements in S. Given this, will this
argument work when we are dealing with infinite sets? We've seen a lot of strange results that
appear when working with the infinite, and so it doesn't seem particularly “safe” to assume that
this approach, which works in the finite case, scales up to the infinite case.

It turns out, however, that this argument can indeed be applied to infinite sets! However, to do so
will require us to be more precise and formal than our reasoning above, in which we just drew a
picture. We need to find a way of nicely describing what set is constructed by the diagonal
argument without having to draw out a potentially infinite table. Fortunately, there is a nicely
straightforward way to do this. Let's consider the previous example:

a< {b,c,d}
b {e, f}
ce{ab,c,d, e f}
de—0
e < {a, f}
f< {b,c,d,e}
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a paired with

b pared with

¢ paired with

d paired with

e paired with

f paired with

|z | < Z|< | Z| 2
M < |Z zZz|< | Z <
Z <|z|zZz|< Z|<
K< |Z 2| < |Z
M < |Z Zz|<| < Z
< Z| < |z | <|<|Z 3

Complemented Diagonal

Now, let's think about the diagonal of this table. Notice that each diagonal entry represents
whether some element x € S is paired with a set that contains itself. If the element x is paired
with a set that contains it, the the entry on the diagonal is a Y, and if x is paired with a set that
doesn't contain it, then the entry on the diagonal is an N. In the complemented diagonal, this is
reversed — the complemented diagonal entry is a Y if x is paired with a set that doesn't contain x,
and is an N if x is paired with a set that does contain x. In other words, we can think about the set
defined by the complemented diagonal (let's call it D) as follows:

D = { x| there is an N in the diagonal entry for x }
Or, more concretely:
D = { x| x is paired with an set that does not contain x }

Now this is interesting — we now have a definition of the diagonal set D that doesn't require us to
even construct the table! The rule for finding D is straightforward: we simply find all the
elements of the set S that are paired with subsets of S that don't contain themselves, then gather
those up together into a set. Does this really work? Well, if experience is a guide, then yes!
Here are a few pairings from before, along with the associated diagonal set:

Pairing a <> {a} a <> {a, b} a< {b,c,d}

b < {b} be—0O b < {e, f}
c > {a, b} c+> {a, c} c+> {a,b,c,d, e, f}
de0
e < {a, f}
f— {b,c,d, e}
Complemented {c} {b} {a,b, d, e, f}
Diagonal Set
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You can (and should!) check that in each case, the complemented diagonal set is indeed the set of
elements that aren't paired with a set that contains them. For example, in the first example since
a is paired with {a} and b is paired with {b}, neither is included in the complemented diagonal
set, while ¢, which is paired with a set that doesn't contain c, is indeed in the complemented
diagonal set.

Proving Cantor's Theorem

Given this definition of the diagonal set, we can formally prove Cantor's theorem.

(Cantor's Theorem) For any set S, [S] < |(S)).

In order to prove Cantor's theorem, let's think about the definition of what it means for one set to
have lesser cardinality than another. This would mean that

151 < |§2(S)] and |S] # [2(S)|

We can prove each part of this independently. Cantor's diagonal argument will handle the second
case (which we'll handle in a minute), but first let's show that |S| < [¢(S)|. How can we show
this? To do so, we need to show that we can pair off all of the elements of S with some element
in (S). This might seem hard, because we don't actually know what S is; we need to show that
for any set S, it's always possible to find such a pairing. This actually ends up being not too
difficult. Note that for each element x € §, the set {x} C S. Therefore, {x} € ().
Consequently, one way of pairing up all the elements of S with elements from g(S) would be to
associate each element x € § with the element {x} € ¢(S). This ensures that each element of S is
paired up with a unique element from ().

Now, we need to formally prove that |S| # |(S)|, even though we don't actually know what S is
(we're trying to prove the claim for any possible choice of S). So what does it mean for |S] # |
()7 Well, this would mean that there must be no possible way of pairing off all the elements
from the two sets with one another. How can we show that this is impossible? Here, we will
employ a technique called proof by contradiction. In a proof by contradiction, we try to show
that some statement P is true by doing the following:

* Assume, hypothetically, that P was false.

*  Show that this assumption, coupled with sound reasoning, leads us to a conclusion that is
obviously false.

* Conclude, therefore, that our assumption must have been wrong, so P is true.

As an example of a proof of this style, suppose that you want to convince someone that it is not
raining outside (if it's raining when you're reading this, then my apologies — please bear with
me!) One way to convince someone that it's not raining is as follows:

1. Suppose, hypothetically, that it were raining.
2. Therefore, I should be soaking wet from my walk a few minutes ago.

3. But I am not soaking wet from my walk a few minutes ago.
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4. Since steps (2) and (3) are logically sound, the only possible problem is step (1).
5. Conclude, therefore, that it's not raining outside.

Here, when proving that |S| # |§(S)|, we will use a proof by contradiction. Suppose,
hypothetically, that |S| = [§(S)|. Then there is a way of pairing up all of the elements of S an
§#(S) together — we don't know what it is, but allegedly it exists. This should mean that any
element of ((S) that we choose should be paired up with some element of S. Since every
element of ((S) is a subset of S (that's how we defined the power set!), this should mean that if
we choose any subset of S, it should be paired up with some element from S. But now we can
employ Cantor's diagonal argument. If it's really true that any subset of S must be paired up with
some element of S, then surely we should be able to find some element paired up with the set

D = {x|x € S and x is paired with a set that does not x. }

Well, since D allegedly must be paired with something, let's call that element d. But if you'll
recall from our discussion of the diagonal argument, we should now be able to show that D
actually isn't in this table, meaning that there really isn't an element d that it could be paired with.
But how do we show this? Here, we'll simply ask the following question: is d contained in D?
There are two possible options: either d € D or d € D. Let's consider these two cases
individually.

First, suppose that d € D. Recall that the definition of D says that this means that d would have
to be paired with a set that doesn't contain d. Since d is paired with D, this would have to mean
that d € D, but this is clearly impossible, because we know that in this case d € D. Since if d €
D we conclude that d € D, we know that it must not be possible for d € D to be true.

So this means that d € D. Well, let's see what that means. Since d € D, then by looking at the
definition of the set D, we can see that this means that the set that d is paired with must contain
d. Since d is paired with the set D, this would mean that d € D. But this isn't true!

We have just reached a logical contradiction. If d € D, then we know that d € D, and similarly if
d € D, then d € D. In other words, D contains d if and only if D does not contain d. We have
reached a logical impossibility.

All of the reasoning we've had up to this point is sound, so we are forced to admit that the only
possibility remaining is that our assumption that |S| = |(S)| is incorrect. Consequently, we have
proven that |S| # |§(S)|. Since earlier we proved |S| < [§2(S)|, this collectively proves Cantor's
theorem.

Why Cantor's Theorem Matters

We have just proven Cantor's theorem, that the number of subsets of a set S is strictly greater
than the number of elements of that set S. But why does this matter? It turns out that this is
actually a hugely important result with a terrifying corollary. To begin with, note that Cantor's
theorem says that there are more subsets of a set than elements of that set, even if the initial set is
infinite. This suggests that there is no one concept of “infinity,” and that there are, in fact,
different infinitely large quantities, each one infinitely larger than the previous! In fact this
means that
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* There are more subsets of natural numbers than natural numbers (|N| < |g(N)))

* More subsets of subsets of natural numbers than subsets of natural numbers (|§(N)| <|

$(p(N))),
* etc.

The fact that there are different infinitely large numbers has enormous significance to the limits
of computing. For example, there are infinitely many problems to solve, and there are infinitely
many programs to solve them. But this doesn't mean that there are the same number of problems
and solutions! In fact, it might be possible that there are more problems that we might want to
solve than there are programs to solve them, even though both are infinite! In fact, this is the
case. Let's see why.

The Limits of Computation

Let's begin with a pair of definitions:

An alphabet is a set of symbols.

For example, we could talk about the Latin alphabet as the set 4 = { A, B,C, D, ..., Y, Z,a, b,
..., Z }. The binary alphabet is the alphabet {0, 1}, and the unary alphabet is the alphabet { 1 }.
Given an alphabet, what words can we make from that alphabet? The idea of a “word” is
captured by this definition:

A string is a finite sequence of symbols drawn from some alphabet.

For example, hello is a string drawn from the Latin alphabet, while 01100001 is a string drawn
from the binary alphabet.

Every computer program can be expressed as a string drawn from the appropriate alphabet. The
program's source code is a sequence of characters (probably Unicode characters) that are
translated into a program using a compiler. In most programming languages, not all strings are
legal programs, but many are. As a result, we can say that the number of programs is at most the
number of strings, since we can pair up the programs and strings without exhausting all strings
(just pair each program with its source code).

Now, let's think about how many problems there are out there that we might want to solve. This
really depends on our notion of what a “problem” is, but we don't actually need to have a formal
definition of “problem” quite yet. Let's just focus on one type of problem: deciding whether a
string has some “property.” For example, some strings have even length, some are palindromes,
some are legal C programs, some are mathematical proofs, etc. We can think of a “property” of a
string as just a set of strings that happen to share that property. For example, we could say that
the property of being a palindrome (reading the same forwards and backwards) could be
represented by the set
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{a,b,c, ...,z aa, bb, ..., zz aba, aca, ada, ... }
While the property of having exactly four letters would be
{ aaaa, aaab, aaac, ..., zzzz }

For each of these properties, we might think about writing a program that could determine
whether a string has that given property. For example, with a few minutes' effort you could
probably sit down and write a program that will check whether a string is a palindrome or
contains just four characters, and with more effort could check if a string encoded a legal
computer program, etc. In other words, each property of strings (that is, a set of strings) defines
a unique problem — determine whether a given string has that property or not. As a result, the
number of sets of strings is no bigger than the total number of problems we might want to solve,
since there's at least one problem to solve per set of strings.

This leads to the following line of reasoning:
The number of programs is no bigger than the number of strings.
The number of strings is strictly less than the number of sets of strings (from Cantor's theorem).
The number of problems is at least the number of strings.
Combining this all together gives the following:
The number of programs is strictly less than the number of problems.

In other words:

There are more problems than there are programs to solve them.

We have just proven, without even looking at how computers work or how clever programmers
are, that there are problems that cannot possibly be solved by a computer. There are simply too
many problems to go around, so even if we wrote all of the infinitely many possible programs,
we would not have written a program to solve every problem.

What Does This Mean?

At this point, we could throw up our hands and despair. We have just shown the existence of
unsolvable problems, problems that can be formulated but not possibly solved.

Unfortunately, it gets worse. Using more advanced set theory, we can show that the infinity of
problems so vastly dwarfs the infinity of solutions that if you choose a totally random problem to
solve, the chance that you can is 0. Moreover, since there are more problems to solve than
possible strings, some of the problems we can't solve may be so complex that there is no way to
describe them; after all, a description is a way of pairing a string with a problem!

But there's no way we can give up now. We have shown that there is an infinite abyss of
unsolvable problems, but everywhere we look we can see examples of places where computers
have solved problems. Pretty much every aspect of our life has been improved thanks to
computers.
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Rather than viewing this result as a sign of defeat, treat it as a call to arms. Yes, there are
infinitely many problems that we can't solve, but there are infinitely many problems that we can
solve as well. What are they? What do they look like? Of the problems we can solve in theory,
what can be solved in practice as well? How powerful of a computer would you need to solve
them? These are questions of huge practical and theoretical importance, and its these questions
that we will focus on in the rest of this book. In doing so, you'll sharpen your mathematical
acumen and will learn how to reason about problems abstractly. You'll learn new ways of
thinking about computation and how these novel computers can impact your practical
programming skills. And you'll see some of the most interesting and fascinating results in all of
computer science.

Let's get started!

Chapter Summary
* Asetis an unordered collection of distinct elements.
* Sets can be described by listing their elements in some order.
* Sets can also be described using set-builder notation.
* Set can be combined via union, intersection, difference, or symmetric difference.
* Two sets are equal precisely when they have the same elements.
* One set is a subset of another if every element of that set is in the other set.
* The power set of a set is the set of its subsets.
* A statement is vacuously true if its assertion doesn't apply to anything.
* The cardinality of a set is a measure of how many elements are in that set.

* Two sets have the same cardinality if all elements of both sets can be paired up with one
another.

* Cantor's diagonal argument can be used to prove Cantor's theorem, that the cardinality of
a set is always strictly less than the cardinality of its power set.
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Chapter Two: Introduction to Formal Proofs

Last chapter we concluded with Cantor's theorem, the fact that the cardinality of the power set of
a set S is always greater than the cardinality of the set S itself. Although we worked through a
strong argument that this should be true, did we really “prove” it? What does it mean to prove
something, at least in a mathematical sense?

Proofs are at the core of the mathematical foundations of computing. Without proofs we couldn't
be certain that any of our results were correct, and our definitions would be little better than an
intuition to guide us. Accordingly, before we attempt to explore the limits of computation, we
first need to build up the machinery necessary to reason about and firmly establish mathematical
results.

Proofs are in many ways like programs — they have their own vocabulary, terminology, and
structure, and you will need to train yourself to think differently in order to understand and
synthesize them. In this chapter and the ones that follow, we will explore proofs and proof
techniques, along with several other concepts that will serve as a “proving ground” for testing
out these proof ideas.

What is a Proof?

In order to write a proof, we need to start off by coming up with some sort of definition of the
word “proof.” Informally, a proof is a series of logical steps starting with one set of assumptions
that ends up concluding that some statement must be true. For example, if we wanted to prove
the statement

If x +y =16, then eitherx>8 or y > 8

Then we would begin by assuming that x + y = 16, then apply sound logical reasoning until we
had arrived at the conclusion that x > 8 or y > 8. Similarly, if we wanted to prove that

For any set S, |S] < |(S)]

(as we started doing last chapter), we would take as our starting point all of the definitions from
set theory — what the power set is, what it means for one set to have smaller cardinality than
another, etc. - and would proceed through logical steps to conclude that | S| <|g(S5).

Writing a proof is in many ways like writing a computer program. You begin with some base set
of things that you know are true (for example, how primitive data types work, how to define
classes, etc.), then proceed to use those primitive operations to build up something more
complicated. Also like a program, proofs have their own vocabulary, language, structure, and
expectations. Unfortunately, unlike programs, there is no “compiler” for proofs that can take in a
proof and verify that it's a legal mathematical proof.> Consequently, learning how to write proofs
takes time and effort.

2 Technically speaking such programs exist, but they require the proof to be specified in a very rigid format that is
almost never used in formal mathematical proofs.
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In this chapter, we will introduce different types of proofs by analyzing real proofs and seeing
exactly how they work. We'll also see what doesn't work and the sort of logical traps you can
easily fall into when writing proofs.

What Can We Assume?

One of the most difficult aspects of writing a proof is determine what you can assume going into
the proof. In journals, proofs often assume that the reader is familiar with important results, and
often cite them without reviewing why they're true. For our purposes, though, we will
deliberately play dumb and start with a very weak set of assumptions. We will prove pretty
much everything we need, even if it seems completely obvious, in order to see how to formalize
intuitive concepts with a level of mathematical rigor.

In this book, we will assume that whoever is reading one of our proofs knows
1. All definitions introduced so far,
2. All theorems introduced so far, and
3. Basic algebra.

We will not assume anything more than this. For example, we're fine assuming that if x <y and
y <z, then x <z, but we will not assume that for any set S, S N @ = @ even though this seems
“obvious.” As we build up our mathematical repertoire, the set of assumptions we can make will
grow, and it will become easier and easier to prove more elaborate results. This is similar to
writing libraries in computer programs — although it's difficult and a bit tedious to implement
standard data structures like stacks, queues, and hash tables, once you've put in the work to do so
it becomes possible to build up off of them and start writing much more intricate and complex
programs.

Direct Proofs

Just as it's often easiest to learn how to program by jumping into the middle of a “Hello, World!”
program and seeing how it works, it's useful to jump right into some fully worked-out
mathematical proofs to see how to structure general proofs.

To begin our descent into proofs, we'll introduce two simple definitions, then see how to prove
results about those definitions.

An integer x is called even if there is some integer & such that x = 2k.

An integer x is called odd if there is some integer k such that x =2k + 1.

For example, 4 is even since 4 =2 x 2. 8 is even as well, since 8 =4 x 2. 9 is odd, because
9=4x2+1. We consider 0 to be an even number, since 0 =0 x 2.

Given this, let's prove the following result:
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If x is even, then x? is even.
9

Proof: Let x be any even integer. Since x is even, there is some integer k
such that x = 2k. This means that x* = (2k)* = 4k’ = 2(2k*). Since 2k* is an
integer, this means that there is some integer m (namely, 24?) such that
x*=2m. Thus x* is even. m

Let's look at how this proof works. The proof proceeds in several clean logical steps, each of
which we can analyze independently.

First, note how the proof starts: “Let x be any even integer.” The goal of this proof is to show
that if x is even, then x* is even as well. This proof should work no matter what choice of x we
make — whether it's 0, 2, 4, 6, 8, etc. In order for our proof to work in this general setting, the
proof will proceed by using x as a placeholder for whatever even number we're interested in. If
we wanted to convince ourselves that some particular even number has a square that's also even,
we could just plug that even number into the proof wherever we were using x. For example, if
we want to prove that 12° is even, the proof would go like this:

Proof: Since 12 is even, there is some integer k such that 12 = 2k. (This
integer k is the integer 6). This means that 12° = (2 x 6)* =4 x 6> =2(2 x
6%) =2 x 72. Since 72 is an integer, this means that there is some integer m
(namely, 72) such that 12> = 2m. Thus 12° is even. m

All that we've done here is substitute in the number 12 for our choice of x. We could substitute
in any other even number if we'd like and the proof would still hold. In fact, that's why the proof
works — we've shown that no matter what choice of an even number you make for x, you can
always prove that x* is even as well.

Let's continue dissecting this proof. After we've decided to let x be a placeholder for whatever
even number we'd like, we then say

Since x is even, there is some integer k such that x = 2k

What does this statement mean? Well, we know that x is an even number, which means that it
must be twice some other number. We can't really say what that number is, since we don't know
what our choice of x is. However, we can say that there is some number such that x is twice that
number. In order to manipulate that number in this proof, we'll give this number a name (in this
proof, we call it k). Interestingly, note that nowhere in this sentence do we actually say how to
figure out what this value of £ is; we just say that it has to exist and move forward. From a
programming perspective, this may seem strange — it seems like we'd have to show how to find
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this number £ in order to assert that it exists! But it turns out that it's perfectly fine to just say
that it exists and leave it at that. Our definition of an even number is an integer that is equal to
twice some other number, so we know for a fact that because x is even, this number & must exist.

At this point, we know that x = 2k, and our goal is to show that x* is even. Let's think about how
to do this. To show that x” is even, we will need to find some integer m such that x* = 2m. Right
now, all that we know that is that x is even and, as a result, that x = 2k for some choice of k.
Since we don't have much else to go on right now, let's try seeing if we can describe x* in terms
of x and k. Perhaps doing this will lead us to finding some choice of m that we can make such
that x> = 2m. This leads to the next part of the proof:

This means that x* = (2k)> = 4k> = 2(2k%). Since 2k is an integer, this means
that there is some integer m (namely, 2&%) such that x* = 2m

The first of these two sentences is a simple algebraic manipulation. We know that x = 2k, so x* =
(2k)*. If we simplify this, we get x* = 4&%, which is in turn equal to 2(2k%). This last step —
factoring out the two from the expression — then makes it clearer that x* is twice some other
integer (specifically, the integer 2k*). We can then conclude that there is some natural number m
such that x* = 2m, since we've found specifically what that value was. Because we've done this,
we can conclude the proof by writing:

Thus x? is even. m

This holds because the definition of an even number is one that can be written as 2m for some
integer m. Notice that we've marked the end of the proof with the special symbol m, which
serves as a marker that we're done. Sometimes you see proofs ended with other statements like
“This completes the proof” or “QED” (from the Latin “quod erat demonstrandum,” which
translates roughly to “which is what we wanted to show”). Feel free to end your own proofs
with one of these three endings.

Let's take a look at an example of another proof:

If m is even and 7 is odd, then mn is even.

Proof: Let m be any even number and » be any odd number. Then m = 2r
for some integer 7, and n = 2s + 1 for some integer s. This means that

mn = (2r)(2s + 1) = 2(#(2s + 1)). This means that mn = 2k for some integer
k (namely, 7(2s + 1)), so mn is even. m
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The structure of this proof is similar to the previous proof. We want to show that the claim holds
for any choice of even m and odd n, so we begin by letting m and »n be any even and odd number,
respectively. From there, we use the definition of even and odd numbers to write m = 2r and n as
2s + 1 for some integers r and s. As with the previous proof, we don't actually know what these
numbers are, but they're guaranteed to exist. After doing some simple arithmetic, we end up
seeing that mn =2(r(2s + 1)), and since (25 + 1) is an integer, we can conclude that mn is twice
some integer, and so it must be even.

The above proofs are both instances of direct proofs, in which the proposition to be proven is
directly shown to be true by beginning with the assumptions and ending at the conclusions.

Proof by Cases

Let's introduce one new definition, which you may be familiar with from your programming
background:

The parity of an integer is whether it is odd or even. Two numbers have the
same parity if they are both odd or both even.

For example, 1 and 5 have the same parity, because both of the numbers are odd, and 4 and 14
have the same parity because both 4 and 14 are even. However, 1 and 2 have opposite parity,
because 1 is odd and 2 is even.

The following result involves the parity of integers:

If m and n have the same parity, then m + n is even.

Before we try to prove this, let's check that it's actually correct by testing it on a few simple
examples. We can see that 2 + 6 =8 is even, and 1 + 5 = 6 is even as well. But how would we
prove that this is true in the general case? In a sense, we need to prove two separate claims,
since if m and »n have the same parity, then either both m and » are even or both m and n are odd.
The definitions of odd numbers and even numbers aren't the same, and so we have to consider
the two options separately. We can do this cleanly in a proof as follows:
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Proof: Let m and n be any two integers with the same parity. Then there are
two cases to consider:

Case 1: m and n are even. Then m = 2r for some integer » and n = 2s for
some integer s. Therefore, m + n=2r+ 2s =2(r +s). Thus m + n =2k for
some integer k (namely, » + s5), so m + n is even.

Case 2: m and n are odd. Then m = 2r+ 1 for some integer » and n =2s + 1
for some integer s. Therefore, m +n=2r+1+2s+1=2r+2s+2=
2(r+ s+ 1). Thus m + n = 2k for some integer k (namely, » + s + 1), so
m+niseven. m

Note how this proof is structured as two cases — first, when m and n are even, and second, when
m and n are odd. This style of proof is sometimes called a proof by cases or a proof by
exhaustion (because we've exhausted all possibilities and found that the claim is true). Each of
the branches of the proof reads just like a normal proof, but is individually insufficient to prove
the general result. Only when we show that in both of the possible cases the result holds can we
conclude that the claim is true in general.

When writing a proof by exhaustion, it's critically important to remember to check that you have
covered all possible cases! If you have a proof where four options are possible and you only
prove three cases, your proof is likely to be incorrect.

Let's see another example of a proof by cases:

If n is even and m is an integer, then n + m has the same parity as m.

Before proving this, it's always good to check that it works for a few test cases. If we let n =4,
then we can see that

* 4+3=7,and 7 has the same parity as 3.
* 4+ 6=10, and 10 has the same parity as 6.

Let's see a proof of this result:
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Proof: Consider any even integer n. Now, consider any integer m and the
sum n + m. We consider two possibilities for m:

Case 1: m is even. Then m and n have the same parity, so by our previous
result we know that m + » is even. Therefore m and m + n have the same
parity.

Case 2: m is odd. Since n is even, n = 2r for some integer », and since m is
odd, m =2s + 1 for some integer s. Thenn+m=2r+2s+1=2(r+s)+ 1.
This means that n + m = 2k + 1 for some k (namely, » + 5), so n + m is odd.

Therefore m and m + n have the same parity. m

This proof is interesting for two reasons. First, notice that in proving that Case 1 is true, we used
the result that we have proven previously: if n and m have the same parity, then n + m is even.
This means that we didn't have to try writing n = 27 and m = 2s, and we ended up saving a lot of
space in our proof. Whenever you're writing a proof, feel free to cite any result that you have
previously proven. In CS103, it's perfectly fine to cite proofs from lecture, this book, or the
problem sessions, as long as you make it clear what result you're using.

Second, notice that in this proof the cases resulted from the parity of just one of the variables
(m). We knew that the parity of » must be even, and the only thing that was unclear was
whether m was odd or even.

Proofs about Sets

In the last chapter, we explored sets and some of the operations on them. You have already seen
one theorem about sets (specifically, Cantor's theorem). But what else can we prove about sets?
And how do we prove them?

Let's begin with a very simple proof about sets:

For any sets 4 and B,A N B C A.

This theorem intuitively makes sense. We can think of 4 N B as the set of things that 4 and B
have in common. In other words, we're filtering down the elements of 4 by just considering
those elements that also happen to be in B. As a result, we should end up with a set that's a
subset of the set 4. So how do we prove this? As you will see, the proof works similarly to our
proof about odd and even numbers: it calls back to the definitions of intersection and subset, then
proceeds from there.
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Proof: Consider any sets 4 and B. We want to show that 4 N B € 4. By
the definition of subset, this means that we need to show that for any x € 4
N B,x € A. So consider any x € 4 N B. By the definition of intersection,
x € A N B means that x € 4 and x € B. Therefore, if x €4 N B, x € A.
Since our choice of x was arbitrary, A N BC 4. m

Let's examine the structure of the proof. We initially wanted to prove that A N B € 4. To do
this, we said something to the effect of “okay, I need to prove that 4 N B € A. What does this
mean?” By using the definition of subset, we were able to determine that we needed to prove
that for any choice of x € 4 N B, it's true that x € 4. Again we ask — so what does it mean for x
€ A N B? Again we call back to the definition: x € 4 N B means that x € 4 and x € B. But at
this point we're done — we needed to show that any x € 4 N B also satisfies x € 4, but the very
definition of 4 N B guarantees this to us!

This proof illustrates a crucial step in many proofs — if you are unsure about how to proceed, try
referring to the definitions of the terms involved. Often this simplification will help you make
progress toward the ultimate proof by rewriting complex logic in terms of something similar.

Let's do another simple proof:

For any sets 4 and B,4 € 4 U B.

This result says that if we take any collection of things (the set 4) and combine it together with
any other set of things (forming the set 4 U B), then the original set is a subset of the resulting

set. This seems obvious — after all, if we mix in one set of things with another, that initial set is
still present! Of course, it's good to formally establish this, which we do here:

Proof: Consider any sets 4 and B. We want to show that 4 € 4 U B. To do
this, we show that for any x € 4, x € A U B as well. By definition,

x € A U B ifeither x € 4 or x € B. Since we know that x € A, it therefore
follows that x € A U B as well. Since our choice of x was arbitrary, this
means that A CA U B. m

Again, notice the calling back to the definitions. We use the definition of subset to prove 4 € 4
U B by arguing that every x € 4 also satisfied x € 4 U B. What does it mean forx € 4 U B?
Well, the definition of 4 U B is the set of all x such that either x € 4 or x € B. From there we
can see that we're done — if x € A, then it's also true that x € 4 or x € B, so it's true that x € 4 U
B.

Let's do another proof, this time proving a slightly more complex result:
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Forany sets 4, B,and C,C— (A N B) C (C—-A4) U (C-B)

First, let's try to make sense of what on earth this says in the first place. What this theorem states
is the following: suppose that you have some big set C and two sets 4 and B. If you remove
from C all the elements in 4 N B (the things in common to 4 and B), this is equivalent to
removing everything in 4 from C, then removing everything in B from C, and finally combining
those two sets together.

We could try to argue intuitively why this would be true, but to be more formal let's try
establishing this rigorously. As in the previous case, the way to do this is simply to keep
breaking down the definitions until we get to something easier to work with.

Proof: Consider any sets 4, B, and C. We want to show that
C-(ANB)C(C-A4) U (C-B). By definition, this is true if for any

x € C— (4 N B), we also have that x € (C—A4) U (C — B). So consider any
x € C— (4 N B). By the definition of set difference, this means that x € C
andx € A N B. Since we know that x € 4 N B, we know that it is not the
case that both x € 4 and x € B. Consequently, it must be true that either

x & A orx € B. We consider these two cases individually:

Case 1: x € A. Since we know that x € C and x € A, we know that
x € C—A. By our earlier result, we therefore have that
x€(C—-A4)U (C-B).

Case 2: x &€ B. Since we know that x € C and x € B, we know that
x € C— B. By our earlier result, we therefore have that
x€(C—-A4)U (C-B).

In either case we have that x € (C—A4) U (C — B). Since our choice of x
was arbitrary, we have that C— (4 N B) € (C—A) U (C — B) as required. m

Notice that in the course of this proof, we ended up referring back to the proof we did above in
which we claimed that for any sets 4 and B, 4 € 4 U B. Using this theorem, we were able to
conclude that if x € C— A4, then x € (C—A4) U (C — B). This is extremely common in
mathematics. We begin with a few simple terms and definitions, then build up progressively
more elaborate results from simpler ones. Most major results do not work from first principles,
but instead build off of earlier work by combining well-known results and clever insights.
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Lemmas

Let's think about the simple result that 4 € 4 U B. In itself, this isn't very surprising. The proof
is simple and straightforward, and in the end we don't end up with anything particular complex.
However, as you saw above, this simple result can be used as a building block for proving more
elaborate results.

A result that is primarily used as a small piece in a larger proof is sometimes called a lemma.
Lemmas are distinguished from theorems primarily by how they're used. Some lemmas, such as
the pumping lemma (which you'll learn more about later) are actually quite impressive results on
their own, but are mostly used a step in more complex proofs. Other lemmas, like the one you
just saw, are simple but necessary as a starting point for future work.

When proving results about sets, lemmas like 4 € 4 U B are often useful in simplifying more
complex proofs. In fact, many seemingly obvious results about sets are best proven as lemmas
so that we can use them later on.

The first lemma that we'll actually treat as such is the following result, which helps us prove that
two sets are equal to one another:

For any sets 4 and B, 4 = B ifand only if 4 € B and B C 4.

Note the use of the phrase if and only if in this lemma. The phrase “P if and only if 0”” means
that whenever P is true, Q is true, and whenever Q is true, P is true. In other words, “P if and
only if 0” means that P and Q have the same truth value — either both P and Q are true, or both
P and Q are false. The statement “if and only if” is a very strong assertion — it says that any time
we'd like to speak about whether P is true or false, we can instead speak of whether Q is true or
false.

As long as we're on the subject, you sometimes see the word iff used to mean “if and only if.”
This is a term that we'll use throughout this text, as it's widely used in the mathematical world.
Consequently, we might rewrite the above lemma as

For any sets 4 and B,A =B iff A C Band B C 4.

Now, let's get down to business — what does this lemma say? The above lemma tells us that two
sets 4 and B are equal to one another if and only if (in other words, precisely when) 4 is a subset
of B and vice-versa. Recall that two sets are equal when they have exactly the same elements; it
doesn't matter how we describe or construct the sets, just that they have the same elements. The
above lemma states that if we want to show that two sets are equal, all we need to do is show that
all of the elements of one set are contained in the other and vice-versa.

So how exactly do we go about proving this lemma? So far, all of the proofs that we've seen
have taken the form “if P, then Q.” If we want to prove a statement of the form “P iff Q,” then
we need to prove two things — first, if P is true, then Q is true; second, if Q is true, then P is true
as well. In other words, both P and Q imply one another.



Chapter Two: Introduction to Formal Proofs -50/74-

Given this setup, here is one proof of this result:

Proof: We prove both directions of implication. First, we show that, for any
sets 4 and B, if A = B, then 4 C Band B C 4. If A = B, consider any x € 4.
Since A = B, this means that x € B. Since our choice of x was arbitrary, any
x € A satisfies x € B, so 4 C B. Similarly, consider any x € B, then since
A= B, x € A as well. Since our choice of x was arbitrary, any x € B
satisfies x € 4, so B C A4.

Now, we prove the other direction of implication. Consider any two sets 4
and B where 4 C B and B € A. We need to prove that 4 = B. Since 4 C B,
for any x € 4, x € B as well. Since B C 4, for any x € B, x € 4 as well.
Thus every element of 4 is in B and vice-versa, so the two sets have the
same elements. m

Let's look at the structure of the proof. Notice how this proof is essentially two separate proofs
that together prove a larger result; the first half proves that if two sets are equal each is a subset
of the other, and the second half proves that if two sets are subsets of one another they are equal.
This is because in order to prove the biconditional, we need to prove two independent results,
which together combine to prove the biconditional. Within each piece of the proof, notice that
the structure is similar to before. We call back to the definitions of subset and set equality in
order to reason about how the elements of the sets are related to one another.

Now that we have this lemma, let's go and use it to prove some Fun and Exciting Facts about set
equality! Let's begin with a simple result that teaches something about how symmetric
difference works:

Forany sets 4 and B,(4 U B)— (AN B)=A4AB.

Intuitively, this says that we can construct the set symmetric difference as follows. First,
combine the two sets 4 and B together into the larger set 4 U B. Next, take out from that set all
of the elements that are in the intersection of 4 and B. The remaining elements form the set 4 A
B.

To prove this result, we can use our lemma from above, which says that two sets are equal iff
each is a subset of the other. The structure of our proof will thus be as follows — we'll show that
each set is a subset of the other, then will use the previous lemma to conclude the proof.

Let's begin by showing that (4 U B) — (4 N B) € A A B. Since this acts a stepping stone toward
the larger proof, we'll pose it as a lemma.

Lemmal: (4 UB)—-(A4NB)CAAB.
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How might we prove this lemma? To do so, we'll just call back to the definitions of union,
intersection, difference, and symmetric difference:

Proof of Lemma 1: We will show that for any x € (4 U B) — (4 N B),

x € AAB. So consider any x € (4 U B) — (4 N B). This means that
xXE€AUB, butx € 4N B. Sincex € A U B, we know that x € 4 or x € B.
Since x € 4 N B, we know that x is not contained in both 4 and B. We thus
have that x is in at least one of 4 and B, but not both. Consequently, x € 4
A B. Since our choice of x was arbitrary, we therefore have that
(AUB)—-(ANB)CAAB. =

The other direction also will be a lemma for the same reasons. Here's the lemma and the proof:

Lemma2: AABC(AUB)—(4NB)

This proof is a little bit more involved because there are two completely separate cases to
consider when dealing with elements of 4 A B. The proof is below:

Proof of Lemma 2: We will show that for any x € 4 A B,
X €(A4UB)—(4NB). Consider any x € 4 A B. Then either x € 4 and
x € B,orx € Band x € A. We consider these cases separately:

Casel:x €Aandx € B. Sincex €A, x €EAUB. Sincex B, x ¢ AN B.
Consequently, x € (4 U B) — (4 N B).

Case2: x € Bandx € A. Sincex € B,x € AUB. Sincex ¢ A, x ¢ AN B.
Consequently, x € (4 U B) — (4 N B).

In either case, x € (4 U B) — (4 N B). Since our choice of x was arbitrary,
we havethat AABC(AUB)—-(ANB).m

Now that we have these two lemmas, the proof of the general result is surprisingly
straightforward:

Proof of Theorem: By Lemma 1, (4 U B)—(4 N B) € AAB. By Lemma
2,AAB C (4 UB)— (4N B). Since each set is a subset of the other, by
our earlier lemma we have that (4 UB)—- (AN B)=AAB. =

That's all that we have to show!
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Before we move on to show more applications of the lemma, let's take a minute to examine the
proof of Lemma 2. I've reprinted it below:

Proof of Lemma 2: We will show that for any x € 4 A B,
X €(4UB)—(4 N B). Consider any x € A A B. Then either x € 4 and
x € B,orx € Band x € A. We consider these cases separately:

Casel:x € Aandx ¢ B. Sincex € A, x €EAUB. Sincex € B,x ¢ AN B.
Consequently, x € (4 U B) — (4 N B).

Case2: x € Bandx € A. Sincex €E B,x €EAUB. Sincex ¢ A, x ¢ AN B.
Consequently, x € (4 U B) — (4 N B).

In either case, x € (4 U B) — (4 N B). Since our choice of x was arbitrary,
we havethat AABC(AUB)—-(ANB).m

Notice the similarity between Case 1 and Case 2. These two cases are virtually identical, except
that we've interchanged the role of the sets 4 and B. If you'll notice, there really isn't anything in
the above proof to suggest that set 4 is somehow “more important” than set B. If we interchange
set 4 and set B, we change the sets (4 U B) — (4 N B) and A A B to the sets (B U 4) — (B N A)
and B A 4. But these are exactly the sets we started with! In a sense, because there really isn't
an appreciable difference between 4 and B, it seems silly to have two completely difference
cases dealing with which sets x is contained in.

This situation — in which multiple parts of a proof end up being surprisingly similar to one
another — is fairly common, and mathematicians have invented some shorthand to address it.
Mathematicians often write proofs like this one:

Proof of Lemma 2: We will show that for any x € 4 A B,

X € (4 U B)—(4 N B). Consider any x € 4 A B. Then either x € 4 and x €
B, orx € Band x € A. Assume without loss of generality that x € 4 and

x & B. Sincex €4, x € AU B. Sincex € B, x € AN B. Consequently,

X € (4 U B)— (4 N B). Since our choice of x was arbitrary, we have that
AABC(AUB)—(ANB). =

Notice the use of the phrase “without loss of generality.” This phrase indicates in a proof that
there are several different cases that need to be considered, but all of them are identical to one
another once we change the names around appropriately. If you are writing a proof where you
find multiple cases that seem identical to one another, feel free to use this phrase to write the
proof just once. That said, be careful not to claim that you haven't lost generality if the cases are
actually different from one another!

As another example of a proof using “without loss of generality,” let's consider the following
theorem, which has nothing to do with sets:
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If m and n have opposite parity, m + n is odd.

We can check this pretty easily — 3 + 4 =7, which is odd, 137 + 42 =179, which is odd, etc. How
might we prove this? Well, there are two cases to consider — either m is even and # is odd, or m
is odd and 7 is even. But these two cases are pretty much identical to one another, since m +n =
n + m and it doesn't really matter whether it's m or n that's odd. Using this, let's write a quick
proof of the above result:

Proof: Without loss of generality, assume that m is odd and z is even. Since
m 1s odd, there exists an integer » such that m = 2» + 1. Since 7 is even,
there exists an integer s such that n =2s. Thenm +n=2r+1+2s
=2(r+s)+ 1. Consequently, m +nis odd. m

This proof is about half as long as it would be otherwise.

Proofs with Vacuous Truths

To see if we can get some more mileage out of our lemma about set equality, let's try proving
some more results about sets. Let's consider the following result:

For any sets 4 and B, if A C B, then 4 — B=0.

Now, how might we prove this? Right now, the main tool at our disposal for proving two sets
are equal is to show that those two sets are subsets of one another. In other words, to prove the
above result, we might try proving two lemmas:

Lemma 1: For any sets 4 and B, if 4 C B, then @ C 4 — B.

Lemma 2: For any sets 4 and B, if A C B, then 4 — B C @.

Okay, let's set out to prove them. Let's begin by trying to prove lemma 1. To do this, we need to
show that every element of the empty set is also contained in 4 — B. But wait a minute — this
doesn't make any sense, since there aren't any x € @! But not to worry. If you'll recall from
Chapter 1, we introduced the idea of a vacuous truth, a statement that is true because it doesn't
apply to anything. Fortunately, that's exactly what we have right here — there aren't any elements
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of the empty set, so it's vacuously true that every element of the empty set is also contained in
A — B, regardless of what 4 and B actually are. After all, it's also true that every element of the
empty set is made of fire, that every element of the empty set is also your best friend, etc.

How do we formalize this in a proof? Well, we can just say that it's vacuously true! This is
shown here:

Proof of Lemma 1: We need to show that every element x € @ also satisfies
x € A— B. But this is vacuously true, as there are no x satisfyingx € 0. m

Well, that was surprisingly straightforward. On to the second lemma!

At first glance, this statement doesn't seem to make any sense. There are no elements of the
empty set, so how could something be a subset of the empty set? This would only happen if
there are no elements in the first set, since if there were some element x € 4 — B, then it would
have to be true that x € @, which we know to be impossible. This actually gives us a hint about
how to approach the problem. We know that we shouldn't be able to find any x € 4 — B, so one
route for proving that 4 — B € O is to directly show that the statement “for any x € 4 — B, x € @”
is vacuously true. This is shown below:

Proof of Lemma 2: We need to show that any x € 4 — B also satisfies

x € Q. Since A C B, any x € 4 also satisfies x € B. Now, consider any

x € A — B. This means that x € 4 and x € B. Since x € 4, x € B. But this
means that x € B and x € B. Consequently, there are no x € 4 — B, so the
claim that any x € 4 — B also satisfies x € O is vacuously true. m

Notice the structure of the proof. We begin by using definitions to tease apart what it means for
an element to be in A — B, then show that, in fact, no elements can be in this set. We conclude,
therefore, that the entire lemma must be vacuously true.

We can use these two lemmas to complete the proof:

Proof of Theorem: Consider any sets A and B such that 4 C B. By Lemma
1, we have that @ € 4 — B. By Lemma 2, we have that 4 — B C (. Thus by
our earlier lemma, 4 — B = as required. m

Arguably, though, this proof is much more complex than it need be. Lemma 1 is trivially simple,
and the overall proof just cites what we have shown here. Instead, let's just rewrite the proof
without any lemmas at all:
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Proof: We will show that for any sets 4 and B suchthat 4 € B, 0 C 4B
and 4 — B C @. To see that @ C A4 — B, note that the claim “for any x, x € @
implies x € A — B” is vacuously true, since there are no x € @. To show that
A— B C @, we need to show that any x € A — B also satisfies x € @. Since
A C B, any x € A also satisfies x € B. Now, consider any x € A — B. This
means that x € A and x € B. Since x € A, x € B. But this means that x € B
and x € B. Consequently, there are no x € A — B, so the claim that any

x € A — B also satisfies x € @ is vacuously true. Since the two sets are
subsets of one another, A —B=0. m

Indirect Proofs

The proofs that we have done so far have directly shown that a particular statement must be true.
We begin with a set of assumptions, then manipulate those assumptions to arrive at a desired
conclusion. However, there is an entirely different family of proof techniques called indirect
proofs that indirectly prove that some proposition must be true.

This may seem a bit strange at first, but there are many familiar analogs in real life. For
example, suppose that you're biking to class and can't remember whether or not you brought your
keys with you. You could directly prove whether you have your keys on you by stopping, getting
off your bike, and checking your pockets or purse for your keys. But alternatively, you could use
the following line of reasoning. Assuming that you lock your bike (which you should!), you
couldn't have unlocked your bike in the first place if you didn't have your keys. Since you
definitely unlocked your bike — after all, you're riding it! — you must have your keys with you.
You didn't explicitly check to see that you have your keys, but you can be confident that you do
indeed have them with you.

In this section, we'll build up two indirect proof techniques — proof by contradiction, which
shows that a proposition has to be true because it can't be false, and proof by contrapositive,
which proves that P implies Q by proving that an entirely different connection holds between P
and Q.

Logical Implication

Before we can move on to talk about proofs by contradiction and contrapositive, we need to
discuss logical implication. Many of the proofs that we have done so far are proofs of the form

If P, then Q.
For example, we have proven the following:
If x is even, then x° is even.
If m is even and # is odd, then mn is even.
If m and n have the same parity, then m + n is even.

If n is even and m is an integer, then n + m has the same parity as m.
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If4 C B,then4 - B=0.

In structuring each of these proofs, the general format has been as follows: first, we assume that
P is true, then we show that given this assumption Q must be true as well. To understand why
this style of proof works in the first place, we need to understand what the statement “If P, then
Q” means. Specifically, the statement “If P, then O” means that any time P is true, Q is true as
well. For example, consider the statement

Ifx €4,thenx € 4 U B.

This statement says that any time that we find that x is contained in the set A4, it will also be
contained in the set 4 U B. If x € 4, this statement doesn't tell us anything. It's still possible for
x € A U B to be true, namely if x € B, but we don't have any guarantees.

Let's try this statement:
If I don't close the windows, the velociraptors will get inside.

This tells us that in the scenario where I don't close the windows, it's true that the velociraptors
will get inside. This doesn't say anything at all about what happens if I do close the windows. It
still might be possible for the velociraptors to get inside even if I close the windows (perhaps if |
left the door open, or if the windows aren't raptorproof).

The general pattern here is that given a statement of the form
If P, then Q.

Only provides information if P is true. If P is true, we can immediately conclude that O must be
true. If P is false, O could be true and could be false. We don't have any extra information.

An important point to note here is that implication deals purely with how the truth or falsity of P
and Q are connected, not whether or not there is a causal link between the two. For example,
consider this (silly) statement:

If I will it to be true, 1 +1=2.

Intuitively, this statement is false: 1 + 1 = 2 because of the laws of mathematics, not because I
consciously wish that it is! But mathematically, the statement is true. If I want 1 + 1 =2 to be
true, you will indeed find that 1 + 1 =2. You'll find 1 + 1 =2 is true regardless of whether or not
I want it to be, but it is indeed true that every time I want 1 + 1 =2 to be true, 1 + 1 =2 will be
true.

Why discuss these (seemingly pedantic) details at all? The reason for this is to make clear what
exactly it means for an implication to be true so that we can discuss what it means for an
implication to be false. The statement “If P, then O is true if whenever we find that P is true,
we also find that Q is true. In order for the statement “If P, then Q” to be false, we have to find
an example where P is true (meaning that we expect Q to be true as well), but to our surprise
found that Q actually is false. For example, if we wanted to disprove the claim

If x + y is even, then x is odd.
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we would have to find an example where x + y was even, but x was not odd. For example, we
can take x = 2 and y = 2 as a counterexample, since x + y =4, but x is not odd. However, if we
were to take something like x = 3 and y = 2, it would not be a counterexample: 3 + 2 is not even,
so the above claim says nothing about what's supposed to happen.

It's important to make this distinction, because it's surprisingly easy to think that you have
disproven an implication that's perfectly true. For example, consider the statement

IfACB,thend-B=0

What happens if we take the sets A= {1, 2} and B = {3}? Then the statement 4 C B is false, as
is the statement A — B = @. However, we have not contradicted the above statement! The above
statement only tells us something about what happens when 4 C B, and since A4 isn't a subset of
B here, the fact that 4 — B = @ doesn't matter.

Proof by Contradiction

One of the most powerful tools in any mathematician's toolbox is proof by contradiction. A
proof by contradiction is based on the following logical idea: If a statement cannot possibly be
false, then it has to be true.

In a proof by contradiction, we prove some proposition P by doing the following:

1. Assume, hypothetically, that P is not true. This is the opposite of what we want to prove,
and so we want to show that this assumption couldn't possibly have been correct.

2. Using the assumption that P is false, arrive at a contradiction — a statement that is
logically impossible.

3. Conclude that, since our logic was good, the only possible mistake we could have made
would be in assuming that P is not true. Therefore, P absolutely must be true.

Let's see an example of this in action. Earlier, we proved the result that if 7 is even, then n* must
be even as well. It turns out that the converse of this is true as well:

If n* is even, then 7 is even.

Empirically, this seems to pan out. 36 is even, and 36 = 6°, with 6 even. 0 is even, and 0 = 07,
with 0 even as well. But how would we actually prove this? It turns out that this is an excellent
use case for a proof by contradiction.

To prove this statement by contradiction, let's assume that it's false, which means that the
statement “If n* is even, then n is even” is incorrect. As we just saw, this would have to mean
that n* is even, but n itself is odd. Is this even possible? The answer is no — if n were odd, then
n* would have to be odd as well. But we're assuming that n* is even. This is a problem, because
assuming that »” is even but n is odd causes us to conclude that n* shouldn't have been even in
the first place! This contradiction tells us that something has to be wrong here. The only thing
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questionable we did was making the assumption that » is odd with n* even, and so we can
conclude that this can never happen. As a result, if #* is even, then n would have to be even as
well.

We can formalize this in a proof as follows:

Proof: By contradiction; assume that n* is even but that 7 is odd. Since 7 is
odd, n = 2k + 1 for some integer k. Therefore n*= 2k + 1> =4k +4k+ 1=
2(2k* + 2k) + 1. This means that n* is odd, contradicting the fact that we
know that n* is even. We have reached a contradiction, so our assumption
must have been wrong. Therefore, if #” is even, n must be even. m

Let's look at this proof in more depth. First, note how it starts off:

By contradiction; assume that n* is even but that 7 is odd.

This sets up how we are going to approach the proof. We state explicitly that we are going to
attempt a proof by contradiction. We immediately then say what assumption we are going to
make. Here, since we want to contradict the statement “If #* is even, n is even,” we say that the
contradiction is that #* is even, but n is odd.

Once we have set up the proof by contradiction, the remainder of our proof is a quest to show
that this assumption has to have been wrong by deriving a contradiction. The middle section of
the proof does just that — it arrives at the conclusion that n* has to be both odd and even at the
same time.

Now that we have our contradiction, we can finish the proof by stating that this contradiction
means that we're done:

We have reached a contradiction, so our assumption must have been wrong.
Therefore, if #* is even, n must be even. m

All proofs by contradiction should end this way. Now that you have the contradiction, explain
how it means that the initial assumption was wrong, and from there how this proves the overall
result.

Proof by contradiction is a powerful tool. We saw this used in Cantor's theorem in the last
chapter (though, admittedly, we haven't seen the formal proof yet), and you will see it used later
to prove that several specific important problems cannot be solved by a computer. For now, let's
build up some other small examples of how this proof technique can be used.

One interesting application of proofs by contradiction is to show that some particular task cannot
be accomplished. Consider the following problem:
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You have 2,718 balls and five bins. Prove that you cannot distribute all of
the balls into the bins such that each bin contains an odd number of balls.

This problem seems hard — there are a /ot of ways to distribute those balls into the bins, though
as you'll see there's no way to do it such that every bin has an odd number of balls in it. How
might we show that this task is impossible? Using the idea of a proof by contradiction, let's start
off by hypothetically assuming that you can indeed solve this. Could we then show that this
solution leads to some sort of contradiction? Indeed we can. Think of it this way — if we have an
odd number of balls in the five bins, then the total number of balls placed into those bins would
have to be equal to the sum of five odd numbers. What numbers can you make this way? Well,
if we add up two odd numbers, we get an even number (because we know that the sum of two
numbers with the same parity is even). If we add up two more of the odd numbers, we get
another even number. The sum of those two even numbers is even. If we then add in the last
odd number to this even number, we get an odd total number of balls. This is extremely
suspicious. We know that the total number of balls has to be odd, because we just proved that it
has to. At the same time, we know that there are 2,718 balls distributed total. But this would
imply that 2,718 is odd, which it most certainly is not! This is a contradiction, so something we
did must have been wrong. Specifically, it has to have been our assumption that we can
distribute all of the balls such that each bin has an odd number of balls in it. Therefore, there
can't be a solution.

This argument is formalized below as a proof:

Proof: By contradiction; assume that there is a way to distribute all 2,718
balls into five bins such that each bin has an odd number of balls in it.
Consider any such way of distributing the balls, and let the number of balls
in the five bins be a, b, ¢, d, and e. Write the suma +b+c+d+ e as
((@a+b) + (c +d))+e. Since all five numbers have the same parity, both
(a + b) and (c + d) are even. Since (a + b) and (¢ + d) have the same parity,
((a@ +b) + (c + d)) must be even. Then, since ((a + b) + (c + d)) is even, the
sum ((a + b) + (¢ + d)) + e must have the same parity as e. Since e is odd,
this means that sum of the number of balls in the five bins is odd,
contradicting the fact that there are an even number of balls distributed
across the bins (2,718). We have reached a contradiction, so our initial
assumption must have been wrong and there is no way to distribute 2,718
balls into five bins such that each bin has an odd number of balls. m

As an aside, I absolutely love this proof. It pulls together our discussion of direct proofs with
parities along with proof by contradiction.

Before we move on, though, let's examine the structure of this proof one more time. Note that it
has the same shape as the previous proof. We begin by stating that the proof is by contradiction
and what that contradiction is. We then derive a contradiction, and conclude by saying that the
contradiction proves the original theorem.
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Here is yet another example of a classic proof by contradiction. Consider a standard 8 x 8
chessboard:

Now, suppose that we cut off two diagonally opposite corners, as shown here:

Suppose that we want to cover this chessboard with a set of 2 x 1 dominoes. These dominoes
can be positioned horizontally or vertically, but never diagonally. Additionally, we cannot stack
the dominoes on top of one another. The question is this — is it possible to cover every square on
the modified chessboard with dominoes? Interestingly, the answer is no, and it is impossible to
do so.

So why is that? Well, let's approach this from the perspective of a proof by contradiction.
Suppose, hypothetically, that we can cover the chessboard with dominoes. Since each domino
covers two horizontally or vertically adjacent squares, we know for a fact that each domino
covers exactly one white square and exactly one black square. Moreover, since no two dominoes
can stack atop one another, if we add up the total number of white squares covered by each
domino and the total number of black squares covered by each domino, we should get the total
number of white and black squares on the chessboard. But this is where we run into trouble. If
each domino covers one white square and one black square, then the total number of white
squares and black squares covered should have to be the same. Unfortunately, this isn't true. A
standard chessboard has the same number of white and black squares. When we removed two
opposite corners, we took away two white squares (check the picture above). This means that
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there are, in fact, two more black squares than white squares, contradicting the fact that we were
supposed to have the same number of white squares and black squares. This means (again!) that

our assumption was wrong, and that there must be no solution to this puzzle.

Formalized as a proof, the above argument looks like this:

with dominoes such that no two dominoes overlap and each domino is
aligned horizontally or vertically.

There is no way to tile an 8 x 8 chessboard missing two opposite corners

Proof: By contradiction; assume that such a tiling exists. Since each
covers the same number of white and black squares. Since no two

dominoes overlap, each square is covered by exactly one domino.
Consequently, the number of white squares on the chessboard and the

solution to the puzzle. m

domino is aligned horizontally or vertically across two tiles, each domino

number of black squares on the chessboard should equal the number of
dominoes. In turn, this means that the number of white squares and black
squares on the chessboard must be equal. But this is impossible — there are
30 white squares and 32 black squares, and 30 # 32. We have reached a
contradiction, so our assumption must have been incorrect. Thus there is no

Rational and Irrational Numbers

In computer science we commonly work with the natural numbers or integers because our
computers are digital. However, the real numbers are quite important in mathematics, and it
would be a disservice to them if we didn't spend at least a little time exploring their properties.

To begin with, we should make a distinction between two different types of real numbers — the
rational numbers and the irrational numbers. Intuitively, rational numbers are real numbers that
can be expressed as the ratio of two integers. For example, any integer is rational, because the
integer x is the ratio x / 1. Numbers like 7/s and "*"/,, are also rational. Formally, we define the

rational numbers as follows:

2.p/q=r,and
3. p and ¢ have no common divisors other than 1 and -1.

A real number r is called rational if there exist integers p and ¢ such that
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Let's take a minute to see what this says. Rule 1 says that ¢ has to be nonzero, which makes
sense given that Rule 2 uses it as the denominator of a fraction. Rule 2 says that the ratio of
these integers has to be equal to the number 7.

Rule 3 may seem a bit odd, but it's critically important. For a number to be rational, it is not
enough that we can find a p and ¢ such that p / ¢ = r and g # 0, but there has to be some
“simplest” p and ¢ that we can use. This makes sense — after all, even though 2 = */,, we could
write it in simpler terms as 2 =/ ;.

One more definition is in order:

The set { » | € R and r is rational } is the set of all rational numbers.
We denote this set Q.

From the definition of Q, it's clear that Q@ C R. However, is it true that Q = R? That is, is every
real number rational? It turns out that the answer to this question is “no.” There are many ways
to show this using advanced mathematics, but one simple solution is to find an explicit example
of an irrational number. It's not all that hard to find an example of an irrational number —
numbers like e and & are irrational, for example — but to actually prove that these numbers are
irrational is surprisingly difficult. Instead, we'll focus on a simple example of a number known
to be irrational: +/2 .

Let's go prove the following theorem, which is a beautiful example of a proof by contradiction:

V2 is irrational.

How exactly can we show this? As you might have guessed from where we are right now, this is
a good spot for a proof by contradiction. Let's suppose, for the sake of contradiction, that /2
actually is rational. This means that we can find integers p and ¢ such that g #0,p /g = V2,
and p and ¢ have no common factors other than 1 and -1 (that is, they're the “simplest” such p
and ¢ that we can use). What to do next? Well, ultimately our goal is to derive some sort of
contradiction. It's going to be hard to contradict that g # 0, since we're using ¢ in a denominator.
This means that we should probably try to contradict either that p / ¢ = /2 or that p and g have
no common divisors other than 1 and -1. Of these two claims, the second (the claim about
divisibility) is a lot stronger — after all, we just need to find one common divisor of p and ¢ that
isn't 1 or -1 and we're done. So let's see if we can contradict it.

Let's start off with some simple algebraic manipulations. Since we have that
plag=12

this means that
plgd=2

If we then multiply both sides by 2, we get
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p2 — 2q2
What does this tell us? For one thing, we know that p* has to be an even number, since ¢” is an
integer and p? is twice ¢*. But if you'll recall, one of the first proofs we did by contradiction was
the proof that if n* is even, then n must be even as well. Since p? is even, this means that p has to
be even as well. This tells us that p = 2k for some integer £.

We've just shown that if p / ¢ = /2, then p has to be even. What can we do with this fact? Well,
if we look above, we've shown that p* = 2¢°. What happens if we plug in 2k in place of p? This
gives us

(2k)?*=24*
4k* =247
2k = ¢

This last line tells us that ¢* has to be even as well, since it's twice &* and &* is an integer. It's at
this point that we can see that something unusual is up. Using our previous result, since g” is
even, ¢ has to be even as well. But then both p and ¢ are even, which means that they have to be
divisible by two — contradicting the fact that p and g can't have any divisors other than 1 and -1!

In short, our proof worked as follows. Starting with p /g = /2, we showed that p had to be
even. Since p was even, g had to be even as well, meaning that p and ¢ weren't simplified as far
as possible. In fact, there's no possible way for them to be simplified — we've shown that
whatever choice of p and ¢ you make, they can always be simplified further. This contradicts
Rule 3 of rational numbers, and so +2 has to be irrational.

This logic is formalized here in this proof:

Proof By contradiction; assume that /2 is rational. Then there exists
integers p and ¢ such that ¢ # 0, p / ¢ = /2 , and p and ¢ have no common
divisors other than 1 and -1.

Since p / ¢ = /2 , this means that p? / ¢> = 2, which means that p* = 24>
This means that p* is even, so by our earlier result p must be even as well.
Consequently, there exists some integer & such that p = 2k.

Since p = 2k, we have that 2¢*> = p* = (2k)* = 4k, so ¢* = 2k*. This means
that ¢* is even, so by our earlier result ¢ must be even as well. But this is
impossible, because it means that p and ¢ have 2 as a common divisor,
contradicting the fact that p and ¢ have no common divisors other than 1
and -1.

We have reached a contradiction, so our assumption must have been
incorrect. Thus +/2 is irrational. m
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Proof by Contrapositive

There is one final indirect proof technique that we will address right now — proof by
contrapositive.

To motivate a proof by contrapositive, let's return to our discussion of mathematical implication.
Consider the following statement:

If I close the windows, the velociraptors can't get inside.

This statement says that whenever we know that the windows are closed, we know that the
velociraptors won't be able to get inside. Now, let's suppose that we know that, unfortunately, the
velociraptors did indeed get inside. What could we conclude from this? We know that I
certainly didn't close the windows — if I had closed the window, then the raptors wouldn't be
inside in the first place!

Let's try another example. Suppose that we know that
If4 C B,then4d - B=0.

Suppose we find two sets 4 and B such that 4 — B # @. What can we conclude? Here, we can
say that 4 is not a subset of B, because if it were, then 4 — B would have been equal to O.

There seems to be a pattern here. It seems like if we know that the statement “If P, then Q” is
true and we know that Q is false, then we know that P must be false as well. In fact, that's
exactly correct. Intuitively, the rationale is that if P implies Q and Q is false, P couldn't be true,
because otherwise Q would be true. Given any implication “If P, then Q,” its contrapositive is
the statement “If not O, then not P.” The contrapositive represents the above idea that if Q is
false, P has to be false as well.

It's getting a bit tricky to use phrases like “If P, then O repeatedly through this text, so let's
introduce a bit of notation. We will use the notation P — Q to mean that P implies Q; that is, if
P, then Q. Given an implication P — Q, the contrapositive is not O — not P.

The contrapositive is immensely useful because of the following result:

If not O — not P, then P — Q.

This theorem is very different from the sorts of proofs that we've done before in that we are
proving a result about logic itself! That is, we're proving that if one implication holds, some
other implication must hold as well! How might we go about proving this? Right now, we have
two techniques at our disposal — we can proceed by a direct proof, or by contradiction. The logic
we used above to justify the contrapositive in the first place was reminiscent of a proof by
contradiction (“well, if Q is false, then P couldn't be true, since otherwise Q would have been
true.”). Accordingly, let's try to prove this by contradiction.

How might we do this? First, let's think about the contradiction of the above statement. Since
we are contradicting an implication, we would assume that not Q — not P, but that P — Q is
false. In turn we would ask: what does it mean for P — Q to be false? This would only be
possible if P was true but Q was not. So at this point, we know the following:
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1. not Q — not P.
2. Pis true.
3. Qis false.

And now all of the pieces fall into place. Since Q is false, we know that not Q is true. Since not
QO implies not P, this means that not P is true, which in turn tells us that P should be false. But
this contradicts the fact that P is true. We've hit our contradiction, and can conclude, therefore,
that if not O — not P, then P — Q.

Here is a formal proof of the above:

Proof: By contradiction; assume that not QO — not P, but that P — Q is
false. Since P — Q is false, we know that P is true but Q is false. Since QO
is false and not Q — not P, we have that P must be false. But this
contradicts the fact that we know that P is true. We have reached a
contradiction, so our initial assumption must have been false. Thus ifnot O
— not P,thenP — Q0. m

This proof has enormous importance for how we can prove implications. If we want to prove
that P — Q, we can always instead prove that not Q — not P. This then implies P — Q is true.

Let's work through an example of this. Earlier we proved the following result:

If n* is even, then 7 is even.

Our proof proceeded by contradiction. What if we wanted to prove this result by contrapositive?
Well, we want to show that if n* is even, then n is even. The contrapositive of this statement is
that if 7 is not even, then n* is not even. More clearly, if 7 is odd, then n* is odd. If we can prove
that this statement is true, then we will have successfully proven that if n* is even, then n is even.
Such a proof is shown here:

Proof: By contrapositive; we prove that if n is odd, then n* is odd. Let n be
any odd integer. Since n is odd, n =2k + 1 for some integer k. Therefore,
= Qk+17?=4i>+4k+1=2Q2k+2k)+ 1. Thus n’is odd. m

Notice the structure of the proof. As with a proof by contradiction, we begin by announcing that
we're going to use a proof by contradiction. We then state the contrapositive of the statement
that we want to prove, both so that readers know what to expect and so that we're clear on what
we want to show. From there, we proceed just as we would in a normal proof — we need to show
that if z is odd, »” is odd, and so we assume that n is odd and proceed from there. The result is a
remarkably clean and elegant proof.
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Here's another example of a proof by contrapositive: suppose that we have 16 objects that we
want to distribute into two bins. There are many ways that we might do this — we might split
them evenly as an 8/8 split, or might put all of them into one bin to give a 16/0 split, or might
have something only a bit lopsided, like a 10/6 split. Interestingly, though, notice that in each
case we have at least one bin with at least 8 objects in it. Is this guaranteed to happen? Or is it
just a coincidence?

It turns out that this isn't a coincidence, and in fact we can prove the following:

Ifm+n=16,thenm=>8 orn>38.

To prove this by contrapositive, we first need to figure out what the contrapositive of the above
statement is. Right now, we have the following:

m+n=16—->m=>8orn=>8
The contrapositive of this statement is
not (m>8 or n>8) — not (m +n=16)

Hmmm... that's not very easy to read. Perhaps we can simplify it. Let's start with the right-hand
side. We can simplify not (m + n = 16) to the easier m + n # 16. This gives

not(m>8orn>8) —->m+n#16

But what about the first part? This is a bit more subtle. What is the opposite of m > 8 or n > 8?
Well, this statement is true if either m > 8 or n > 8, so for it to be false we need to ensure that
both m > 8 and n > 8 are false. This would be true if m <8 and n <8. This gives us the final
contrapositive of

m<8andn<8—->m+n+16

The important takeaway point from this process is as follows — when determining the
contrapositive of a statement, be very careful to make sure that you understand how to negate
things properly!

From here, the reason why the initial statement is true should be a bit clearer. Essentially, if both
m and n are too small, then their sum can't be 16. This is formalized below:

Proof: By contrapositive; we show that if m <8 and n <8, then m + n # 16.
To see this, notethat m + n <8 +n <8 +8=16,so0m + n < 16.
Consequently, m + n# 16. m




Chapter Three: Graphs, Functions, and Relations

Chapter Three: Graphs, Functions, and Relations

General sketch:

Basic terms and definitions:

* Cartesian product

Graphs

* Basic terms and definitions
* Examples in practice

* DAGs and topological sorting
Relations

* Basic terms and definitions
* Reflexivity

e Symmetry

* Transitivity

* Equivalence Relations

* Antisymmetry

* Partial Orders

* Total Orders

o Irreflexivity

*  Strict Orders

* Composition

¢ C(Closure
¢ Inverse
Functions

* Definitions

* Defining Functions
* Injective

* Surjective

* Bijective

¢ Cardinalities II

-67/74-



Chapter Three: Graphs, Functions, and Relations -68 / 74-

e Cantor's Theorem II

¢ Inverses



Chapter Four: The Pigeonhole Principle

Chapter Four: The Pigeonhole Principle

General sketch:

Simple counting arguments
Statement of the principle
Examples

Generalized pigeonhole principle
Examples

Limits of data compression

-69 / 74-



Chapter Five: Mathematical Induction

Chapter Five: Mathematical Induction

General idea:

Definitions
* Basic examples

* Terminology

* Structuring proofs by induction

Examples:

*  Summations

* Balancing games

* Tilings

Strong induction

*  More examples

* More games
Well-Ordering Principle
* Definition

* Examples

=70/ 74-



Chapter Six: Proofs about Programs

Chapter Six: Proofs about Programs

General Outline:

Proving properties of loops
* Initialization

* Maintenance

* Termination
Simple Fibonacci code
Simple adding code

*  Monoids

Binary search

* Strict total orders
Sorting algorithms

» Strict total orders
Counting sort

Radix sort

=71/ 74-



Chapter Seven: Formal Logic

Chapter Seven: Formal Logic
General outline:

*  Why logic?

* Propositional logic

* FOL

=72/ 74-



Chapter Seven: Formal Logic =73/ 74-

Alphabetical Index

2] 10 421 o] F RSP PUSPR 37
AX10M Of EXEENSTONALIEY...c..eieiiiiiiiiiieiiiee ettt ettt et e et eebee st e e teesrbeenbeesnseeennnes 16
Cantor's DIiagonal ATZUMENL. ........ccuiiiiiieeieecie e eetee ettt e et e e ee e e e e e saeeesseeesnseeesaseeeennsnnes 30
CaANOT'S TREOTEIM........eiiiieiieeieeetie ettt ettt et e et e e bt e s b e e st e eabe e bt e snbeesaesennaeesanneas 35
CATAINALIEY .....teeeeee et et e et e ettt e et e e et eesateeesabee e sbeeessaeenssaeensaaeeeennsaseaeeeannnnreeeeans 21
(o0 118 216 111410 o FO OO OO PR SUSRRRRTI 57
COMETAPOSIEIVE. ...eeeeuvreeeitieeeiteeeeteeestteeestteeetteeesaeessseessaeessseeessseeensseeaasseeansseeansseeansseesssseessseeesennsseees 64
QITECE PIOOT ... ettt ettt et e st e bt e et e e bt e e abeebeeeabeenbeessbeenseesnseenseesnseeennnes 44
(<] 1531121 | PSSP 4
CITIPEY SEL.eiutieeiiiieeeitie et te ettt ettt e ettt e ettt e ettt e s bt e e sab e e e abee e et ee e bt e e eabt e e e bt e e eaat e e e bt e e eabeeenabeeeeennbbeeeeeanns 6
(A PRSP PPPRRRRRIN 41
FINEEE SET.neiieitieitie ettt ettt ettt et ettt e et e et e e et e et e e s it e e bt e esbe e beeenbeenbeeenbeeseeenbeeneeenbeensaeenteeenn 12
(€ T (1O I € T 1< OSSPSR 23
GEOTZ CANEOT.....tieeitieetee ettt ettt ettt e et e e st e e st e e e s abeesabte s st eesasbeesasbeesabeeesasteesnsaeeeens 22p.
L2101 0] 11 20 N USRS 49
1 OO OO OO P U PTUSROPRORPSPPPRRPPO 49
100010 U0t 18 0] o PRSP 64
TNAITECE PTOOT ... ittt ettt et e et e bt e st e et eeesbeeseeeaseeseesnseenseesnsaennes 55
TNEINILE SCL...veiiitiieiiieeeiee et e ettt e ettt e et e e et eeeteeesstee e saeeesseeessseesssseessssaesssseeesseeesnseeensseeensseesnnns 12
11115 017 510 TSP URRRT 7
ITTALIONAL IUMDET ...ttt e et e e et e e et e e s steeessbaeessseeennseeensseeenssaeennnns 61
JEIMIMIA. ...ttt ettt et e et e et e et e et e e e st e et eeeab e et teenb e e tteenbeenteenbeensaeebeeenn 49
10@ICAl TMPIICATION. ....eeiiiieeiiieeeiie ettt e e e et e st e e s teeessteeesaeeessaeeesennssaeeeeeansnsneeaeens 55
NATUTAL TIUINDCT......eiiiieiie ettt e ettt e st e et e e be e teeentaeeensaeeensaeeenseeean 11
PSRRI 6
(o 16 Lo FE OO USRS PRRP SRR 41
0181 PRSP PUSSR 44
POWET SEL....eeeitieeitie ettt ettt et e et e ettt e ettt e ettt e sttt e sabeeesabteeeabteesabeeesabee e sseeenbeesnseesnbeeseannnnneeesannns 20
PTOOT DY CASES...eeuiiieiiiieeiiee ettt ettt et e et e et e e e taeeetaee e saeeenssaeansseesnsaaeasseeesssnssaaeesennsssneeesannnes 45
PLOOT DY CONMTAAICTION. ....eeeiiieiiieiie ettt ettt ettt ettt et e et e e s e eabeebeesnbeesaeennneeas 35,57
PTOOT DY CONMETAPOSILIVE. ....eeuviieiiiieeeiieeeieeeetee et e ettt e e seteeestteeeaaeeesaeessseeesssaeesssaeessseeeesensssneeeeannes 64
PLOOT DY @XNAUSTION. ...ttt ettt ettt sttt e et e bt e s abeeseesnseenseesnseenseann 45
(0] 21 D 2SSOSR 43
e YR 0] 0] I 1111001 o) USSP 61
] PP PPPPPPPRR 4
SEE AITTETEIICE. ...ttt et ettt e st e et et e et e e s abe e b e snaeeteesabeeeennaeeeans 9
SEL OF Il INEEZETS. ... eiieiiieeiie et ettt e e e et e e st e e e e e sb e e e sbeeenbeeensaeaeeennnssaeeens 10
set of all NAtUTA] NUMDETS.......ccuiiiiiiiiiiiie ettt et e ettt e b e e et eeeennteeeans 11
set Of all TatioNAl NUIMDETS. ........oiiiiiieiiie e e et e et e e e eessneeesnsaeaee s 62
S€t OF All T€AL NUIMDETS......ccuiiiiiiiiiiiiee et ettt et e et e et ee e eeeennneees 12
set of POSitive NAtUral NUMDETS.........cciiiiiiiciie et e e st e e e e e e e e nnaaeeees 12
set SYMMELTIC AIfTETEICE. .. .ccuiiiiiiiiiiiii ettt et e e e e naeeas 10

S DULLAET TIOTATION. ...ttt e e e e e et e e e e e e e e e e e e e eeeeeeeeaaeeeeaeeeeaeeeeeanas 12



Chapter Seven: Formal Logic =74/ 74-

SETICE SUDSEL. ... vtieeiieeeiieeeieeeet e et e ettt e et e e et e e e teeeeataeeessaeesssaeasssaeesssaeesssaeassseesssseesssaeesssaeensseeessens 17
0 Lo A 11 011 £ ] APPSR 17
SUDSEL..1eeeeiie et e ettt ettt e e et e ettt e e etb e e e tt e e e te e e e tae e e tae e e taeeabaeeatbae e tbaeetaeeanaeeantaeeebaeeebaeennreeenreas 16
18011103 4 FO OO OO OSSP PPPTOPPPROPP 8
VACUOUS TTULN. ..ottt ettt e e e e e et e e e e e e e seeasaabeteeeesssssnraaseeeeeeeerenes 18,53
VNN QIAGIAM......eiiiiiiiiiie ettt ettt e et e e ate e s eteeetaeeensaeeensaeeensaeeanssaeeesennsseeeeens 7
WIithoUt 10SS OF GENETANILY .....eoiuiiiiiiiii ettt et e e 52
ettt ettt e e teeeeteeeateeeateeeaateeeatteeetteeatteeantteeateeeantaeeanteeenteeetteeennteeetteeenteeenaeeeenneeeenseeeanneeennteeenes 64
ettt ettt e teehee et e tee et e heeahteebeeeate et ee hteebeeahteeabeeehte e bt e eateeabeeehte e teeehbe e bt e enteebeesateenbeeannaeas 4
ettt ettt ettt h ettt et et et e s s b e A et ke st s e Re st et s e st es e st st et et ene b ese b etesseseseesesesenss 4
ettt ettt et ee e bt et eeebe e hte et e e ahee et e e ahte et e ettt e bt e ehee et e e eateebeeehbeebeeentteeeennbeeeennaeeennnee 17
D O O OO PP P PR OPPPRROPPRRR 17
ettt ettt et e e bt et eeebe e b teeteeheeebeeehte et e et e e e bt e ahee et eeeateenbeeehbeebeeenbbeeeentbeeeennaeeennnee 16
D OO PRSPPI 16
B oo iieiee et oo ttteeeeeeeeaaatetteeeeeeeeaaannttteteeeeeaaaaatanteteeeeeeaaanntteeteeeeeeaaaannnteeeeeeeeeaaannrttateeeeeeeeeeereeerrreres 43
N ettt ettt ettt e bttt b e et e n e et et et et et e eae bt enbeenbeenteenbeenbeenne 11
N ettt ettt et ettt e b e b ettt sa st e b e b b e b e ebeeteeteestesb e b et e beenaenraennaenneas 12
DR ettt h et h e a e n e n b et et et e ete et e eh e eneent e st ent et e e bt eteebeebeeteen 12
Dottt b et Attt a et et e e aheeheeteeAeeRe e st st et et e beebeeteereesteneenaenrae e 10



	Mathematical Foundations of Computing
	Chapter One: Set Theory and Cantor's Theorem
	What is a Set?
	Operations on Sets
	Special Sets
	Set-Builder Notation
	Filtering Sets
	Transforming Sets

	Relations on Sets
	Set Equality
	Subsets and Supersets
	The Empty Set and Vacuous Truths

	The Power Set
	Cardinality
	What is Cardinality?
	The Difficulty With Infinite Cardinalities
	A Formal Definition of Cardinality

	Cantor's Theorem
	How Large is the Power Set?
	Cantor's Diagonal Argument
	Formalizing the Diagonal Argument
	Proving Cantor's Theorem

	Why Cantor's Theorem Matters
	The Limits of Computation
	What Does This Mean?

	Chapter Summary

	Chapter Two: Introduction to Formal Proofs
	What is a Proof?
	What Can We Assume?

	Direct Proofs
	Proof by Cases
	Proofs about Sets
	Lemmas
	Proofs with Vacuous Truths

	Indirect Proofs
	Logical Implication
	Proof by Contradiction
	Rational and Irrational Numbers
	Proof by Contrapositive


	Chapter Three: Graphs, Functions, and Relations
	Chapter Four: The Pigeonhole Principle
	Chapter Five: Mathematical Induction
	Chapter Six: Proofs about Programs
	Chapter Seven: Formal Logic

