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Independence

A

B

AB

S

P (AB) = P (A)P (B)

|AB|
|S| =

|A|
|S| ⇥

|B|
|S|

1+&(,(+&(+-(%2(3*+*$*'+%45

1+&(,(+&(+-(%2(3*+*$*'+%65
P (A|B) = P (A)

|AB|
|B| =

|A|
|S|



Independence?

A

B

S

P (AB) = P (A)P (B)

|AB|
|S| =

|A|
|S| ⇥

|B|
|S|

1+&(,(+&(+-(%2(3*+*$*'+%45

0



Independence?

A

B

S

AB

1+&(,(+&(+-(%2(3*+*$*'+%65

P (A|B)
?
= P (A)

|AB|
|B|

?
=

|A|
|S|

1

2
6= 2
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Friday Night Fever
J K',9.#$*'+%'3%4LMLLL%,(',.(D%

§ N3%$"')(M%OLL%"#P(%H#.#8*#%Q(P(+$%HA%#+&%6LL%"#P(%
=#-$(8*#.%1+3(-$*'+%Q(P(+$%=AD%R%,(',.(%"#P(%:'$"D

§ S#P(%F(P(8%*3%#+&%'+.;%*3%;'9%"#P(%H#.#8*#%'8%=#-$(8*#D%

§ T8(%H%#+&%=%*+&(,(+&(+$0

J U'.9$*'+5
§ KQHA%V%OLL%>%4LMLLL%V%LDLO
§ KQ=A%V%6LL%>%4LMLLL%V%LDL6

§ KQH=A%V%R%>%4LMLLL%V%LDLLLR%
§ KQHAKQ=A%V%LDLLLR%

§ KQHAKQ=A%V%KQH=A
§ 1+&(,(+&(+$



Friday Night Fever
J K',9.#$*'+%'3%4LMLLL%,(',.(D%

§ N3%$"')(M%OLL%"#P(%H#.#8*#%Q(P(+$%HA%#+&%6LL%"#P(%
=#-$(8*#.%1+3(-$*'+%Q(P(+$%=AD%R%,(',.(%"#P(%:'$"D

§ S#P(%F(P(8%*3%#+&%'+.;%*3%;'9%"#P(%H#.#8*#%'8%=#-$(8*#D%

§ T8(%H%#+&%=%*+&(,(+&(+$%?*P(+%F0

J U'.9$*'+5
§ W'$#.%,(',.(%7*$"%F(P(8%V%6LLXOLL%Y R%V%Z[Z%
§ KQH\FA%V%OLL%>%Z[Z%V%LDR4

§ KQ=\FA%V%6LL%>%Z[Z%V%LDZL
§ KQH=\FA%V%R%>%Z[Z%V%LDL46%

§ KQH\FAKQ=\FA%V%LD66Z%
§ KQH\FAKQ=\FA%]%KQH=\FA

§ @'+&*$*'+#..;%&(,(+&(+$



Conditional Dependence

4LLLL%,(',.(
=



Conditional Dependence

OLL%"#P(%<#.#8*#
KQHA%V%LDLO



Conditional Dependence

6LL%"#P(%:#-$(8*#
KQ=A%V%LDL6



Conditional Dependence

R%"#P(%:'$"
KQ=HA%V%LDLLR



Conditional Dependence

13%7(%-'+&*$*'+%
'+%=M%$"(%)#<(%
8#$*'%'3%,(',.(%
"#P(%<#.#8*#

P(M|B) = 6/200 = 0.03
P(M) = 300/10000 = 0.03
P(M) = P(M|B)

That’s the math 
definition of 
independence



Conditional Dependence

R%"#P(%:'$"
P(BM) = 0.006



Conditional Dependence

13%7(%-'+&*$*'+%
'+%HM%$"(%)#<(%
8#$*'%'3%,(',.(%
"#P(%:#-$(8*#

P(B|M) = 6/300 = 0.02
P(B) = 200/10000 = 0.02
P(B|M) = P(B)



Conditional Dependence

Malaria (M) Bacteria (B)

Fever (F)

^W"*)%*)%#%_-#9)#.`%&*#?8#<D%1$%"(.,)%(a,.#*+%7";%$"*+?)%#8(%*+&(,(+&(+$

P(F|M) = 1 P(F|B) = 1



Conditional Dependence



Conditioned on Fever

13%7(%-'+&*$*'+%'+%FM%
7(%#8(%.(3$%7*$"%'+.;%
$"(%,(',.(%7"'%"#P(%
<#.#8*#%#+&%:#-$(8*#



Conditioned on Fever
P(B|F) = 200/494 = 0.40
P(M|F) = 300/494 =  0.61
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Conditioned on Fever
@'+&*$*'+(&%'+%F(P(8%X%H#.#8*#%

P(B|MF) = 6/300 = 0.02 
P(B|F) ≠ P(B|MF)

P(B|F) = 200/494 = 0.40
P(M|F) = 300/494 =  0.61
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That’s the math definition 
of conditional dependence

W()$%)"'7)%
H#.#8*#



W()$%)"'7)%
=#-$(8*#

Conditioned on Fever
@'+&*$*'+(&%'+%F(P(8%X%H#.#8*#%

@'+&*$*'+(&%'+%
F(P(8%X%=#-$(8*#

P(B|MF) = 6/300 = 0.02 
P(B|F) != P(B|MF)

P(M|BF) = 6/200 = 0.03  
P(M|F) ≠ P(M|BF)

P(B|F) = 200/494 = 0.40
P(M|F) = 300/494 =  0.61
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13%7(%-'+&*$*'+%'+%FM%$"(%
(P(+$)%:#-$(8*#%#+&%<#.#8*#%
:(-'<(%&(,(+&(+$%

That’s the math definition 
of conditional dependence

W()$%)"'7)%
H#.#8*#



Conditional Dependence

Malaria (M) Bacteria (B)

Fever (F)

^W"*)%*)%#%_-#9)#.`%&*#?8#<D%1$%"(.,)%(a,.#*+%7";%$"*+?)%#8(%*+&(,(+&(+$

P(F|M) = 1 P(F|B) = 1



Parents With a Common Child

U#;%$7'%*+&(,(+&(+$%,#8(+$)%"#P(%#%-'<<'+%-"*.&5%
!"(+%-'+&*$*'+(&%'+%$"(%-"*.&%$"(;%#8(%+'%.'+?(8%*+&(,(+&(+$
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House Voting

ZOb%S'9)(%H(<:(8)

bc%P'$(%3'8%?#;%
<#88*#?(%QHA

Z[%P'$(%3'8%
?8#&9#$(&%$#a%QWA

Are M and T independent?
J P(M) = 57/435 = 0.13
J P(T) = 49/435 = 0.11
J P(M)P(T) = 0.014
J P(MT) = 45/435 = 0.10

J P(MT) ≠ P(M)P(T)
J M and T are dependent



House Voting

bc%S'9)(%
2(<'-8#$)%

Q2A

bc%P'$(%3'8%?#;%
<#88*#?(%QHA

Z[%P'$(%3'8%
?8#&9#$(&%$#a%QWA

ZOb%S'9)(%H(<:(8)



Conditioned on Democrat

bc%S'9)(%2(<'-8#$)%Q2A

bO%P'$(%3'8%
?#;%

<#88*#?(%
QH\2A

Z6%P'$(%3'8%
?8#&9#$(&%$#a%QW\2A

Are M and T independent 
given D?
J P(M|D) = 53/57 = 0.93
J P(T|D) = 42/57 = 0.74
J P(M|D)P(T|D) = 0.69
J P(MT|D) = 39/57 = 0.68

J P(MT|D) ≅ P(M|D)P(T|D)
J M and T are conditionally 

independent



Conditional Dependence

Democrat (D)

Tax (T) Marriage (M)

^W"*)%*)%#%_-#9)#.`%&*#?8#<D%1$%"(.,)%(a,.#*+%7";%$"*+?)%#8(%*+&(,(+&(+$



E1 E2 E3 E4

K1
Like foreign emotional comedies 

Assume E1, E2, E3 and E4 are conditionally independent given K1

Netflix and Learn

P (E4|E1, E2, E3,K
1) =

P (E4|K1)



Children with a Common Parent

U*:.*+?)%#8(%&(,(+&(+$%'+%'+(%#+'$"(8D%=9$%*+%$"(%,8()(+-(%'3%#%-'<<'+%,#8(+$M
=(-'<(%*+&(,(+&(+$
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int a = 5;
double b = 4.2;
bit c = 1;
choice d = medium;

Remember Learning to Code?

name

z 2 {high,medium, low}



J T%Random  Variable *)%#%8(#.eP#.9(&%39+-$*'+%
&(3*+(&%'+%#%)#<,.(%),#-(

J da#<,.(5
§ O%3#*8%-'*+)%#8(%3.*,,(&D
§ f%V%+9<:(8%'3%_"(#&)`%'+%O%-'*+)

§ f%*)%#%8#+&'<%P#8*#:.(
§ KQf%V%LA%V%4>gQWM%WM%WA

§ KQf%V%4A%V%O>gQSM%WM%WAM%QWM%SM%WAM%QWM%WM%SA
§ KQf%V%6A%V%O>gQSM%SM%WAM%QSM%WM%SAM%QWM%SM%SA

§ KQf%V%OA%V%4>gQSM%SM%SA

§ KQf%h%ZA%V%L

Random Variable



J T%:*+#8;%8#+&'<%P#8*#:.(%*)%#%8#+&'<%P#8*#:.(%
7*$"%6%,'))*:.(%'9$-'<()%Q(D?DM%-'*+%3.*,A
§ i'7%-'+)*&(8% n -'*+%3.*,)M%(#-"%7"*-"%*+&(,(+&(+$.;%

-'<(%9,%"(#&)%7*$"%,8':#:*.*$;%p
§ f%V%+9<:(8%'3%_"(#&)`%'+%n 3.*,)

§ KQf%V%/A%V%%%%%%%%%%%%%%%%%%%%%%%%%M%7"(8(%k V%LM%4M%6M%DDDM%+

§ U'M

§ K8''35
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Binary Random Variable



J G8+%"#)%44%:#..)%QO%:.9(M%O%8(&M%b%:.#-/A
§ O%:#..)%&8#7+D%%Xj4%3'8%:.9(M%ej4%3'8%8(&M%jL%3'8%:.#-/
§ f%V%$'$#.%7*++*+?)

§ KQf%V%LA%V

§ KQf%V%4A%V V%KQf%V%e4A

§ KQf%V%6A%V V%KQf%V%e6A

§ KQf%V%OA%V V%KQf%V%eOA

165
55

3
11

1
5

1
3

1
3

3
5

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

165
39

3
11

1
3

2
3

2
5

1
3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

165
15

3
11

1
5

2
3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

165
1

3
11

3
3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

Simple Game



J T%8#+&'<%P#8*#:.(%X *)%&*)-8($( *3%*$%"#)%-'9+$#:.;%
<#+;%P#.9()%Q(D?DM%x1M%x2M%x3M%DDDA

J K8':#:*.*$;%H#))%F9+-$*'+%QKHFA%'3%#%&*)-8($(%
8#+&'<%P#8*#:.(%*)5

J U*+-(% M%*$%3'..'7)%$"#$5

7"(8(%k%-#+%#))9<(%P#.9()%x1M%x2M%x3M%DDD
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Probability Mass Function



k%V%'9$-'<(%'3%8'..%

,QaA

4>R

PMF For a Single 6 Sided Dice



k%V%$'$#.%8'..(&%

,QaA

R>OR

b>OR

Z>OR

O>OR

6>OR

4>OR

PMF for the sum of two dice



J F'8%#%8#+&'<%P#8*#:.(%kM%$"(%@9<9.#$*P(%
2*)$8*:9$*'+%F9+-$*'+%Q@2FA%*)%&(3*+(&%#)5

J W"(%@2F%'3%#%&*)-8($( 8#+&'<%P#8*#:.(%*)5
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Cumulative Distribution Function



k%V%'9$-'<(%'3%8'..%

FQaA

b>R

Z>R

O>R

6>R

4>R

CDF for a 6 sided dice



J W"(%da,(-$(&%l#.9()%3'8%#%&*)-8($(%8#+&'<%
P#8*#:.(%k%*)%&(3*+(&%#)5

J i'$(5%)9<%'P(8%#..%P#.9()%'3%a%$"#$%"#P(%,QaA%m%LD

J da,(-$(&%P#.9(%#.)'%-#..(&5%MeanM%ExpectationM%
Weighted  AverageM%Center  of  MassM%1st Moment
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Expected Value



J B'..%#%ReU*&(&%2*(D%%k%*)%'9$-'<(%'3%8'..
§ ,Q4A%V%,Q6A%V%,QOA%V%,QZA%V%,QbA%V%,QRA%V%4>R

J dnko%V

J f%*)%8#+&'<%P#8*#:.(
§ KQf%V%4A%V%4>OM%%%KQf%V%6A%V%4>RM%%%KQf%V%OA%V%4>6

J dnfo%V%4%Q4>OA%X%6%Q4>RA%X%O%Q4>6A%V%4O>R
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Expected Value



J T%P#8*#:.(%I *)%-#..(&%#+%*+&*-#$'8%P#8*#:.(%3'8%
(P(+$%A *3

J !"#$%*)%dnIo0
§ ,QI V4A%V%KQTAM,QI V%LA%V%4%Y KQTA

§ dnIo%V%4%KQTA%X%L%Q4%Y KQTAA%V%KQTA

WeAûll  use  this  property  frequently!

⎩
⎨
⎧

=
occurs  if   0

occurs  if   1
cA
A

I

Indicator Variable



_W"(8(%#8(%$"8((%/*+&)%'3%.*()5
.*()M%&#<+(&%.*()M%#+&%)$#$*)$*-)`%

YMark  Twain
J U-"''.%"#)%O%-.#))()%7*$"%bM%4L%#+&%4bL%)$9&(+$)

J B#+&'<.;%-"'')(%#% -.#)) 7*$"%(p9#.%,8':#:*.*$;
J k%V%)*C(%'3%-"')(+%-.#))
J !"#$%*)%dnko0

§ dnko V%b%Q4>OA%X%4L%Q4>OA%X%4bL%Q4>OA%
V%4Rb>O%V%bb

Lying with Statistics



_W"(8(%#8(%$"8((%/*+&)%'3%.*()5
.*()M%&#<+(&%.*()M%#+&%)$#$*)$*-)`%

YMark  Twain
J U-"''.%"#)%O%-.#))()%7*$"%bM%4L%#+&%4bL%)$9&(+$)

J B#+&'<.;%-"'')(%#% )$9&(+$7*$"%(p9#.%,8':#:*.*$;
J f%V%)*C(%'3%-.#))%$"#$%)$9&(+$%*)%*+
J !"#$%*)%dnfo0

§ dnfo V%b%Qb>4RbA%X%4L%Q4L>4RbA%X%4bL%Q4bL>4RbA%

V%66ROb>4Rb%≈ 4Oc

J i'$(5%dnfo%*)%)$9&(+$)q%,(8-(,$*'+%'3%-.#))%)*C(
§ =9$%dnko%*)%7"#$%*)%9)9#..;%8(,'8$(&%:;%)-"''.)r

Lying with Statistics
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Expectation of a Function
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§ @'+)*&(8%k%V%Re)*&(&%&*(%8'..M%%f%V%6k%Y 4D
§ dnko%V%ODbdnfo%V%R

J Ne$"%H'<(+$%'3%k5
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Properties of Expectation


