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Expectation and Variance
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Peer Grades in Coursera HCI
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Expected Values of Sums

$!”

=1 E[X]
# o=

V(2(,/ATW(3X E% X
j =1

Y:A3=HE/,3A(==#;?2#3(>(23(2)0# @ (*8((2# X;Z=
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Expected Values of Functions

Elg(X,)]=  g(z,9)p(z,y)
X,Y

For example:

i

i



Product of Expectations

n " JOHSHI23HUH (H723(>(23(2* ,123:<#6/,7I@A(=4#
123ttg1 « J#/ 2341 « Jtt] (#,(| ABI A+ (3H?+2)*T: 2=

E[g(X)n(Y)] = E[g(X)]E[A(Y)]
1 a?2X . ;
E[g(X)h(X)]= 1| 1gx)h(y)fyy(x,»)dx dy

# x=H#"

o0 o0

= [ f909h(y) £ () f, (y) dxdy

—00 X=-—00
o0

= [9(x) T () dx- [ h(y)f,(y)dy

X=-—00 y=—OO

= E|g(X)]E[A(Y)]
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Indicators: Now with pair-wise flavor!

~ SO)/AA#, 1=#1237)1%; #61,71@A#?; #(6AR8H2X
| 1 1T Aoccurs
i_{O otherwise

| (CHSHKE #;2#(6(2F=#*/*#;))+,X

Var(X) =2" P(A A)+E[X]! (E[X])’

<]

=2(

<]

P(AA)+( P(A) %‘( o)t



Let’s Try it With the Binomial

n SHattb72124#>) E[X]=] P(A)=np
=1

L HA#H*TIAX#SHD(1>] E[ X ]=p
| (CH(6(2%#C ; Kt TIAE=#=+)) (==#I TR (RE#SJ

|
- P(44)=- p° :%’fpz = n(n2 )P2
. <

1<j l

Var(X) =2" P(A A)+E[X]! (E[X])’

<]

n(n! 1) Substitute in for
Var(X) = 2=——"p* +np! (np)* each ferm
= n2p? — np? + np — n2p? Expand and

2 _ simplify

= np—np° = np(l —p)
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Computer Cluster Utilization

A LR H)A+=F(HBT* #k =(,6(,=
| 5(d+(=*=#T723(>(23(2*A0# E:#*:#=(,6(H8T*#>,: @/@TAB0
| (RH#(6(2%C | KH=(,6(H ,()(7T6(=#2:#,(d+(=*=
| SHKH #;2#(6(2*=HHGAeHG *:/H))+,
| UHKH #=(,6(,=#*1#,) (76 (##SH#, (d+(=*# KN S
| HMUO#/2* (#7, Ed#(=*=
' T2)H(d+(==#723(>(23(2°X P(A) =(1! p)"

E[X]=1 P(A)=1 " p)’
E[Y]=k-E[X]=k- Y (1-p,)"

k
when p :% for1"i" k, E[Y]=k! £ (! %)n :k(“ (1! %)n)
=1
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Computer Cluster Utilization

A LR H)A+=F(HBT* #k =(,6(,=
| 5(d+(=*=#T723(>(23(2*A0# E:#*:#=(,6(H8T*#>,: @/@TAB0
| CH(B(24HC  KE=(,6(H ,0(T6(=#H2:#,(d+(=*=
| SHKH #;2#(6(2*=HHGAeHG *:/H))+,
| UHKH #=(,6(,=#*1#,) (76 (##SH#, (d+(=*# KN S
| L IUJHI* (427, 3 +(=*=] KT I SIHKHLI,1SIHI
| F23(>(23(2*# ,(d+(=*=XP(AA) =(1-p - p,)", i = ]

Var(X)=2" P(AA)+E[X]! (E[X])> k
o E[X]= > - p)°
Var(X) = 22 (- p, - p,)" + E[ X1~ (E[X])?

=2( ' p )+( @ p)" §‘ (L p.)#z = Var(Y)

1<] G)—l
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The Dance of the Covariance

N JOHSHI23HUH (#],@T*,],0#,/123;<#6/ TI@A(=
n 1:6/,7/2)(#: 2#HSH23#UX

Cov(X,Y) =E[(X! E[X]D(Y! E[Y])]

X y (x DE[X])(y BPE[Y])p(X,y)
Above Above Positive
mean mean
Bellow Bellow Positive
mean mean
Bellow Above Negative
mean mean
Above Bellow Negative
mean mean



The Dance of the Covariance

A JORSHI23HUH (#,@7*,1,04,/123;<#6/, 7T @A(=
16/ TI2)(#:; ?#SHI23#UX
Cov(X,Y) =E[(X ! E[X])Y! E[Y])]
A Hd+76/A(2*A0X
Cov(X,Y) = E[XY! E[X]Y! XE[Y]+E[Y]E[X]]
= E[XY]! E[X]E[Y]! E[X]E[Y]+E[X]E[Y]
= E[XY]! E[X]E[Y]
| S#I23#U#T723(>(23(2*4# HMSUOH#K#HMS QBIBUDHK#%
| b 61SAUIHKHYeHS: (At 7<>A0#SHI23HUHT23(>(23(2%]




Independence and Covariance

N SHI23HUHL(#,123:<#6/, 7/ @A(=HST*# \X

S
N B % S | p

% | SKI %  $k 1K y _#0 if X$0
$ % $K| % SK| 11 otherwise

p,0) | $kI  $kI Skl | $

1 HMSOSBIBKII# THYI SKIJH# THSIPKII#KA#Y

1 HMUO#K#%I1kIJ# T#SISKIIH#K#SKI

L "72)(#SU#HK#YAH#HM SUO#K#%

1 L61S4#UJ#KH#HM SN B SOHMU Qdetk# %o

A b+ A#SH23#UH (#)A(/,A0#3(>(23(27]



Example of Covariance

A 1:2=T73(#, AAT2E#B73(3#37(
| (CHT237)/%;,# 61, TI@AHSHKASHT ?#, AAH T=#SA# 144, #
| CHT237)/*: 161, TI@AHURKHSHT 2#, AA# T=#HA#DA#P At 1
A miHT=#1,61S4#UJ]
| HMSO#K# 1K #2341 #HMUO#K# 1K
| HMSUCK Y Y Xy p(X, )
K##)f(l%;y#g#%J#T#I%#g#$kIJ#T#I%#g#$kIJ#T#I$#g

1:61S4#U J#K#HMSN B SOHMU O#KEMSEH KBK &

L 12=73(, X# _ISHKA#SIHKALKIFH#23H##H  |SHKESHNHUHKHS.
o 0@=(,672E#U#KHSH</p(=#SHIKESATP(AD



Another Example of Covariance

n 2=73(#(#7?,AA;872E#3/*/X

Weight Height Weight * Height

64 57 3648
71 59 4189 "

53 49 2597 &

67 62 4154

39 51 2805 + 7

58 50 2000 < ¥

7 55 4235 3

57 48 2736 ’

76 61 4636 )*+,-

° /76 1:6IMAHY IHKHHMMOKBAIMOHMYC
E[W]  E[H] E[W*H] K#IPPRCIN I-1IRQPJIP1RQP.

= 62.75 =52.75 = 3355.83 K#DPRQQ



Properties of Covariance

~ "IOHSHI23#UA(#],@ 7*,/,0#,/23;<#6/,7/@A(=
I Cov(X,Y)=Cov(Y,X)
1 Cov(X, X) = E[X?] - E[ X]E[ X] = Var(X)
I Cov(aX +b,Y)=aCov(X,Y)
~ L6 TI2)(#;2H=+<=#;?#,/123;<#6/,7T/ @ A(=
| SgdA#AH#eAHSI23H Ud i\ A A ) |, (#,/123,<#6/,7TI@A(=

lCO\Pg X, I Y, o _I I CouX,.Y))
=1

j
=1 H =1 j=1



Variance of Sum of Variables

Var% X*dls | Var(X)+2| | Cov(X;, X)

&.I =1 # =1 =1 j=i+1
12X
(2X ) COV(ZX ) h;*(X Cov(X, X) =Var(X)
:! | Cov(X;, X;)

i=1 j=1



Variance of Sum of Variables

=1 I Cou(X,.X))

i=1 j=1




Variance of Sum of Variables

=1 I Cou(X,.X))

i=1 j=1




Variance of Sum of Variables

=1 I Cou(X,.X))

i=1 j=1
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Variance of Sum of Variables

=1 I Cou(X,.X))

i=1 j=1
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Variance of Sum of Variables

=1 I Cou(X,.X))

i=1 j=1

N 4 4 42
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Variance of Sum of Variables

Var% Xi$=! Var(X;)+2] 1 Cov(X;,X))
A &=t H# s i=1 j=i+l

L a?2X
Var(i X, ) = Cov(i X, i X, ) h;*(X Cov(X, X) =Var(X)

=1 | Co«X,X))
i=1 j=1

\ X bO#=0<<(*,0X
= : X.. X. ,
ZV&T(XJ"'Z COV( i o J) COV(Xi,Xj) :COV(Xj,Xi)

j=LJ=i
=1 var(x)+2l | CouX,X,)
i=1 i=1 j=i+l o )
! F?#/AA#ZS#SJ- 723(>(23(2*#|i¢jJ>¢##r% Xl.ﬂsz! Var(X,)
&=1 #H =
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Hola Amiga: La Distribucion Binomial

A (HUHa#RD 721244#>]
| N 723(>(23(2*#*,7IA=
| (H#S  KESHTBH#E TIAR T=H#q=+))(==rd#%# *:(,87=(
S, a#tb(,1>J HM®#K#>
| LLIUI#K#HLLS GI#HTHL IS I#THRRRHTHLY IS
L LIS I K#HHMEMIHM S
KEHMOHIHMEY]  =72)(#S° K#S
K#>H > K#>ISM >J
| LLIUIHKHD IS JHK#H2>I1$H>T



Any Indication of Similar Funk?

A (D 123H] @ (HT237)1*: =#?; #(6(2*=HCH#23H0

#1 if A occurs / _#1 if Boccurs

]A — . 5 = -
10 otherwise 10 otherwise

HNAO#K# ICIAHHHOMKY |bIAHHIONKH Icb)
16 Il Ig)  KHEHM O¥HNOH#HID
K# IcbJM _Icd IbJ
K# Ic#n#b] 1bBE Ic] 1bJ
K# 1bIM_IcH#n#NI#cIO
6 11, IoJH#3(*(,<72(3# @O0# I|cHnHBIAC]
IcHn#bIHSH |cI## ol , | IHSHY
| ICHNHDIHKH ICHE 0|, I JHKHY 1123#1:6 11 ,, 1oJH#KHI6]
| ICHNHDIRE I ol ,, 1o IHH#Y
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Machine Learning Example

n U +HB 278, #p2, 88* . (#*,+(H<(/2#/23#6/,7/2)(#,?#
[>>T72(==H#H72+*:/2
| b+*#0;+#)/2Z2*#/=p#(6(,0;2(R
1 5/23;<A0#=/<>A#1%%#>(;>A(R
L U+ #3MRA; p=#ATp#H*:7=X

Y/>>72(==#K#UQL4#CPA#Q&EA#ESAH-CAHHAHQSY

L OI(H<(2#;?2#AAR 28, =(#2+<@(,=# T=#HCIR#F=#*.[*#*.(#*
[6(,JEF# :/>>T2(==#;?#b:+*[2(=(#>(;>A(]



Sample Mean

A 12=73(# n 123;<#6/, 7/ @ A(=HSAHAH#RRRHAS

L S; [,(#IAA#T23(>(23(2*A0# [23#73(2* 7)IAAO# 37=*,7@+*(3
YI6(#=/<(#37=*,7T@+*7;2#?+2)* F-AR3HHM D #Ki#
L m(#)/AAH=(d+(2)(#;?#S/HEsample ?,,<#37=*,7@+* F2#

esA@<(2X x=1 K

i=1 N

<>+ E[X]
x)-e[$ %] e x)
=20 EX =21 == u
N = Nz n

X 7=#qQ+2@7/=3r# (=*7</*(#;?¢E] X] = )



Average Happiness
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Sample Mean

Average Happiness
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Sample Variance

~ 1:2=73(,;# n FRFRIR#,/23;<#6/,7/ @ A@#HSAHRRR#S
| S; J6H3T=* 7@+ 7 PB7T*#HMO#HKH23#L/ IS J#HKHF
L m(#)/AAH=(d+(2)(#;?#S/HEsample ?,,<#37=*,7@+* F2#
| 5()/AA# :/<>A(#<(/2X#ﬁ###ﬁr%b¢#######@ﬁgﬁ%m(

i=1

| I<SAHB(67/*T; 2XBEUMHIHHHHHIH?  #THKH#SAH1AH#RRRAH

n n y\2
 <>A@eLL 72X s2=1 iTX)
- n' 1
M #T7=#HSAO]
| HNO#K#

M(H#=I0#" 1 T=HQ+2@7/=(3# (=*T</*(ri>#



Proof that E[S?] = o2 (just for reference)

fs7=Eg) Yo 1)E[S2]=E§n (X, X))

et N 1

(" DEIST =BG (X" X =Eg (%" @)+’ XYY
=ed o (e X 0 e X

Bl (X e X720 0( 0 )

%(x W +n(ut Xy 2 XX @y

éa{ (X! a)* ! n(u! X) _( E[(X; ! u)°]! nE[(u! X)?]
n/ " nvar(X)=n/*" n/—nz—n/2 /2=(n"1D/°

" A#HNSLO#iGH
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Probability Density

00)
w

Happiness of Bhutan

M. *H#T=H#*.(#>,,@/@TAT*O#*.[*#/
D:+*2(=(#>((>HT7=#W+="#=* [TE:*#+

A:BT2EH#AT?(]

61

83
Happiness
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Variance of Sample Mean

~ 1:2=73(,;# n FRFRIR#,/23;<#6/,7/ @ A@#HSAHRRR#S
| S; J6H3T=* 7@+ 7 PB7T*#HMO#HKH23#L/ IS J#HKHF
L m(#)/AAH=(d+(2)(#;?#S/HEsample ?,,<#37=*,7@+* F2#
| 5()/AAH :/<>A(#<(/2X#ﬁ###aéjw#######@ﬁgﬁ%m(

| MNHET =R R ]
Var(X) = Var% X# §4#2Var§" Xﬁ

%-1 n" oy %-1

—O/fr ( Var(X,) =
&n#

/ 2

n

(=
&n#- &n#



Standard Error of the Mean

Var(X) = Var% % #—

& vad' x I -

%< N " OB Ye=1 n
2
O
Var(¥®) = —
n
3 S? Since S, is an
- unbiased estimate
(N
. S2 Change variance to
Std(O0) = Y standard deviation
1
450 The numbers for our
— g Bhutanese poll
200 i
=1.5 Bhutanese standard

error of the mean



Average Happiness
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Knowledge Tracing

Given n historical answers:
OO & O ®

Answer is a fuple: Predict the
= {g,a} next one

7 1

Question Correct
id or not




Synthetic Data

X+(=*7;2#$ X+(=*7,;2#P%

@ @ O @ @
e
) O @ @ @
@D

k) O O O O

HY):#d+(=*T:28):, (=>:23=#5#:2(#:2# N );2)(>*=RH#5(=+A*=#@/=(3#;2#F59#<:3(A



Machine Learning Example

~ U+ [6(##<)). 72(#A(/,272EH#H/IAE;, 7*<R
| U +#)/2#,123;<A0HE(2(,/*(# 72> +*#3/*/=(*
L\ () HT2> 4+ 35=(#0+#)12#<(/=+,(#/))+,/)0

| HO G (H:H* OHT22727*(# ([>(, 7<(2*=#*#p2;8#0;+ #*, +(
16(,/E(#1))+./)0]

C))+,)7(=#K#U%R @EY%RCP4#%RQ&A#%RESAHYR-C4



ltem Response Theory Data
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ltem Response Theory Data

Test Accuracy

0.85

=
9
Ln

0.65

0.55

f\ N
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1
Oy i
M,
e
I “hogy
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Viva La Correlation

N IOHSHI23HUH] (#],@T* 1, 0#,123;<#6/ TI@A(=

b (AR 28 2#SH23#UAR3(2;* (35 (X, Y)X
1(X.Y) = Cov(X.,Y)
\/ Var(X)Var(Y)
h;*(X#& p(X, Y) = $#
L LA 28 <(I=+,(=# . AT2(/, 7@ (*8((2# S#/23#U
L p(X, Y) K#S = UHKEB TH@###8:(,(#IHdo;
L p(X, Y) KB = U#KB THQ###H#S.(,(#/HRYlo;
1 p(X,Y) K& = 1@=(2)#;?#A72(/, ,(AXT7;2=7>
o DH*AHSHI2IHUR)2H=*TAAH @ (#, (AI*(3HT2#=;<(#:*:(,#8/0j
L FEX, YY) K#%A#8(#=/0#S#/23#U#/,(#q+2);,,(A/*(3r
o h*(X#F23(>(23(2)#T<>AT(=#+2):,,(N*(34# @ abt 67)(#6(,=/]
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