"HS%&' () %+ +&(,(+&(+-(%." 1%
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Independence

) N 14&((+&(+-(% 2(3* S +9% 45
P(AB) = P(A)P(B)
AB AB| _ |Al B
A S| S| [S]
1+&(,(+&(+-(% 2(3*+*$*'+% 65
| P(A|B) = P(A)
B AB| _ 4]
Bl |9]




Independence?

N\ 1+&((+&(+-(% 2(3*+*$*'+9% 45
1| P(AB)= P(A)P(B)

AB1" Al |B]
Zé\

_X_

IETRE




AB

Independence?

1+&(,(+&(+-(% 2(3*+*$*'+% 65
P(A|B) = P(A)
AB| 2 |4]
B |5

1
37 16
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=9%%)'<($*<()%*+&(, (+&(+-(%>%
&(,(+&(+-(YB(HS$*'+)"*,)%-"#+72(



@988(+$%7?'#.)5%

AA%B(-"2+*C(%-"+&*$*+#.%
*+&(,(+&(+-(Y%>%&(,(+&(+-(D

6A%E ($%01+$9*$*'+%
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Friday Night Fever

1 K',9.#$*+963%4LMLLLY%,(",.(D%

N3%3$"")(M%OLLY. "#P (Yo H#.#8*#% Q(P (+$%HAY#+8%6
=#-$(8*#.%1+3(-$*+% Q(P(+$%=AD%R%,(,.(% "#P(%:'$"
SHP (% F (P (8%*3%#+8%'+.:%*3%:'9%"#P (% H#.#8*#%'8Y
T8(%H%#+&%=%*+&(,(+&(+$0

J U.9%*+5

KQHA%V%OLL%>%A4LMLLL%V%LDLO
KQ=A%V%6LL%>%4LMLLL%V%LDL6
KQH=A%V%R%>%A4LMLLL%V%LDLLLR%
KQHAKQ=A%V%LDLLLRY
KQHAKQ=A%V%KQH=A

1+&(,(+&(+$



Friday Night Fever

3 K',9.#$%+963%4LMLLLY%,(",.(D%
- N3%3$")(M%OLLY%"#P (% H#.#8*#% Q(P(+$%HA%#+8&%6
=#-$(8*#.% 1+3(-$*'+% Q(P (+$%=AD%RY, (',.(% "#P(%:'$"
. SHP(%F(P(8%*3%#+8%'+.:%*3%:'9%"#P (% H#.#8*#%'8Y
« T8(YH%#+&%=%*+&(,(+&{HUol
J U.9%*+5
- W'$H#.%,(',.(% 7*$"%F (P(8%V%6LLYXYORYSY % Z[Z%
KQH\FA%V%OLL%>%Z[Z%V%LDR4
KQ=\FA%V%6LL%>%Z[Z%V%LDZL
KQH=\FA%V%R%>%Z[Z%V%LDL46%
KQH\FAKQ=\FA%V%LD66Z%
KQH\FAKQ=\PAKQH=\FA
@' +&* S +#..:% &(,(+&(+$



Conditional Dependence




Conditional Dependence

sniininiiiiiiiiiciiiieiniitd CLLOG P (Yo<HAHBME s
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Conditional Dependence
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Conditional Dependence

(13067 (%-+&*$* 4%
+%=M%S$"(%0)#<(%
8#$+%'3%, (',.(%
HP (Y <# HE*H

P(MIB) = 6/200 = 0.03
P(M) = 300/10000 = 0.03
P(M) = P(MIB)

)

Thats the math
definition of
independence



Conditional Dependence




Conditional Dependence

C 13%7(%-+&*S %
'+ HM%S$" (%)#<(%
8#$*%'3%,(',.(%
"HP (% :#-$(8*#

\

‘nl
+ i 069%™ P(BIM) = 6/300 = 0.02
Ther@ P(B) = 200/10000 = 0.02
Z P(BIM) = P(B)



Conditional Dependence

{ Malaria (M) } { Bacteria (B) }
P(FM) = 1\ / P(F|B) =1

Fever (F) }

NW")06%)%o#%_-HO)H. Yo&*#78#<DYISY0"(.,)%(a, HH+967";%$"*+2)9#8(%o*+&(,(+&



Conditional Dependence
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Conditioned on Fever

/13%7(%-'+&*$*'+%'+D¢FM%
7(%#8(%.(3$%7*$"%"+|;%
$"(%,(',.(% 7"%"#P (%
<# HB*HYo #+&Y0 #-$(8*#
N /




@'+&*$*'+(8&%'+%F (P(8

Conditioned on Fever

P(B|F) = 200/494 = 0.40
P(M|F) = 300/494 = 0.61



@'+&*$*'+(8&%'+%F (P(8

Conditioned on Fever

P(B|F) = 200/494 = 0.40 @' +&*$*+(8%"+%F (P (8% X Y6H# #8*
P(M[F) = 300/494 = 0.61

BEMEEE ) mssmmmi
3553553555555555355355355 H# #8*# 0000000000000000000000000

ceccccccsssccccsscccccces P(B|MF) = 6/300 = 0.02
cocccccccccosssesssscscse P(B|F) # P(B|MF)

00000000000000000000000 Tha‘l"s fhe mafh deﬂmhon
of conditional dependence



@'+&*$*'+(8&%'+%F (P(8

Conditioned on Fever

P(B|F) = 200/494 = 0.40 @' +&*$*+(8%"+%F (P (8% X Y6H# #8*
P(M[F) = 300/494 = 0.61

SisiImaiIcINNISINN  W(0S90)U7)%  SEINNISNIIEINIIENNNN:
N L
saiEseinsasasiaataies R
Qe eecence s P(BIME) = 6/300 = 0.02
s seenecerce s P(BJF) != P(BIMF)

00000000000000000000000 Thq‘l"s ‘I'he mafh deﬂmhon
W()$%)"'7)% of conditional dependence
oo @'+&*F*+(&%'+% =#-5(8*#
oe F(P(8%X%=#-$(8%#

cececccccsccccssscsssccce 13%7(%-"+&*$*+%'+%FM%3" (%
00000000000000000000000 (P(+3)%0:#-$(8*HYott+&Y0<H# #G*#%
ccccccccccccssccccsscee (-'<(%&(,(+&(+3%

P(M|BF) = 6/200 = 0.03
P(M|F) # P(M|BF)



Conditional Dependence

{ Malaria (M) } { Bacteria (B) }
P(FM) = 1\ / P(F|B) =1

Fever (F) }

NW")06%)%o#%_-HO)H. Yo&*#78#<DYISY0"(.,)%(a, HH+967";%$"*+2)9#8(%o*+&(,(+&



Parents With a Common Child

i Y% ' _.....u. ’#. ‘I—.‘ , r; A v g, .

: (\ U#;%$7'%*+&(, (+&(+$% #8(+$)%"#P(%#% <<'+0p-"* & 5% 5 .;....-" - 4;..
‘E ! I"(+%-' &*$*'+(&% +%$"(% " &%$"( %#8(%+'% '+?(8%*+&(, (+&(+$ iy ‘-;
‘ B

Ty T TR L ~ _— s - & 7 AR ~-
. a o A » O‘ ) - - 4 2 L 4 - .-
)" ‘b Mt P - : ey ~ .\A...- . ‘ ou ..\,~ ',l :.\0

w_e - ’ it g i
':‘.':‘.: vl " ol ha o "ML R
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House Voting

Z0b%S'9)(% H(<:(8)

/

ﬁ
\10&6\]\‘(\

\

of

~

bcY%P'$(%3'8%7
<#88*#7?(% QH/

Z[%P'$(%3'8%
P8H&IHS (&% $H#aY6(

Are M and T independent?
J P(M)=57/435=0.13
#:93 P(T)=49/435=0.11
n J PIM)P(T) =0.014
J P(MT)=45/435=0.10

J P(MT) #P(M)P(T)
J M and T are dependent
DWA

)




House Voting

Z0b%S'9)(%H(<:(8)
4 )

bCY%P'$(%63'8% H: %
<#88*#7?(% QHA

tot
AD \10‘6\\]\'(\

bc%S19)(%
2(<'-8H$)%

Q2A Z[%P'$(%3'8%
P8H&IHS(8.% SHa% QWA

- )




Conditioned on Democrat

bC%S'9)(% 2(<'-8#35)%Q2A

~

\_

N

o\© )

\N\"

©)

~

o \00\-\\ b(

<]

~

Are M and T independent
given D?

06P'S(%43'8%% P(M|D) = 53/57 = 0.93

?#:%

188+ #2(%

QH\2A

.

/

Z6%P'$(%3'8%
28H&IHS(&% $Ha%QW\2A

J P(T|D)=42/57=0.74
J P(M|D)P(T|D) = 0.69
J P(MT|D) = 39/57 = 0.68

J P(MT|D) = P(IM|D)P(T|D)
J M and T are conditionally
independent



Conditional Dependence

{Democra’r (D) }

£\
xR arrioge )

NW")06%)%o#%_-HO)H. Yo&*#78#<DYISY0"(.,)%(a, HH+967";%$"*+2)9#8(%o*+&(,(+&




Netflix and Learn

K,

Like foreign emotional comedies

!;-E‘;IJ_ITHEI'[[T[ 1& \“. t L& Fabulsux g Distin

toe fom oo JEAN-PIRRE JONET

Assume E, E,, E; and E, are conditionally independent given K,

NAIROBI HALF LIFE

Q

x'nﬂ w
S\' ‘l’

L,



Children with a Common Parent

N W -

U*: *+’?)%#8(%&( (+&(+$%'+%"+(%#+'$" (8D %=9%$%*+%$" (%, 8()(+ (% 3%#% '<<'+0p ¢
=(-'<(%*+&(,(+&(+$
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Remember Learning to Code?

name
e af, be
S\ int a = 5;
double b = 4.2;
bit ¢ = 1;
choice d = medium;

z € {high, medium, low }



Random Variable

J T9Random Variable *)%#%8@#.9(&%39+-$*'+%
& (3*+(8% +%#Y0)H<, (%), #-(
J da#<,.(5
. O%3#*8%-"*+)%#8(%3.*,,(&D
. f06V%+9<:(8%'3% _"(#8&) %'+%0%-"*+)
. T90%)%HY8H+&'<Yo PHE* H#:.(
» KQf%VY%LAY%V%4>gQWM%»DWM%bWA
» KQ1%V%4A%V%O>gQSM%WM%bWAM%QWM%bSM%W
« KQf%V%6A%VI%O>gQSM%SMWWAM%BQSM%WM%DSA
« KQf%VY%OA%V%4>gQSMA%SM%SA
» KQf%h%ZA%V%L




Binary Random Variable

J T%:*+#8;%8#+&'<WP#8*#..(%*)%#%8#+&'<%P#8*
7*$"%6%,))*:.(%'9%-'<()%Q(D?DM%-"*+%3.* A
. '7%-"+)*&(8% N -*+%3.* )MY%(#-"% 7"*-"%*+&(,(+&(+$.;%
-<(%9,%"(H&)% 7*$"%,8"#:* *$: %
. 19\V%+9<:(8%'3%_"(#&) U3-8%))

n
. KQf%V%/f(IZO 6V % %0% %o % YoRABREIEY BN B

U'Mi(,':)p"(l—m""‘ =1

. K8"35 g(Z)pka—p)"-" —(p+(-p)y =1" =1



Simple Game

J G8+%"#)%44%:#..)%0Q0%:.9(M%0O%8(&M%h%:.#-
. O%:#..)% &8#7+D % % X 4% 3% FOUNEB(&M %)L % 3'8%: .#-
« f%V%$'$H.%7*++*+7?)

R AW EA AR TN E

31V5\ (3V3\] /(11 39
. KQf%\V%4 %}62% =~ VOOKQi%eums

AL A3
1l
. KOf%\9%6AY 1215 VoK ofoesm
5101)/ (3] 7165

3\ 11y 1
: KQf%V%OE%O}o/é( . ) =~ VOOoKQ%mA6



Probability Mass Function

3 T%8H+& <YPH#B*HXNH)%&*)-8($( *3%*$%6"#)%-'9+$#:
<#+:9%P#.9()%Q(D REN®ZAH %D DDA

3 K8'#:* *$:9%H#))%F9+-$* +%6QKHFAY%' 3%#06&*)-8(
BH-+8&'<Y6PHB* . (%*)5
pla)=P(X =a)
3 Us-(O8Y p(x) = IMOE*$%3'.. 7) %S #$5
. #p(x) $0fori =1,2,..

P(X =a)="
( ) | p(x) =0 otherwise

7" (8(%0k%-#+96#)) 9<(%6P#.9 (JodApIM%DDD



QaA 01

PMF For a Single 6 Sided Dice

0.18
0.16
0.14
0.12

0.08
0.06
0.04
0.02

1 2 3 4 5 6
K%V %'9$-'<(%'3%8"..%

4>R



PMF for the sum of two dice

0.18

016 R>0R

0.14 b>0OR

gﬁ Z>OR
,QaA 0.08 O>0R

0.06 6>0OR

0.04

0.02 f 4>0R

O-OO [ [ I [ [ [ [ [ [ [

2 3 4 5 6 7 8 9 10 11 12
K%V %$'$#.%8"..(&%



Cumulative Distribution Function

1 F'8%#%8H#+&'<VoP#HE*#:.(%kM%$" (%@9<9 . #$*P (%
2%)$8*:9$*'+%F9+-$*'+% Q@ 2F A% *) % & (3*+(&YoH)5

F(a)=P(X =a) where —o0o<qg<

3 W"(%@2F %' 388X B($( 8#+&'<%P#8*#:.(%*)5
Fla)=P(X<a)= ) p(x)

allx < a




CDF for a 6 sided dice

b>R -
Z>R -
O>R -
FQaA
6>R -
4>R —_—
0
1 2 3 4 5

K96V%'9$-'<(%'3%8"..%



Expected Value

3 W"(%da, (-5(&%0l#.9()%3'8%#%&*)-8($(%68H#+&' <%
P#8*#:.(%k%*)%& (3*+(8&%#)5

E[X]= pru)

x:p(x)>0

1 1'$(5%)9<%'P(8%#..%P#.9()%'3%a%$ " #$% #P (%,

J da,(-$(&%P#.9(%#.)'%-#..(&bfanMEspectationM%
Weighted AverageMBénter of MassMP¥ Moment



J

J

J

J

Expected Value

B'..%#%R*& (&%2*(D%%k%*)%'9$-'<(%'3%8"..
., Q4A%V%,Q6A%V%,QOA%V%,QZA%V%,QbA%\V%,QR

1 1 1 1 1 1 7

0 - — — — _ | = =

ankos¥( )+ (5 )+ 36 ) 46 ) () (6 )~
f96%) % 8H#+8&'<VPHE*#: .(

. KQ%V%4A%V%4>0M%%%K Qf%V%6A%V%4>RM%%
dnfo%V%4%Q4>0A%X%6%Q4>RA%X%0%Q4>6



Indicator Variable

J TY%P#8*#. (99%-#.. (&%#+%*+&*—#$'8%P#8*#: (%3
(P(+$% *3
; {1 1f A occurs

0 1f 4A° occurs

3 I"#$%)%dio0
. QI VAA%V%KQULANMYL LAY YIKGIBA
. d'V0%V%4%KQTAMXRIEOMM/HKQTA

WeAliuse this property frequently!



Lying with Statistics

~W"(8(%#8(%%$"8((%0/*+&)%'3%.*()5
FOM%EH#<+(&%.*()MU%#+&%)$#$*)$*-) Y
Y Mark Twalin
U-"".9%"#)%0%-.#))()%7*$"%bM%4 L %#+& %4 b L %):
B#+&'<.;%-"")(Y%#% -.#)) 7*3$"%(p9#.%,8".#.*.*$,;
k%V%)*C(%'3%-"")(+%-.#))
I"#$%*)%dnko0
- dnko  V%b%Q4>0A%X%4L%Q4>0A%X%4bL%Q4>0.
V%4Rb>0%V%bb



J

Lying with Statistics

~W"(8(%#8(%%$"8((%0/*+&)%'3%.*()5
FOM%EH#<+(&%.*()MU%#+&%)$#$*)$*-) Y
Y Mark Twain
U-"".9%"#)%0%-.#))()%7*$"%bM%4 L %#+& %4 b L %):
B#+&'<.;%-"")(%0#% )$9&(+F$7*$"%(p9#.%, 8" :#:* . *$;
f9%V%)*C(%'3%-.#))%3$"#3$%)$9 & (+$%0*) %o *+
I"#$%*)%dnfo0
- dnfo  V%b%Qb>4RbA%X%A4L%Q4L>4RbA% X%4bL %!
V%66R0Ob>4RI#XDC

I'$(5%dNnf0%*)%)$9&(+F)q%, (8-(,$*'+%'3%-.#))%)*C
« =9%$%dnko%*)%7"#$%*)%9)9%#..;%8(,'8%$(&% :;%0)-")r




Expectation of a Function

3 1($%%V%?QKAM% 7" (8(% ARMHBEH39+-$+'+

=>y, > p)

=> v, p(x,)

Joig(x; =y

= g(x,) p(x,)

=Y g(x)p(x)



Properties of Expectation

J 1*+(#8*$;5
ElaX +b]l=aE[X]+Db

» @'+)*&(8% k%Y &% &*(%08'..M% Y% Do 6k%
« dnko%V%ODbdnfo% V%R

J Neb"%H'<(+$%'3%k5

E[X"]= x" p(x)
x: p(x)=>0

= 1(q..%)((%%$" (%8 <'<(+$%)"+DDD



