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E[g(X,Y )] =
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x,y

g(x, y)p(x, y)
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Weight Height Weight  *  Height
64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876

E[W]            
=  62.75

E[H]            
=  52.75

E[W*H]                                          
=  3355.83

!"
!#
$"
$#
#"
##
%"
%#

$" $# #" ## %" %# &" &# '"

()
*+

,-

.)*+,-

!;6Im4#YJ#K#HMmgYO#NHMmOHMYO
K#llPPRCl#NI-1RQPJIP1RQPJ
K#DPRQQ

Another Example of Covariance



^ "/0#S#/23#U#/,(#/,@7*,/,0#,/23;<#6/,7/@A(=

!

!

!

^ !;6/,7/2)(#;?#=+<=#;?#,/23;<#6/,7/@A(=

! S$4#S14#e4#Sn /23#U$4#U14#e4#Um /,(#,/23;<#6/,7/@A(=

!

),(Cov),(Cov XYYX =

)(Var][][][),(Cov 2 XXEXEXEXX =−=

),(Cov),(Cov  YXaYbaX =+

! !!!
= ===

=""
#

$
%%
&

' n

i

m

j
ji

m

j
j

n

i
i YXY,X

1 111

),(Cov  Cov

Properties of Covariance



! _,;;?X

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟
⎠

⎞
⎜
⎝

⎛
∑∑∑
===

n

j
j

n

i
i

n

i
i X,XX

111
  CovVar

! !!!
= +===

+="
#

$
%
&

' n

i

n

ij
ji

n

i
i

n

i
i XXXX

1 111
),(Cov2)(VarVar

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov

Variance of Sum of Variables

)(Var),(Cov XXX =h;*(X



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



Variance of Sum of Variables

X1 X2 X3 X4

X1

X2

X3

X4

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov



^

! _,;;?X

! F?#/AA#Si /23#Sj 723(>(23(2*# Ii ≠ jJX##

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟
⎠

⎞
⎜
⎝

⎛
∑∑∑
===

n

j
j

n

i
i

n

i
i X,XX

111
  CovVar

! !!!
= +===

+="
#

$
%
&

' n

i

n

ij
ji

n

i
i

n

i
i XXXX

1 111
),(Cov2)(VarVar

! !
= =

=
n

i

n

j
ji XX

1 1

),(Cov

∑ ∑∑
= ≠==

+=
n

i

n

ijj
ji

n

i
i XXX

1 ,11
),(Cov)(Var

! !!
= +==

+=
n

i

n

ij
ji

n

i
i XXX

1 11

),(Cov2)(Var

)(Var),(Cov XXX =h;*(X

!!
==

="
#

$
%
&

' n

i
i

n

i
i XX

11

)(VarVar

),(Cov),(Cov ijji XXXX =
b0#=0<<(*,0X

Variance of Sum of Variables



Four Prototypical Trajectories

9:,((#m/0=#;?#!;<>+*72E#L/,7/2)(#;?#
/#"+<j



^ '(*#U#a#b72I24#>J
! n 723(>(23(2*# *,7/A=
! '(*#S i K#$#7?#iB*:#*,7/A#7=#q=+))(==r4#%#;*:(,87=(

! Si a#b(,I>J HMSiO#K#>
! L/,IUJ#K#L/,IS $J#T#L/,IS1J#T#RRR#T#L/,IS2J

! L/,IS iJ K#HMSi
2O#NIHMSiOJ2

K#HMSiO#NIHMSiOJ2 =72)(#Si
2 K#Si

K#>#N>2 K#>I$#N>J

! L/,IUJ#K#2L/,IS iJ#K#2>I$#N>J

Hola Amiga: La Distribución Binomial
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Proof that E[S2] = σ2 (just for reference)
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x1 x2

Knowledge	
  Tracing

xnÉ

Given n historical answers:

xn+1

Predict the 
next onexi = {qi , ai }

Answer is a tuple:

Question 
id

Correct 
or not
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Machine Learning Example
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Four Prototypical Trajectories
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! !;,,(A/*7;2#;?#S#/23#U4#3(2;*(3#ρ(X, Y)X

! h;*(X#B$#≤ ρ(X, Y) ≤ $#

! !;,,(A/*7;2#<(/=+,(=# A72(/,7*0@(*8((2#S#/23#U

! ρ(X, Y) K#$ ⇒ U#K#/S T#@###8:(,(#/#K#σ0kσ[

! ρ(X, Y) K#B$ ⇒ U#K#/S T#@###8:(,(#/#K#Bσ0kσ[

! ρ(X, Y) K#% ⇒ /@=(2)(#;?#A72(/, ,(A/*7;2=:7>
o b+*4#S#/23#U#)/2#=*7AA#@(#,(A/*(3#72#=;<(#;*:(,#8/0j

! F?#ρ(X, Y) K#%4#8(#=/0#S#/23#U#/,(#q+2);,,(A/*(3r
o h;*(X#F23(>(23(2)(#7<>A7(=#+2);,,(A/*(34#@+*#not 67)(#6(,=/j

Y)Var(X)Var(
),(Cov),( YX

YX =!

Viva La Correlatión
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