
!"#$%&
'()*+,(# &

-.,/0#$1*23#4%$5



Four Prototypical Trajectories
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Bernoulli9
§ /:;/)<*=,#=>#)=/:#>0/.#?#@#A(, BpC

Binomial9#
§ D#E+))(EE(E#/:#n )=/:#>0/.E#?#@#A/:Bn3#pC

Poisson9#
§ D#E+))(EE(E#/:#n )=/:#>0/.E#?#@#F=/BλC

Geometric9#
§ D#)=/:#>0/.E#+:*/0#E+))(EE#?#@#G(=BpC

Negative  Binomial9#
§ D#*,/<0E#+:*/0#r E+))(EE(E#?#@#H(IA/: Br3#pC

Hyper  Geometric9#
§ D#82/*(#J<00E#;,<8:#8/*2=+*#,(.0<)(K(:*#>,=K#+,:#8/*2#N J<00E3#m  

<,(#82/*(9#?#@#LM.GBn3#N3#mC

Discrete Distributions



"+.,(K(#!=+,*#)<E(9# A(,I2+/E 7N#"K/*2
If  a  group  is  underrepresented   in  a  jury  pool,  how  do  you  tell?

§ -,*/)0(#JM#O,/:#P/00(,#QR,/;<M3#S<:+<,M#443#4%$%

§ T2<:UE#*=#B>=,K(,#!"$%&(,C#S=E2#R<0U#>=,#*2/E#<,*/)0(

S+E*/)(#A,(M(,#V"*<:>=,;#-0+KW#=.(:(;#*2(#X+(E*/=:/:I#JM#
/:7=U/:I#*2(#J/:=K/<0#*2(=,(KN L(#2M.=*2(E/Y(;#<#E)(:<,/=#
/:7=07/:I#“an  urn  with  a  thousand  balls,  and  sixty  are  blue,  
and  nine  hundred  forty  are  purple,  and  then  you  select  
them  at  random…  twelve  at  a  time.” -))=,;/:I#*=#S+E*/)(#
A,(M(,#<:;#*2(#J/:=K/<0#*2(=,(K3#/>#*2(#.+,.0(#J<00E#8(,(# +:;(,#
,(.,(E(:*(;#Z+,=,E# *2(:# “you  would  expect…  something   like  
a  third  to  a  half  of  juries  would  have  at  least  one  minority  
person” =:#*2(KN

Balls, Urns and the Supreme Court



[ "2=+0;#K=;(0#*2/E#)=KJ/:<*=,/<00MB?#@#LM.G(= C
§ A<00#;,<8E#:=*#/:;(.(:;(:*# *,/<0E#BJ<00E#:=*#,(.0<)(;C

[ O\<)*#E=0+*/=:9
FB;,<8#$4#.+,.0(#J<00EC#]#######################≈ %N^_`&

FB;,<8#a#$#J0+(#J<00C#]#$#QFB;,<8#$4#.+,.0(C#≈ %N145$

[ -..,=\/K<*/=:#+E/:I#A/:=K/<0#;/E*,/J+*/=:
§ -EE+K(#FBJ0+(#J<00C#)=:E*<:*#>=,#(7(,M#;,<8#]#5%b$%%%

§ ?#]#D#J0+(#J<00E#;,<8:N##?#@#A/:B$43#5%b$%%%#]#%N%5C
§ FB?#a#$C#]#$#QFB?#]#%C#≈ $#Q%N^_1&#]#%N14^%

In  Breyer’s  description,  should  actually  expect  just  over  half  
of  juries  to  have  at  least  one  black  person  on  them
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Justin Breyer Meets CS109
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[ c(*(,K/:(# N ]#2=8#K<:M#=>#E=K(#E.()/(E#,(K</:
§ 6<:;=K0M#*<I#m =>#E.()/(E#B(NIN3#8/*2#82/*(#.</:*C
§ -00=8#<:/K<0E#*=#K/\#,<:;=K0M#B<EE+K/:I#:=#J,((;/:IC

§ '<*(,3#,<:;=K0M#=JE(,7(#<:=*2(,#n =>#*2(#E.()/(E
§ ?#]#:+KJ(,#=>#*<II(;#<:/K<0E#/:#=JE(,7(;#I,=+.#=>#n
§ ?#@#LM.GBn3#N,  mC

[ dP<\/K+K#'/U(0/2==;e#(E*/K<*(
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[ "=#><,3#<00#,<:;=K#7<,/<J0(E#8(#E<8#8(,(#discrete
§ L<7(#>/:/*(#=,#)=+:*<J0M#/:>/:/*(#7<0+(E#B(NIN3#/:*(I(,EC
§ fE+<00M3#7<0+(E#<,(#J/:<,M#=,#,(.,(E(:*#<#)=+:*

[ H=8#/*gE#*/K(#>=,#continuous ,<:;=K#7<,/<J0(E
§ L<7(#B+:)=+:*<J0MC#/:>/:/*(#7<0+(E#B(NIN3#,(<0#:+KJ(,EC

§ fE+<00M#,(.,(E(:*#K(<E+,(K(:*E#B<,J/*,<,M#.,()/E/=:C
o L(/I2*#B)(:*/K(*(,EC3#h(/I2*#B0JENC3#T/K(#BE()=:;EC3#(*)N

[ c/>>(,(:)(#J(*8((:#2=8# many <:;#2=8#much
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From Discrete to Continuous
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[ X /E#<#Continuous  Random  Variable />#*2(,(#/E#
>+:)*/=: f(x) a#%#>=,#j∞ k x k#∞3#E+)2#*2<*9

¥ f /E#<#F,=J<J/0/*M#c(:E/*M#R+:)*/=:#BFcRC#/>9
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Continuous Random Variables



[ "<M#f /E#<#Probability  Density  Function BFcRC

§ f(x) /E#not <#.,=J<J/0/*M3#/*#/E#.,=J<J/0/*Mb+:/*E#=>#?

§ H=*#K(<:/:I>+0#8/*2=+*#E=K(#E+J/:*(,7<0#=7(,#?

§ !=:*,<E*#8/*2#F,=J<J/0/*M#P<EE#R+:)*/=:#BFPRC#/:#
;/E),(*(#)<E(9

82(,( >=,#?#*<U/:I#=:#7<0+(E#x13#x23#x33#NNN#
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Probability Density Function



[ R=,#<#)=:*/:+=+E#,<:;=K#7<,/<J0(#?3#*2(#
Cumulative  Distribution  Function B!cRC#/E9

[ c(:E/*M#f /E#;(,/7<*/7(#=>#!cR#F9

[ R=,#)=:*/:+=+E f <:;#EK<00#ε 9

§ "=3#,<*/==>#.,=J<J/0/*/(E# )<:#E*/00#J(#K(<:/:I>+09

o FB?#]#$CbFB?#]#4C#≈ Bε fB$CCbBε fB4CC#]fB$CbfB4C
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[ ?#/E#)=:*/:+=+E#,<:;=K#7<,/<J0(#B!6lC#8/*2#FcR9

§ h2<*#/E#Cm

§ h2<*#/E#FB?#n#$Cm
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Simple Example



[ ?#]#;<ME#=>#+E(#J(>=,(#M=+,#;/EU#),<E2(E

§ R/,E*3#;(*(,K/:(#λ *=#2<7(#<)*+<0#FcR
o G==;#/:*(I,<0#*=#U:=89

§ h2<*#/E#FB1%#o#?#o#$1%Cm

§ h2<*#/E#FB?#o#$%Cm
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Expectation and Variance



[ ?#/E#<#)=:*/:+=+E#,<:;=K#7<,/<J0(#8/*2#FcR9
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Linearly Increasing Density



[ ?#/E#<#Uniform  Random  Variable9#?#@#f:/Bα3#βC
§ F,=J<J/0/*M#c(:E/*M#R+:)*/=:#BFcRC9
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Uniform Random Variable



[ ?#@#f:/B%3#4%C

§ FB?#o#5Cm

§ FB^#o#?#o#$_Cm
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Fun with the Uniform Distribution



Riding the Marguerite



[ "<M#*2(#P<,I+(,/*(#J+E#E*=.E#<*#*2(#G<*(E#J0;IN#
<*#$1#K/:+*(#/:*(,7<0E#B49%%3#49$13#49`%3#(*)NC
§ F<EE(:I(,#<,,/7(E#<*#E*=.#+:/>=,K0M#J(*8((:#4j49`%.K

§ ?#@#f:/ B%3#`%C

[ FBF<EE(:I(,#8</*E#o#1#K/:+*(E#>=,#J+ECm
§ P+E*#<,,/7(#J(*8((:#49$%j49$1.K#=,#4941j49`%.K

[ FBF<EE(:I(,#8</*E#n#$^#K/:+*(E#>=,#J+ECm
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Riding the Marguerite



[ A/U/:I#*=#<#)0<EE#=:#)<K.+E
§ '(<7(# t K/:+*(E#J(>=,(#)0<EE#E*<,*E

§ ?#]#*,<7(0#*/K(#BK/:+*(ECN?#2<E#FcR9##f(x)
§ p>#(<,0M3#/:)+,#)=E*9#)bK/:Np>#0<*(3#/:)+,#)=E*9#UbK/:N
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When to Leave for Class



Minimization via Differentiation
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