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Discrete Distributions

Bernoulli9
o [N<F=#=>H)=#>0/ #278Q B C

Binomial9#
- D#E+))(EE(E#/#)=/#>0/ E#?#@#ABBC

Poisson9#
- D#E+))(EE(E#/#)=/#>0/ E#?#@#REB

Geometric9#
- D#)=/:#>0/.E#+:*/0#E+))(EE#?#QpG (=B

Negative Binomial9#
- D#* /<OE#+1B#))(EE(E#?#@WIA/: B3#C

Hyper Geometric9#

- D#82/*(#I<O0E#:,<8:#8/*2=+*#,(.0<)(K(:*#>,=K#+, #8198 <00 52
<, (#82/*(9#?#@M.G B13M3#C



Balls, Urns and the Supreme Court

"+ (K#'=+*H)<E(9% A(I12+/E TN#"K/*2
If a group is underrepresented in a jury pool, how do you tell?
« - *NOHIMAO,[AP/OOQIR,/,<M3#S<:+<,M#443#4%%$%
» T2<\UE#*=#B>= K(,#!"$%&(,C# S=E2#R<0U#>= #*2/E#<,

S+E*)(#A,(M(#V"*<>=;#-0+KW#H=.(.(;#*2#X+(EX/=/1# IM#
[7=Ul1#*2(#3/:=K/<0#*2(=,(KN L#2M.=*2(E/Y(#<#E)(:<,/=#
[:7=07/:1#*an urn with a thousand balls, and sixty are blue,
and nine hundred forty are purple, and then you select
them at random... twelve at a time.” -))=,;/:|#*=#S+E*/)(#

A, (M(#<;;#*2(#JI=K/<0#*2(=,(K3#/>#*20#.0(#J<00BB{,(# +:;(,#
(L(EC*(#Z+,=E# *2(:#“you would expect... something like
a third to a half of juries would have at least one minority
person” =#*2(KN




Justin Breyer Meets CS109

[ "2=+0;#K=:(0#*2/E¥=KJ/:<*= /<OOMB?#@M.G(= C
. A<QO#:, <SE#:=*#/:;(.(:;(*#* |<OE#BJI<00E#:=*#,(.0<)(;C

[ O\)*E=0+*/=:9 o 141000
FB;,<8#$44#+, 0(#J<005#]%tf %%#####M#ﬁ#&####

FB;,<8#a#$30+(#I<TH]HRIFB: <8#$4#+, 0(CH~ %N145%

[ -..,=VK<*=#+E/ 1#A:=K/<O0#,/E* [ J+*[=:
. -EE+K(#FBJO+(@<00CH)=:E*<:*#>= #(7(,M#:,<8H#]#5%0 $9
. 2HHDEO+(# J<O0EB: N##2# @H#A/ BS43# 5% $Y6%006H# [#%]
. FB2#HSCHIHSIFB24]H%CHH N 18#]#%N 147%

In Breyer’s description, should actually expect just over half
of juries to have at least one black person on them
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Endangered Species

L

[ C(*(KI:(# N [#2=8#K<:M#=>HE=K(#E.()/(E#,(K</:
« 6<;;=KOM#*<Iin =>#E.()/(E#B(NIN3#8/*2#82/*(#.</*C
» -00=8#</K<OE#*=#KN#,<;;=KOM#B<EE+K/:I#:=#J,((;/:1C
 <F(3#,<;=KOM##=IE(, 7(#<:=*2(,#n =>#*2(#E.(/(E
» PR AKI(H=E<N(H</K<OE#HH=JE(,7(#|,=+ #=>#

» 2#@M.G BI13#, mC
[ dP<VK+K#'/U(0/2==;e#(E*/K<*(
o "(*#EN *=RIH 7<O0+(#*2<*#K<VK/Y(EB(X =i) =

|

m

I

|

iy

n—i

)

>= #%2(HT<O4E>HPH 2<HM=+#=JE(, BHV [#mnb
[ 1<O)+0<*(;#AIM#<EE+K/: 194+ OV?WH#h oV
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From Discrete to Continuous

[ "=#><,3#<00#,<:;=K#7<,/<JO(E#8(#E<8#8(igtrete
. L<T(#>1/*(#=,#)=+*<IOM#[:>/[:/*(# 7 <0+(E#B(NIN3#/:*(I(,E
« fE+<OOM3#7<0+(E#<,(#J/.<,M#=4#,(.,(E(*#<#)=+*

[ H=8#/*gE#*/K(#>oMtinuous ,<.;=K#7<,/<JO(E
» L<7(#B+)=+*<IOMCH/:>/.[*(#7<0+(E#B(NIN3#,(<0#:+KJ(

. fE+<00M# ,(.,(E(*#K(<E+,(K(*E#B<,J/*,<,M#.,()/E/=:C
o L(N12*#B)(:*/K(*(,EC3#n(/12*#BOJENC3#T/K (#BE()=:;EC3#(*)N

[ c/>>(,()F#I8((:#2=8# many< H2= 8#much
[ G(:(,<O0M3#/*#K(<:E#,(. oq@#ﬂ&#####f##@'dz#



Integrals

g/

@ d©

10=7/:13# :=*#E)<,M



Continuous Random Variables

[ X /E#<@ontinuous Random Variable />#*2(,(#/E#
>+:)*=: {(X) a#t%#>pak X kibo3#E+)2#*2<*9

Pa<X <b)= f F(x)dx

v f /E#<#F,=J<JOF*MH#C(:EM#R+:)*/=#BFCRC#/>9

P(~% < X <) = f_O; f(x)dx =1



Probability Density Function

[ "<M# /E#<Rrobability Density Function BFcRC
P(—0 < X < ) =f f(x)dx =1

= f(X) [EfaOt <#.,=3<J/0/*M3# [*#IE#.,=I<IIO*Mb+:./[*E# =>#7
» H=*#K(</:1>+0# 8/ 2=+*#E=K(H#E+JI/*(, 7<O0#=7(,#7?

P(X =a) = f F(x)dx =0

o 1= <EX#8/*2#F,=J<J/O*M# P<EE#R+)*/=#BFPRC#/#
JE).(()<E© p(a) = P(X =a)

82(,( E D(X ) =1 >=#2#*<U[I#=#T<0+(E8#,3#;3#NNN:
=1




Cumulative Distribution Function

[ R=H#<#)=7*+=+EH#,<;=KH#/<,[<IJO(H?3#*2(#
Cumulative Distribution Function BICRC#/E9

F(a)=P(X<a)=P(Xsa)=}f(x)dx

| COEMMHE [E#: (JT<*T(#=>H#CRE f(a) = F(a)

da
[ R=#)="/+=+E f <;#EK<00#9

a+e/?2

P(a——<X<a+2)= ff(x)dxzef(a)

a—&/2
"=3#H<* = =>#.,=I<I/0/*/(EH# ) <HE*/00#I(#K(<:/1>+09

o FB?#]#$ChFB2#]#4BH#B$CGIBACCHB$ABAC



Simple Example

[ PHIEH#)=*+=+E#,<;;=KH#T7< /<JO(#B!6IC#8/*2#FCR9

) = C(4x 2x°%) wh&O<x<2 82
otherwise o2
0

« h2<*#/E£m 05 0 05 1 15 2 2.5

2

2 3
fC(4x—2x2)dx=1 = C(2x2—2§) =1
0

0

cl(s-\-0)=1 = 221 = 23
3 3 3

« h2<*#/E#FB?#n#$Cm

/ 2
f(x)dx = 8(4x 2X” )dx——*z 2 2% )
i | 8 +

g -
(11 8 Uy

*2

2_3&, 16) ., 2)#_
3¢ 3"

1
2



Disk Crashes

[ PHH <ME#H=>#+E#I (>=,(#M=+ #/EU#),<E2(E
/‘Le_X/IOO x> O
Ak { 0 otherwise
« RILE*3#,(*(K/.(#A *=#2<7(#<)*+<0#FcR
o G::;#/Z*(l,<O#*:#UZ:89fe“du ="

=100A = /1——

~x/100 -1 /100 ~x/100|®
1= (A& dx = ~100(55e™" " dr = -1002¢™"] =

» h2<*#/E#FB1%#0#?#0#$1%Cm

150

F(ISO) F(SO) # " x/loodx =" " x/100

150

"e 2+ 21 0.383

50

. h2<*#/E#FB’>#o#$%Cm
F(10) = flOO o~ X100 1 _ _ pmx/100

0 e 1120.095

0




Expectation and Variance

R=#/E).(*(_ 6l# X9 R=A=1*/+=+E_6l# X9
X]:Exp(x) E[X]=fxf(x)dx

Elg(X)]= D g0 p) | E[g(X)]= [g(x) /(x)dx

E[X"] = zx D(X) X" fx” £(x)dx
R=48=*2;/E),(*(#<:;#)=*/.+=+EHGIE9
ElaX +bl=aE[X]+b
Var(X) = E[(X - u)*] = E[X"]-(E[X])’
Var(aX +b) =a’Var(X)




Linearly Increasing Density

[ PHIEH<H)=*[+=+E#<;=K#7<,/<I0(#8/*2#FCcR9

2
2x O<sx=<l 1.5
xX) =
709 { 0 otherwise /() 0;
0

« h2<*#/E#OV?Wm 0 02 04 0.6 08 1

E[X] = fxf(x)dx f2x a’x—gx _2

° 3
. h2<*#/E#I< B?Cm#

X

E[X? ]=:£x f(x)dx =j2x3ﬁ=%x4

1 —

1
02
1

2

Var(X) = E[X*]- (E[X])’ %—(%) -



Uniform Random Variable

[ ?#/E#Uhiform Random Variable9#?#@#f¢B8C
+ F,=I<J/0PM#C(E/M#R+)*/=#BFCRCY

(1

f=)fe @=x=l /310:
\ 0 otherwise . — X
L K (KERGEH=T(#<I#  aoko /
b
- P(asxsb)=ff(x)dx= b-d B>=g#k#a k b k#p)
—a

2
X

_ Fop’-a’ a+pf
2f-a)

2B-a) 2

- E[X]= }xf(x)dx =j:ﬁ—fa dx

e Varx)=L 1‘2“)




Fun with the Uniform Distribution

[ ?#H@#1:/B%3#4%C
f(x) = 21() O0=x=<20
0 otherwise

« FB?#0#5Cm
6

6
P(x<6)=f2iodx=2—o
0

. FBMO#?#0#$ Cm

17
1f>(4<x<17)=dex=17-4=13
J20 20 20 20




Riding the Marguerite




Riding the Marguerite

[ "<SM#2(#P< |+ (,/*(#I+EHE*= . EA<*#*2(#G<*(E#JO;IN
<*#P1#K/:+*(#/:*(,7<OE#B49%%3#49$13#49 % 3#(*
» F<EECI(#<,,/7(Ef<*#E*=#+./>=, KOM#I(*8((:#H9 %.K
« ?H@# B%3# %C
[ FBF<EE(I(,#8</*E#o#1#K/.+*(E#>=#J+ECm

+ PHEHS, [T(#)(*8((#49$%49BL.KH=,#494149 % K
3

0
P(10<X<15)+P(25<x<30)—F—dx+f_dx_350 350 ;

10 25
| FBF<EE(I(#8<E#N#$ MK/ +*(E#t>=#J+ECm
o PHEMHS, JT(HI(*B((#49%189%S. K= #49$49$5 K

1 1
PO<X <D)+P(15<x<16)= [, dx+ —dX—
{ f 30 30 15

-~




When to Leave for Class

[ AU =#<#)0<EE#=:#)<K +E
« (<7(# tKEAHH(E#I(>=,(#)0<EE#E*<,*E
. ?#]#*,<7(O#*/K(#BK/:+*(EC|\|?#2<E#FCR9:#€#)
« P>H#(<,0M3#/)+,#)=E*9#)bK/g#0<*(3#/:)+,#)=E*9#UDbK/:N
c(t-X) if x<t
k(X -1t) if x=¢
« 12==E(# t B82(:#*=#O(<7(C#*=#K/./K/Y (# OMXEBLCW9

Cost: C(X,t) = {

t

E[C(X,1)] =}C(X, t) f(x)dx =fc(t - x) f(x)dx +}k(x —t) f(x)dx

0 t



Minimization via Differentiation

[ h<:*#*=#KI/: /K/Y(#SN N #
E[C(X,1)]= fc(t x) f(x)dx +fk(x 1) f(x)dx

« C/>>(,(F/<F(#OVIBGHCWHSNIDINHE (*#]# %o H B =#=JIr L%
o "(1J:/Y#]*(1,<0#,+0(9

f2(t) £
dt i, P Ot
d

— EICX.D]=ct-0f () +jcf (X)dx - k(t-1) f(2) —jkf (x)dx

k

0=cF(r)~K[I=F(r*)] = F(r*)=——




