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Today’s Topics

Last time:
Conditional Probability
Bayes Theorem

Today:
Independence
Conditional Independence

Next time:
Random Variables




The Tragedy of Conditional Prob

BCOM

WHOA! WE SHOULD GET INSIDE!

af B ITS OKAY! LIGHTNING ONLY KILLS
e, ABOUT Y5 AMERICANS A YEAR, SO
THE CHANCES OF DYING ARE ONLY
ONE IN 7000000. LETS GO ON!

o)

-y

THE ANNUAL DEATH RATE AMONG PEORLE
WHO KNOW THAT STATISTIC 1S ONE. IN SIX.

"H$%& (%)*+"™ hitp:/ixked.com/795/



A Few Useful Formulas

. - #$0'121$3&'4'#$*'56

784’59 :'785'49

78459 :'784'?7'59'7859
7857497849

784'5)9' :'7849' A 78459

78459 C'7/849'D'7/85AE

8;.<<=3#3>2>309

8:"#>%'/=@19

8B$31/&1)3>.$9

85.$F1//.$>9



Generality of Conditional Probability

- [#$0'121$3&'4G'5G #$*HG'0.=)#$).$*>3>.$
).$8>831$3@BIG'H#$*'3"1&1F./<=@#&'&3>@@".@

784'5"?"H9":"785'4"?'H9

784'5"?"H9":"784"?'5'H9'785'?'HI
7857?'4H9'784'?'H9
/85"?'H9

784"?'5'H9": 85#01&!"<J9



BAE’s Theorem?

I8a75Hy: 18574 H9784'2'HY
785"7'HO
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Generality of Conditional Probability

- [#$0'121$3&'4G'5G #$*HG'0.=)#$).$*>3>.$
).$8>831$3@BIG'H#$*'3"1&1F./<=@#&'&3>@@".@

784'5"?"H9":"785'4"?'H9

784'5"?"H9":"784"?'5'H9'785'?'HI

(857?7'4AH9784'?"HI
/85"?'H9

. #3'3">8% . FH'#&KL21/03">$L'0.="#@/1#*0'%S$.NI

, - /<E@@OG¥P'HI'&#3>&F>1&'O'#(>.<&" . F'P/.Q#Q

784"?'5'H9": 85#01&!"<J9



Our Still Misunderstood Friend

R.@@'3MES*1%*>)1G'0>1@*>$L 2# @=4%W |,
1 W13'H'Q1'121$36 UE
1 W13'-'Q1'121$36\LU'E'

. X"#3>&'7T8HI9G'78-9G'#$*"78H-9Y

1 /8HI9'EZLSG"'78-9"'EZSG"78H-9'EZOS

1 /8H-9"'/8H9/8-9 " H'#3*-' "#$%$'#3"&

. WI13TQ1'121$36'UD'Uy, :'\""  18EG"9G'8VG'09G'80OG'VIG
, X"#3'>&'78HI9G'78[9G#$*'7T8H[9Y

1 78H9"'EZSG"'78[9"'""Z0OS":'EZ G"78H[9"'EZOS

| 78H[9 ! 78H9'78[9 " H#$*[  #$%$"#$"&




Independence

IM."121$3&H#$*-"#/1VH#@@1*!"#3%$"#$"& >F6
/8H-9":"78H9'/8-9

a/G'1b=>2#@1$3@0678H'?'-9":"78H9

, a3"1/M>&1G'3"10'#/1")# @ @H%$"#$"& 121$3&

"/11'121$3& HG-G#$*[>$*1P1$*1$3>F6
78H-[9"'78HO'78-9'78[9G 'H#$*
78H-9":'78H9'78-9G #$*
78H[9':'78HO'78[9G #$*
78-[9':'78-9'78[9




Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

- 7/..F6 We want to show

78H'-)9' that this Is equal
to P(E)P(F)



, []..F6

Independence
. [>21$>$*1P1$*1$3121$3& H'#$*'-G'P/.21'3"#3'H’
#$*'- © #/1'>$*1P1$*1$3

Since P(E) =
78H'-)9 '78H9'A 78H-9 P(EF) + P(EF)



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

, []..F6

78H'-9' '78H9'A 78H-9 Since we are told

'78H9'A 78H9'78-9 E and F are
iIndependent



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

, []..F6

78H'-9' '78H9'A 78H-9
'78H9'A 78H9'78-9
"7/8H9'cEA 78-9d Factoring!



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

, []..F6

78H'-9' '78H9'A 78H-9
'78H9'A 78H9'78-9
'78H9'cEA 78-9d

178H9'78-)9 Yep, that ©the

complement



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

, []..F6

78H'-)9' '78H9'A 78H-9

'78H9'A 78H9'78-9

'78H9'cEA 78-9d

'78H9'78-79
e.G'H#$*- ) >$*1P1$*1$3G' ><P@0>$L'3"#36
78H'?'-9"'78H9':'78H'?'-9



Independence

- [P21$>$*1P1$*1$3121$38& H#$*-G'PL.21'3"#3'H’
#SY-  #I1>$*1P1$*1$3

, []..F6

78H'-)9' '78H9'A 78H-9

'78H9'A 78H9'78-9

'78H9'cEA 78-9d

'78H9'78-79
e.G'H#$*- ) >$*1P1$*1$3G' ><P@0>$L'3"#36
78H'?'-9"'78H9':'78H'?'-9

B$3=>3>21 @0G>F'H'#3*-'#/1">$*1P13*1$3G%S. \
M"13"1/-". @*&'L>21&'=&'$.">$F./[<#3>.$'#Q.=3'H



Generalized Independence

 [1$14#@*1F>$>3>.$ . FB$*1P1$*1$)16
H21$3&HG'N GIIIGHL'>$*1P1$*1$3>F'F./'121/0
&=Q8&13M>3"/1@1<1$3&'8M"1/1'9'>3" . @*&'3"#3¢

P(EE,E,..E.) = P(E)P(E,)P(E,)..P(E,)
, HE<P@®K'.=3).<1&'.F' " &1P##31F@>P&' . F'#').>%

#I1'F@@">$*1P1$*1$3 . F.$1%#$.3"1/
| H#)"F@>P'>$'3">&")#&1'>&' ) # QRDINE'3"1'1(P1/><1$3




Two Dice

R.@@'3IMEBS*1**>)1G'0>1@*>$L"2# @=&&W \,

1 W13'H'Q1'121$36 UE

| W13'-'Q1'121$36\L'S'

L 4/1H'#$Y-'>$*1P1$*1$3Y gl&+

, W13TQ1'121$36'UD'U,, :'f

| ATHHES>$F1P1$+1$3Y gl&+

1 78H9"'EZSG""78[9".'EZSG""78H'[9".'EZOS"c/.@@'8EG'S
L 4/1-#EF > 1IP1$*1$3Y gl&+

1 78-9"'EZSG"78[9''EZSG""78-T9"'"EZOS"'c/.@@'S8EG'S9
L A/1I'HG-"#$Y[>$*1P1$*1$3Y h.+

1 78H-[9".'EZOS'! EZVES':"8EZS98EZS98EZS9



Generating Random Bits

- 4Y).<P=31/P/.*=)1&#&1/>1&" F'/#$*.<Q>3&G'
M>3""P/.Q#Q>@BWP/.*=)>$LH#'EJ
| HA)"Q>3'L1SLH31* >&HS >$+1P1$+1$3' 3/>#@
1 H':'F>/&3' Q>3&'#/11IEG'F.@ @ .M1* QO'#'&>$L@1'I
1 X"'#3'>&'78HIY

. e.@=3>.%

| 78F>/&3EI&9 :'78E&3Q>3:E9'78VQ>3:E9'JJJP8P®>3:E9
'p ¥
| 78Y() Q>3:i9'"8EA P9

| 78H9':'78F>/&3EI&9'78() Q>3:i9':'P® 8EA P9



Colin Flips

 e#0'H).>$).<1&'=P"1#*&M>3"P/.Q#Q>@>30'P
L HH)") >SS F@>P'>&'#$'>$1P1$*1$3' 3/>#@

. 78 "1#+&'$ " ) >SF@>P&IHP
- 78" 3t>@&"Y.>$ F@>P&9:BPY

, 78F>/&3'1#*&G'3"1$m+’ *+$#>@8@«(|1| p)n!k

 781(H#)3@0"1#*&'.$ " ).>$F@>P&I":Y



Explain...
A0

781(#)3@0"1#&'.$ " ).>$F@>P&IY %/ﬁ p“@! p)"~
H

">$%" . F'3"I'F@>P&#&" /*1/1*6

al*1/>$L'E6''G'|GG GG k] ") >$ F@>P&#/1"

a/*1/>$L'V6'iGIG GGG k) >$*1P1$1$3+

4578, Sk P(F)=p‘a! p)*

WI13I&'<#%1'1#)™ .[*1/>3L M>3* ' 1#*&'#35'121$3K' -

781(#)3@0"1#&'.$ " ).>SF@>P&9':"78#$0".$1' . F'3"1'121$3¢
781(#)3@0"1#&'$ " )>$F@>P&I:"T8S- [ KO
" &1'121$3&'#/1'<=3=#@@0' 1) @=8&>21+



.<1%$3".F';/0&3#@ @>m#3>.%
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COMING SOON

#BATMANVSUPERMAN
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Add vs Multiply

VS X



Add vs Multiply

7/.0#0>@>3>1&

multiply
)
P(AB) Generally: P(A)P(B|A) Z
Independent: P(A)P(B)
P(A# B) Generally: P(A) + P(B)bP(AB)
Mutually Exclusive: P(A) + P(B))j

add



Add vs Multiply

. =$3>L
multiply
)
AthenB Generally: Not handlecy
Independent: |Al||B]
A# B Generally: |A| + |B|D|AB]
Mutually Exclusive: |A| + |B] ﬁ

add



h1(3'=Pk



And vs Condition

F(ABB V5 P@‘\@

P(AB)=P(A|B) P(B)



Hash Tables

. &3PPL&#/1MH&"1*'8=$1b=#@ @ 09>$3.'"#H"#&"
3HO@1'MS3II=)%13&

| HA)"&3/SELHE 1M >&HS >$F1P1$*1$3' 3/5#@ G M>3"
P/.O#Q>@>3FP133>$L""#&"1* 3.'Q=)%18'

| HH3 @1#&3'.$1'&3/>$L M #&" 1% 3.'F>/&3'Q=)%13

| X"#3'>&'T8HOY

. e.@=3>.%



1'3"1")"#@ %' Q. #/*+



Yet More Hash Tables

. &3/ >PLEH/1M#&"1*¥'8=$1b=#@ @09'>F3.'#"#&"'3#
M>3" Q=)%13&

| H#)"&3/>$LHE 1 >&'HS >$*1P1$*1$3' 3/>H@ G M>3"

P/.Q#Q>@>3F'P133>$L "#&"1* 3.'Q=)% 18"

L H'' 43' @1#&3'EQ=)%13&'E'3."#&' C'E'&3/>$L""#&"1*'3.">"
e.@=3>.%

- H3@1#&3.$1'&3/>SL M HE 1 >$ER ™M Q=)%13

| 78H9' :'78- #- #k #-.9"E' AT88-# - # Kk #-.99

'E'A78- P - k -J9 8ULL/L#$ & WHMO
L 78 ¢ - k -)9:78%./&3/>$L&"#&"1*3.'Q=)%13&'E'3*9
'8E'AP- AP, Ak A P.9
. 78H9' :'E' ASEAP:AP,AK' A P.9




No, Really, More Hash Tables

. &3/ FLEH/I"#&"1*'8=$1b=#@ @09'>$3.#"#&"'3#
M>3" Q=)%13&
| HA)"&3/SELHE 1M >&HS >$F1P1$*1$3' 3/5#@ G M>3"
P/.O#Q>@>3FP133>$L""#&"1* 3.'Q=)%18'
L HY HA".F Q=)%13&'E'3."#&'C'E'&3/>$L"#&"1*3.'>3

. e.@=3>.%

- H3 @1#&3.$1'&3/>$L M HE 17 >$B3 Q=) %13
. 78H9" :'78- .-k -.9"'E'A788-- k -.99
'E'ATS P # - )#k # -9 BULL/L#$S &' WHM
'E' AP&I él I ("D 1 P(F°F°..F°)
i=1

|l< <I

M"1/1 P(F ,1 F, ...F,r) (1! p,ll p!..t p)"



Sending a Message Through Network

- $&>*1/3"1'F.@@.M>$L' PHH#@@1@'$13M./%6
4
4 di ﬁ 5

!
" >$FIP1$A1$3' . =31/&G 1#)" M>3"P/.Q#Q> @80
F=$)3>.$>$8M"1/1'E" 1" "9
1 H''F=$)3>.$#@'P#3"F/.<'4'3.'5'1(>&3&J"X"#3'>&'78HIY
. €.@=3>.%36
1 78H9" 'E' AT8#@@'/.=31/&'F#>@9
'E" ABEA %98EA %9k8E'A %9
:l 1|| ! (1" pl)

=1




7"1Mk



V'<SEPLIML.L>)H@'P#=&1






Digging Deeper on Independence

. R#@@G'3M.'121$3&H'#$*-"#/1)#@ @ 1*
>$*1P1$*1$3>F

/8H-9""78H9"/8-9

C BFH#S*-'#/1'>$*1P1$*1$3G*.1&'3"#331@Q @ '=&'
M"13"1/3"1F.@@.M>$L">&'3/=1"./'.36
78H-"2'[9:'78H'?'[9'78-"?'[9G'
M"1/1>& H#SHQ>3/#0'121$3Y

, B$'L1IS1/H@Gh.+



Not So Independent Dice

. R.@@'3MES*1**>)1G'0>1@*>$L'2#@=48W |,
1 W13'H'Q1'121$36 UE

| W13'-'Q1'121$36\L'S'

| W13['Q1'121$36'UD'U,, :'f

. H#S*-'#/1'>$*1P1$*1$3

| 78H9"'EZSG"78-9"'EZSG"78H-9'EZOS

. h.M").$*>3>.$'Q.3"H'#$*-'.$'[6

| 78H?[9"'EZSG"78-?[9"'EZSG" 78H-?[9"'EZS

| 78H-?[9'! 78H?[9'78-2[9 " H?[#S-7[ #3%$'H#$'&
, B$*1P1$*1$3'121$3&)#$'Q1).<1*1P1$*1$3'Q0'
).$*>3>.$>BL  $H**>3> . $H@ >SF./<#3>.$




Explaining Away

e#0'0.="#21'#' @H#MSP
| B3'L13&'M#31/1*QO'/#>$ /'&P/>$%@1/&
| 781#>$9'#$* 78&P/>$% @1/&'M1/1 . $9'#/1'>$*1P1$*1$3
| h.MG'0.=").<1'.=3&>*1'#$*'&11'3"1'L/#&&'>&'M13
o 0.='%$.M'3"#3'3"1'&P/>$%@1/&'M1/1'.$
o U.1&'3"#3'@.M1/'P/.Q#Q>@>30'3"#3'/#>$'M#&#=&1"' . F'M13'L/#¢
L 1"SE P LS. <1$# >&H@ @I (P@#>$>$L' #NWO
o a$1)#=&1'.F'#%$'.Q&1/2#3>.$'<#%1&".3"1/)#=&1&' @1&& @>%1@



Explaining Away
eP/>$%@1/& R#>$

C 3
% N
% C

A

WHMS'>&'M13




Explaining Away
eP/>3%@1/& R#>$

C 3
% N
% C

4

WHMS'>&'M13




Explaining Away

eP/>$%@ 1/ Ri>S

C 3
% N
% C

WHMS'>&'M13




Explaining Away
eP/>3%@1/& R#>$

C 3
% N
% C

4

WHMS'>&'M13




Explaining Away

eP/>$%@1/& R#>%$

C 3
% N
% 3}

A

WHMS'>&'M13




Explaining Away

eP/>$%@1/& R#>$

C 3
% N
% C

WHMS'>&'M13



Conditioning Can Make Independence

LSE&S*1/# [#$*.<@0)".&1$*#0".F'3"1'M11%
1 W13'4'Q1'121$36'B3>&'$.3'.$*#0
| W13'5'Q1'121$36'B3">&'e#3=/*#0
1 W13''Q1'121$36'B3'>&'3"1'M11%1$*
. AHSFSH/L1*F1P1$*1$3
| 7849':'SZfG"'7859"'EZfG"'78459"'EZf'l 8SZfISEZf9
h.M").$*>3>.$'Q.3"4'#$*'5".$',6
| 784?;9"'EG"785?;9''EZVG"'78457:9"'EZV
| 78457;9': 7847:9'7857;9" 472;'#$*572: 1"#$%$'#$'&
. U1P1$*1$3'121$3&)#%$'Q1).<1>$*1P1$*1$3"Q0’
).$*>3> $>FL . $'H**>3> . $H@ >PF./<#3>.$




Conditional Independence

, IMU121$3&'H'#S-"#I1)H@ @ 1*'("#1&! (") **+,

"#3%3"#3"&,-1.%9"/  G>F
78H-'?'[9"'78H'?'[9'78-"?'[9
a/G'1b=>2#@1$3@06'78H"?"-'[9":'78H'?'[9




NETELIX



Netflix and Learn

X"#3'>8'3"1'PL.Q#HQ>@>30 D i« &
3HIH=1IM>@@ @>% WREE " A
W>F1'>&'51#=3>F=@Y # ’

P(E)

n(E) i people who liked movie
n  # people who watched movie

P(E) = lim

P(E) = 50,234,231 / 50,923,123 = 0.97



Netflix and Learn

ALBREY TAUTOU T Marme Kassovnz

W>F1'>&'51#=3>F=@G'L>2 th M
3"10'@>%1*4<1@>1Y =~ &

T R

P(E|F) BALTIL R

Le Fabuleux g Destin 2
'V %ﬁgﬁl@ Poulain

e im i JINN-PIRRE JEINET

people who liked both
P(EF
P (E “:) — ( ) _ people who watched both

P(F people who liked amelie
( ) people who watched amelie

P(E|F) = 0.99



. $7>3>. 517 .5 @>%>$L'#'&13' . F'<.2>1&Y



Netflix and Learn

Each event corresponds to liking a particular movie

NAIROBI HALF LIFE

Q

iﬂm W
Sx

P(E4|Eq, Ep, E3)?



B&'H >$*1P1$*1$3'.F'HGKGKHY



Netflix and Learn

B&'H>$*1P1$*1$3. FHGKHGHY

NAIROBI HALF LIFE

g x‘ﬂaw W)
\;E\"l'i '

P(E4|E1, Ep, E3) 2 P(Ey)



Netflix and Learn

, X"#3>&'3"1'P/.Q#Q>@>30'3"#3#'=&1/'M#3)"1*'F.=/
P#/3>)=@#/'<.2>1&Y
 1"1/1'#/1'EOGIii'3>3@1&".$'h13F@>(
1 1"1'=&1/'M#3)"1&'Oi' /#$*.<'3>3@1&
1 H''<.2>1&'M#3)"1*>$)@=*1'3"1'L>21$'F.=/]

’ e'C@:3>'$Q/atchthosefour Chto'oirelm rpovies
not in the se
Y 4t 12996 ¢

— 4 24n  _4A! 11
P(E) 3000 10

30

e

Choose 30 movies
from netflix



Netflix and Learn

ALBREY TAUTOU e MATRER KASSONIT7

NAIROBI HALF LIFE

) fmw i
»f;g"lli

L Fabuleux 4 Distin )
0 Uﬂ?}g? géfﬁg Poulain

toe fom oo JEAN-PIRRE JONET




Netflix and Learn

K1
Like foreign emotional comedies

NAIROBI HALF LIFE

2 iﬂa W
%\' ‘l’

Assume E, E,, Egand E are conditionally independent given K



Netflix and Learn

K1
Like foreign emotional comedies

NAIROBI HALF LIFE

2 iﬂa W
%\' ‘l’

E,

Assume E, E,, Egand E are conditionally independent given K



Netflix and Learn

Ky

Like foreign emotional comedies

NAIROBI HALF LIFE

2 iﬂa W
%\' ‘l’

E,

Assume E, E,, Egand E are conditionally independent given K



Netflix and Learn

Ky

Like foreign emotional comedies

NAIROBI HALF LIFE

uHah ek

BEAUTIIU[ * “' ' e ) o s g x'“f: W
O UMEENG 7itain ‘y
i \ f,..,L.,Ju\).le Jonet l

E,

Assume E, E,, Egand E are conditionally independent given K



. $*>3>. $H#@ > 1P1$* 1)1 >&'#
P/#)3>)#@G'/1#@'M./@*'M#0'.F’
*1).<P.&>$L"#/*'P/.Q#Q>@>30"
h=1&3>.$&J'



Big Deal

KH(P@.>3>$L').$*>3>.$#@' >$*1P1$*1$)1'3."
L1$1/#31' F#&3'PL.O#Q>@>&3>)').<P=3#3>.$& >&".$1
F'3"1'<#>$).$3/>0Q=3>.$8" 0" #&' <#*1'3.
P/.Q#Q>@>30'3"1./ON

T=*1#"71#/@'M>$&'VIEE'I=/>$L'AM#/*G1'+
23"#4.$"845+61"&'173&!1"8+&1+4'&12!6!45+!"&$5519%"6$+ &:'139:+
&:$+#$;$51%.$"&+12+4+64563538+21'+%0'1 7471518816+ 4"#+643845+
'$481"1"9<



H(3/#'Pl.Q@1<'L>21%$'3><1



Reminder: Geometric Series

C [1.<13/>)&1/>1&6X° + X +X°+ X +...+ X" =1 X
=0

, BE'>&'L/1#31/3"#$1#I*" @ 1&&'3"HI'EL

C<0.= “H@)=@#3>.$RIF1/1E) 1S =36



Simplified Craps

IM.'S &>*1**>)111P1#31*@07.@@1*"8/.@@':'>%$*

H\'>&'/.@@1* Q1F JI'#F>&'/.@@1*

1 X"#3">&'78H9Y

e.@=3>.%
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