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Some In Person Sections

2
(Also Durand is a building and a street. If your section is in Durand, go to the building.)



Uses continuous random variables

Uses discrete random variables

PSet 3 is out!
We put a lot of love into it, 

and hope you enjoy



Don’t use numpy or scipy!

Think about the 
poisson proof for 
poisson and 
exponential

Great way to make 
sure you really 
understand the 
random variables

Simulate!



Batch testing is a 
thing!

Many prototypical
random variable
questions.

1. Define a random variable

2. Declare its distribution

3. Write the question as a 
probability statement using the 
random variable

4. Solve



Bloom Filter



Climate Sensitivity



Which is Random?



https://chrispiech.git
hub.io/probabilityFor
ComputerScientists/e
n/examples/algorith
mic_art/

Final exam question 
from last year

Meant to be play!





https://edstem.org/us/courses/16856/discussion/1042885Please share



New features:
History
Use arrows to navigate



Four Prototypical Trajectories

Review



X∼ Geo(p)

number of 
successes

time to get 
successes

One
trial

Several
trials

Interval
of time

X∼ Exp(λ )

One
success

Several
successes

One 
success

X∼ NegBin(r , p)

X∼ Ber (p)

X∼ Bin(n, p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

Review 

X ⇠ Uni(↵,�)
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All values are equally likely



P (a < X < b) =

bZ

x=a

f(X = x)dx
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The probability density function (PDF) of a 
continuous random variable represents the 
derivative of probability at a given point.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Review: Probability Density Function
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Review: Probability Density Function



Uniform distribution

https://chrispiech.github.io/pro
babilityForComputerScientists/e
n/part2/uniform/



A probability!

What do you get if you 
integrate over a 

probability density function?



Four Prototypical Trajectories

/Review



Big hole in our knowledge
Say the average rate of earthquakes is 1 every 100 years. 

We can talk about the probability distribution of different numbers of 
earthquakes next year using a Poisson. 

We can’t talk about the probability distribution of the amount of time until the 
next earthquake.

20



1906 Earthquake 
Magnitude 7.8



Consider an experiment that lasts a duration of time until success occurs.
def An Exponential random variable 𝑋 is the amount of time until success.

Examples:
• Time until next earthquake
• Time for request to reach web server
• Time until end of cell phone contract

Exponential Random Variable

22

𝑓 𝑥 = %𝜆𝑒
!"# if 𝑥 ≥ 0

0 otherwise𝑋~Exp(𝜆)
Support: 0,∞

Variance

Expectation

PDF

𝐸 𝑋 =
1
𝜆

Var 𝑋 =
1
𝜆$

0
0.2
0.4
0.6
0.8
1

0 1 2 3 4 5

𝑓 𝑥

𝑥



Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

zero major earthquakes magnitude next year?

X = Number of major earthquakes next year 

X ⇠ Poi(� = 0.002)
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P (X = 0) =
�0e��

0!
=

0.0020e�0.002

0!
⇡ 0.998
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How Many Earthquakes

*In California, according to the USGS, 2015



Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

= 0.002�0.002y

How Long Until the Next Earthquake



Z
ecx dx =

1

c
ecx

Integral Review



Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+
Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0) ⇡ 0.06

= 0.002�0.002y

How Long Until the Next Earthquake



Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the expected 

number of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

E[Y ] =
1

�
=

1

0.002
= 500
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How Long Until the Next Earthquake



Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the standard 

deviation of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*In California, according to the USGS, 2015

Var(Y ) =
1

�2
=

1

0.0022
= 250, 000 years2

<latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit><latexit sha1_base64="969KgZDUuCg8hmFAq8zJUxYniPM="></latexit>

Std(Y ) =
p
Var(X) = 500 years
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How Long Until the Next Earthquake



Four Prototypical Trajectories

Is there a way to avoid 
integrals?



A cumulative density function (CDF) is a “closed form” equation for the probability that a 
random variable is less than a given value

This is also shorthand 
notation for the PMF

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

If you learn how to use a 
cumulative density function, 

you can avoid integrals!

FX(x)

Cumulative Density Function



F (x) = P (X < x) =

xZ

y=�1

f(y) dy

0.03125x = 2

Cumulative Density Function



FX(x) = 1� e��x

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x

CDF of an Exponential



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using	CDF	Example.	X	is	Exp(l = 1)



Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

=

2Z

x=�1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

=

2Z

x=�1

f(x) dx

or

= F (2)

= 1� e�2

⇡ 0.84

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

=

1Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

=

1Z

x=1

f(x) dx

or

= 1� F (1)

= e�1

⇡ 0.37

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

=

2Z

x=1

f(x) dx

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Probability
density 
function

Cumulative
density function

f(x)

x

x

F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

=

2Z

x=1

f(x) dx

or

= F (2)� F (1)

=(1� e�2)

� (1� e�1)

⇡ 0.23

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Using CDF Example. X is Exp(l = 1)



Based on historical data, earthquakes of magnitude 8.0+ happen 
at a rate of 0.002 per year*. What is the probability of 

an major earthquake in the next 4 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*According to USGS, 2015

P (Y < 4) = F (4)

= 1� e�0.002·4

⇡ 0.008

F (y) = 1� e�0.002y

Feeling lucky?

Probability of Earthquake in Next 4 Years?



Cumulative Density Function F (x) = P (X < x) =

xZ

y=�1

f(y) dy

Pedagogical pause here



Four Prototypical Trajectories

Big Day



def An Normal random variable 𝑋 is defined as follows:

Other names: Gaussian random variable

Normal Random Variable

46

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒! #!% !/$'!

𝑋~𝒩(𝜇, 𝜎!)
Support: −∞,∞

Variance

Expectation

PDF

𝐸 𝑋 = 𝜇

Var 𝑋 = 𝜎$

𝑋~𝒩(𝜇, 𝜎!)
mean

variance

0

0.1

0.2

0.3

0.4

0.5

-3 -2 -1 0 1 2 3

!

𝑥
𝑓
𝑥



NormCore: A Few Normal Examples

47



Carl Friedrich Gauss

Carl Friedrich Gauss (1777-1855) was a remarkably influential
German mathematician.

Did not invent Normal distribution but rather popularized it
48



Why the Normal?
• Common for natural phenomena: height, 

weight, etc.

• Most noise in the world is Normal

• Often results from the sum of many 
random variables

• Sample means are distributed normally

49

That’s what they 
want you to believe…

These are log-normal

Only if they are equally weighted and independent

Most noise is assumed normal



“The simplest explanation is usually the best 
one”



value

pr
ob

ab
ilit

y

Probably over fitting…

* That describes the training data, but will it generalize?

Complexity is Tempting



value

pr
ob

ab
ilit

y

µ

σ2

* A Gaussian maximizes entropy for a given mean and variance

Simple. Will generalize

Fewest Assumptions



value

pr
ob

ab
ilit

y

µ

σ2

* A Gaussian makes the fewest assumptions after matching mean and variance. 

Simple. Will generalize

Fewest Assumptions



Four Prototypical Trajectories

But also, it is easy to use



x

f(x)

N (µ,�2)

µ

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

Normal Probability Density Function



probability 
density at x

the distance to the 
mean

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

a constant

“exponential”

sigma shows up twice

N (µ,�2)

Anatomy of a Beautiful Equation



Campus bikes
You spend some minutes, 𝑋, traveling
between classes.
• Average time spent: 𝜇 = 4 minutes
• Variance of time spent: 𝜎$ = 2 minutes2

Suppose 𝑋 is normally distributed. What is the 
probability you spend ≥ 6 minutes traveling?

57

𝑋~𝒩(𝜇 = 4, 𝜎$ = 2)

𝑃 𝑋 ≥ 6 = 8
(

)
𝑓(𝑥)𝑑𝑥 = 8

(

) 1
𝜎 2𝜋

𝑒!
# ! % !

$'! 𝑑𝑥

(call me if you analytically solve this)
Loving, not scary
…except this time



Four Prototypical Trajectories

No closed form for the integral



Four Prototypical Trajectories

No closed form for F(x)



F (x) = �

✓
x� µ

�

◆

A function that has been solved for 
numerically

* We are going to spend the next few slides getting here

The cumulative density 
function of any normal

N (µ,�2)

Spoiler: Numerically Solved CDF



Linear Transform of Normal is Normal
Let X ⇠ N (µ,�2)

Y = aX + bIf then Y is also Normal

E[Y ] = E[aX + b]

= aE[X] + b

= aµ+ b

V ar(Y ) = V ar(aX + b)

= a2V ar(X)

= a2�2

Y ⇠ N (aµ+ b, a2�2)



Special Linear Transform

Y ⇠ N (aµ+ b, a2�2)

Z =
X � µ

�
=

1

�
X � µ

�

There is a special case of linear transform for any X:

Z ⇠ N (aµ+ b, a2�2)

⇠ N (
µ

�
� µ

�
,
�2

�2
)

⇠ N (0, 1)

Y = aX + bIf then Y is also Normal

a =
1

�
b = �µ

�



The Standard Normal

*This is the probability density function for the standard normal

Mean (µ) = 0

Variance (σ2) = 1

Z ⇠ N(µ = 0,�2 = 1)
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Phi

*This is the probability density function for the standard normal

x
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f Z
(x
)

<latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit><latexit sha1_base64="4iGaqFMC7yVwVDp7fTNVvywCUyw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPZY8OKxgv3AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcp35nUeqNJPizkxj6kd4JFjICDZWaoeD++rT+aBccWvuHGiVeDmpQI7moPzVH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QmVWGKJTKljBorv6eSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti5rn1rzby0qjnsdRhBM4hSp4cAUNuIEmtIDAAzzDK7w50nlx3p2PRWvByWeO4Q+czx/O/I6U</latexit>

F (x) = �(x)
<latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit><latexit sha1_base64="sYQg+uGSqZehG0VpIKwPKBceb5A=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEcFuhIIgLivYC7RjyaSZNjSTCUlGLUPfw40LRdz6Lu58G9N2Ftr6Q+DjP+dwTv5AcqaN6347uZXVtfWN/GZha3tnd6+4f9DUcaIIbZCYx6odYE05E7RhmOG0LRXFUcBpKxhdTeutB6o0i8WdGUvqR3ggWMgINta6vy4/naJL1JVDZqlXLLkVdya0DF4GJchU7xW/uv2YJBEVhnCsdcdzpfFTrAwjnE4K3URTickID2jHosAR1X46u3qCTqzTR2Gs7BMGzdzfEymOtB5Hge2MsBnqxdrU/K/WSUxY9VMmZGKoIPNFYcKRidE0AtRnihLDxxYwUczeisgQK0yMDapgQ/AWv7wMzbOK51a82/NSrZrFkYcjOIYyeHABNbiBOjSAgIJneIU359F5cd6dj3lrzslmDuGPnM8fINqQ7g==</latexit>

x = 1.3
<latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit><latexit sha1_base64="lsAPT6wxu/s3LgKbYnNAcLhmIaU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsBeh4MVjBfsBbSib7aZdutmE3YlYQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9ybUSsHnCScD+iQyVCwShaqf1EbohXveyXK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuimHNz4RKUuSKLRaFqSQYk9nvZCA0ZygnllCmhb2VsBHVlKFNqGRD8JZfXiWti6rnVr37q0q9lsdRhBM4hXPw4BrqcAcNaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz9g6o49</latexit>

�(1.3)
<latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit><latexit sha1_base64="GJeT78B9Eiad3P3XPFx++x5hqAM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpZdK9hjwYvHCvZD2qVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b6ewsbm1vVPcLe3tHxwelY9P2jpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2Ek9u533miSrNYPphpQgOBR5JFjGBjpcd+MmZV361dDsoVz/UWQOvEz0kFcjQH5a/+MCapoNIQjrXu+V5iggwrwwins1I/1TTBZIJHtGepxILqIFscPEMXVhmiKFa2pEEL9fdEhoXWUxHaToHNWK96c/E/r5eaqB5kTCapoZIsF0UpRyZG8+/RkClKDJ9agoli9lZExlhhYmxGJRuCv/ryOmlfub7n+vfXlUY9j6MIZ3AOVfDhBhpwB01oAQEBz/AKb45yXpx352PZWnDymVP4A+fzByspj0o=</latexit>

Z ⇠ N(µ = 0,�2 = 1)
<latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit><latexit sha1_base64="Y5TY3gJtiQwDiwJ2dKT4uZHuuQ8=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpSZItiNUHDjSirYB3bGkknTNjTJDElGKEOXbvwVNy4UcesnuPNvzLSz0NYDgXPPuZebe4KIUaUd59vKLS2vrK7l1wsbm1vbO/buXlOFscSkgUMWynaAFGFUkIammpF2JAniASOtYHSZ+q0HIhUNxa0eR8TnaCBon2KkjdS1D++gpyiH1yWPx/ACOqdpPeDovmIq96RrF52yMwVcJG5GiiBDvWt/eb0Qx5wIjRlSquM6kfYTJDXFjEwKXqxIhPAIDUjHUIE4UX4yPWQCj43Sg/1Qmic0nKq/JxLElRrzwHRypIdq3kvF/7xOrPtVP6EiijUReLaoHzOoQ5imAntUEqzZ2BCEJTV/hXiIJMLaZFcwIbjzJy+SZqXsOmX35qxYq2Zx5MEBOAIl4IJzUANXoA4aAINH8AxewZv1ZL1Y79bHrDVnZTP74A+szx/MCZaX</latexit>



F(1.31) = 0.7054

Using Table of ɸ



Symmetry of Phi

a-a

µ = 0

*This is the probability density function for the standard normal

�(a) = 1� �(a)
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Interval of Phi

dc

ɸ(c)
ɸ(d)

µ = 0

P (c < Z < d) = �(d)� �(c)
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Use Z to compute F(x)

Compute F(x) via Transform

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

FX(x) = P (X  x)

= P (X � µ  x� µ)

= P

✓
X � µ

�
 x� µ

�

◆

= P

✓
Z  x� µ

�

◆

= �

✓
x� µ

�

◆

Let X ⇠ N (µ,�2) Z =
X � µ

�
=

1

�
X � µ

�



For normal distribution, 
F(x) is computed using 

the phi transform. 



And here we are

Table of F(z) values in textbook, p. 201 and handout

F (x) = �

✓
x� µ

�

◆

CDF of Standard Normal: A function that 
has been solved for numerically

The cumulative density 
function (CDF) of any 

normal

N (µ,�2)



F(0.54) = 0.7054

Using the Phi Table



Four Prototypical Trajectories
Table is kinda old school



Using Programming Library

stats.norm.cdf(x, mean, std)

= �

✓
x� µ

�

◆

Every modern programming language has a normal library

= P (X < x) where X ⇠ N (µ,�2)

* This is from Python’s scipy library



I made one for you



Campus bikes
You spend some minutes, 𝑋, traveling between classes.
• Average time spent: 𝜇 = 4 minutes
• Variance of time spent: 𝜎# = 2 minutes2

Suppose 𝑋 is normally distributed. What is the probability 
you spend ≥ 6 minutes traveling?

75

𝑋~𝒩(𝜇 = 4, 𝜎! = 2) 𝑃 𝑋 ≥ 6 = 8
"

#
𝑓(𝑥)𝑑𝑥 (no analytic solution)

1. Compute 𝑧 = $%&
'

2. Look up Φ(𝑧) in table
𝑃 𝑋 ≥ 6 = 1 − 𝐹$(6)

= 1 − Φ
6 − 4
2

×

≈ 1 −Φ 1.41

1 − Φ 1.41
≈ 1 − 0.9207
= 0.0793



Get your Gaussian On
Let 𝑋~𝒩 𝜇 = 3, 𝜎! = 16 . Std deviation 𝜎 = 4.
1. 𝑃 𝑋 > 0

76

• If 𝑋~𝒩 𝜇, 𝜎# , then 
𝐹 𝑥 = Φ $%&

'
• Symmetry of the PDF of 

Normal RV implies  
Φ −𝑧 = 1 −Φ 𝑧



Get your Gaussian On
Let 𝑋~𝒩 𝜇 = 3, 𝜎! = 16 .
Note standard deviation 𝜎 = 4.
How would you write each of the below
probabilities as a function of the
standard normal CDF, Φ?

1. 𝑃 𝑋 > 0 (we just did this)
2. 𝑃 2 < 𝑋 < 5
3. 𝑃 𝑋 − 3 > 6

77

• If 𝑋~𝒩 𝜇, 𝜎# , then 
𝐹 𝑥 = Φ $%&

'
• Symmetry of the PDF of 

Normal RV implies  
Φ −𝑧 = 1 −Φ 𝑧



Get your Gaussian On
Let 𝑋~𝒩 𝜇 = 3, 𝜎! = 16 . Std deviation 𝜎 = 4.
1. 𝑃 𝑋 > 0
2. 𝑃 2 < 𝑋 < 5

78

• If 𝑋~𝒩 𝜇, 𝜎# , then 
𝐹 𝑥 = Φ $%&

'
• Symmetry of the PDF of 

Normal RV implies  
Φ −𝑧 = 1 −Φ 𝑧



Get your Gaussian On
Let 𝑋~𝒩 𝜇 = 3, 𝜎! = 16 . Std deviation 𝜎 = 4.
1. 𝑃 𝑋 > 0
2. 𝑃 2 < 𝑋 < 5
3. 𝑃 𝑋 − 3 > 6

79

Compute 𝑧 = $%&
'

• If 𝑋~𝒩 𝜇, 𝜎# , then 
𝐹 𝑥 = Φ $%&

'
• Symmetry of the PDF of 

Normal RV implies  
Φ −𝑥 = 1 −Φ 𝑥

𝑃 𝑋 < −3 + 𝑃 𝑋 > 9

= 𝐹 −3 + 1 − 𝐹 9

= Φ
−3 − 3
4

+ 1 − Φ
9 − 3
4

Look up Φ(z) in table



Get your Gaussian On
Let 𝑋~𝒩 𝜇 = 3, 𝜎! = 16 . Std deviation 𝜎 = 4.
1. 𝑃 𝑋 > 0
2. 𝑃 2 < 𝑋 < 5
3. 𝑃 𝑋 − 3 > 6

80

Compute z = $%&
'

Look up Φ(z) in table

𝑃 𝑋 < −3 + 𝑃 𝑋 > 9

= 𝐹 −3 + 1 − 𝐹 9

= Φ
−3 − 3
4

+ 1 − Φ
9 − 3
4

= Φ −
3
2
+ 1 − Φ

3
2

= 2 1 − Φ
3
2

≈ 0.1337

• If 𝑋~𝒩 𝜇, 𝜎# , then 
𝐹 𝑥 = Φ $%&

'
• Symmetry of the PDF of 

Normal RV implies  
Φ −𝑥 = 1 −Φ 𝑥



Four Prototypical Trajectories

Imagine you are taking a quiz…
With no computer!!!



100 people are given a new website design
§ X = # people whose time on site increases
§ CEO will endorse new design if X ≥ 65 What is 

P(CEO endorses change| it has no effect)?
§ X ~ Bin(100, 0.5). Want to calculate P(X ≥ 65)
§ Give a numerical answer…

P (X � 65) =
100X

i=65

✓
100

i

◆
(0.5)i(1� 0.5)100�i

Website Testing



Don’t worry, Normal approximates Binomial

Galton Board

(We’ll explain why
in 2 weeks’ time)
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Website testing
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Approach 1: Binomial

𝑋~Bin 𝑛 = 100, 𝑝 = 0.5
Want: 𝑃 𝑋 ≥ 65

Define

Approach 2: approximate with Normal
Define
𝑌~𝒩 𝜇, 𝜎!

𝜇 = 𝑛𝑝 = 50
𝜎# = 𝑛𝑝 1 − 𝑝 = 25
𝜎 = 25 = 5

𝑃 𝑋 ≥ 65 ≈ 0.0018
𝑃 𝑋 ≥ 65 ≈ 𝑃 𝑌 ≥ 65 = 1 − 𝐹((65)

= 1 − Φ )*%*+
* = 1 −Φ 3 ≈ 0.0013 ?

(this approach is missing something important)⚠⚠

🤨

• 100 people are given a new website design.
• 𝑋 = # people whose time on site increases
• The design actually has no effect, so P(time on site increases) = 0.5 independently.
• CEO will endorse the new design if 𝑋 ≥ 65.

What is 𝑃 CEO endorses change ? Give a numerical approximation.

Solve
Solve



Website testing (with continuity correction)
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64 65 66               

𝑃 𝑋 ≥ 65

65

≈ 𝑃 𝑌 ≥ 64.5

≈ 0.0018 ✅ the better
Approach 2

Binomial

Normal

You must perform a continuity correction when 
approximating a Binomial RV with a Normal RV.

In our website testing, 𝑌~𝒩 50, 25 approximates 𝑋~Bin 100,0.5 .



Continuity correction
If 𝑌~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝) approximates 𝑋~Bin(𝑛, 𝑝), how do we approximate 
the following probabilities?
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Discrete (e.g., Binomial) 
probability question

Continuous (Normal) 
probability question

𝑃 𝑋 = 6
𝑃 𝑋 ≥ 6
𝑃 𝑋 > 6
𝑃 𝑋 < 6
𝑃 𝑋 ≤ 6

…  5 6 7 …

🤔



Continuity correction
If 𝑌~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝) approximates 𝑋~Bin(𝑛, 𝑝), how do we approximate 
the following probabilities?
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Discrete (e.g., Binomial) 
probability question

Continuous (Normal) 
probability question

𝑃 𝑋 = 6
𝑃 𝑋 ≥ 6
𝑃 𝑋 > 6
𝑃 𝑋 < 6
𝑃 𝑋 ≤ 6

𝑃 5.5 ≤ 𝑌 ≤ 6.5
𝑃 𝑌 ≥ 5.5
𝑃 𝑌 ≥ 6.5
𝑃 𝑌 ≤ 5.5
𝑃 𝑌 ≤ 6.5

…  5 6 7 …



Normal	
Approximation

88

11a_normal_approx



Who gets to approximate?
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𝑋~Bin 𝑛, 𝑝
𝐸 𝑋 = 𝑛𝑝

Var 𝑋 = 𝑛𝑝(1 − 𝑝)

𝑌~𝒩 𝜇, 𝜎!
𝜇 = 𝑛𝑝

𝜎! = 𝑛𝑝(1 − 𝑝)

𝑌~Poi(𝜆)
𝜆 = 𝑛𝑝

?



1. If there is a choice, either is fine.
2. When using Normal to approximate a discrete RV, use a continuity correction.

Who gets to approximate?

90

Poisson approximation
𝑛 large (> 20), 𝑝 small (< 0.05)

slight dependence okay

Normal approximation
𝑛 large (> 20), variance large (𝑛𝑝 1 − 𝑝 > 10)

independence

0

0.05

0.1

0.15

0.2

0.25

0 10

!(
"

= 
#)

$

Bin(100,0.04)

N(4,1.96)

Poi(4)

0
0.01
0.02

0.03
0.04
0.05

0.06
0.07
0.08
0.09

30 40 50 60 70

!(
"

= 
#)

$

Bin(100,0.5)

N(50,5)

Poi(50)



Four Prototypical Trajectories

Super Question:



Why Be Normal? 68% rule
You may have heard the statement:

“68% of the class will fall within 1 standard deviation of the exam average.”
In general, this is only true of normal distributions:

92

= 𝐹 𝜇 + 𝜎 − 𝐹 𝜇 − 𝜎

Let 𝑋~𝒩 𝜇, 𝜎# with CDF 𝐹.

= Φ
𝜇 + 𝜎 − 𝜇

𝜎
− Φ

𝜇 − 𝜎 − 𝜇
𝜎

= Φ 1 −Φ −1 = Φ 1 − 1 −Φ 1

= 2Φ 1 − 1 ≈ 2 0.8413 − 1 = 0.68260

0.01

0.02

0.03

1 5 9 13 17 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77 81 85 89 93 97

!

" "

𝑥

𝑃 𝑋 − 𝜇 < 𝜎 = 𝑃 𝜇 − 𝜎 < 𝑋 < 𝜇 + 𝜎



Why Be Normal? 68% rule
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You may have heard the statement:
“68% of the class will fall within 1 standard deviation of the exam average.”

In general, this is only true of normal distributions:

𝛼 𝛽
𝑥

𝑓 𝑥
1

𝛽 − 𝛼

𝜇 = 𝐸 𝑋 =
𝛼 + 𝛽
2

Var 𝑋 =
𝛽 − 𝛼 !

12 𝜎 = SD 𝑋 =
𝛽 − 𝛼
12

Counterexample: Let 𝑋~Uni 𝛼, 𝛽 .

=
1

𝛽 − 𝛼 ⋅ 𝜇 + 𝜎 − 𝜇 − 𝜎

=
1

𝛽 − 𝛼
2𝜎 =

1
𝛽 − 𝛼

⋅ 2 ⋅
𝛽 − 𝛼
12

= 2/ 12 ≈ 0.58

𝑃 𝑋 − 𝜇 < 𝜎 = 𝑃 𝜇 − 𝜎 < 𝑋 < 𝜇 + 𝜎



Four Prototypical Trajectories

If we have time



Gaussian Sampling and ELO ratings
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What is the probability that the Warriors win?
How do you model zero-sum games?



Gaussian Sampling and ELO ratings
Each team has an ELO score 𝑆, 
calculated based on its
past performance.
• Each game, a team has

ability 𝐴~𝒩 𝑆, 200! .
• The team with the higher

sampled ability wins.
What is the probability
that Warriors win
this game?

Want: 𝑃 Warriors win = 𝑃 𝐴3 > 𝐴4
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0
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0.0025
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𝜇=1470

0
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0.001
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Arpad Elo

Warriors’ 𝐴,~𝒩 𝑆 = 1657, 200#

Opponent’s 𝐴-~𝒩 𝑆 = 1470, 200#



Gaussian Sampling and ELO ratings
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Want: 𝑃 Warriors win = 𝑃 𝐴3 > 𝐴4

≈ 0.7488, calculated by sampling

from scipy import stats
WARRIORS_ELO = 1657
OPPONENT_ELO = 1470
STDEV = 200
NTRIALS = 10000

nSuccess = 0
for i in range(NTRIALS):
w = stats.norm.rvs(WARRIORS_ELO, STDEV)
o = stats.norm.rvs(OPPONENT_ELO, STDEV)
if w > o:
nSuccess += 1

print("Warriors sampled win fraction: ", 
float(nSuccess) / NTRIALS)

0
0.0005

0.001
0.0015
0.002

0.0025

1000 1500 2000 2500

!=1470

0
0.0005

0.001
0.0015
0.002

0.0025

1000 1500 2000 2500

!=1657
Warriors !!~# $ = 1657, 200"

Opponents !#~# $ = 1470, 200"



Is there a better way?

𝑃 𝐴! > 𝐴"
• This is a probability of an event

involving two continuous random variables!
• We’ll solve this problem analytically in two weeks’ time.

Big goal for next time: Events involving two discrete random variables.
Stay tuned!
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probability 
density at x

the distance to the 
mean

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

a constant

“exponential”

sigma shows up twice

N (µ,�2)

Anatomy of a Beautiful Equation



Does it look less scary like this?

100

f(x) / 1

�
· exp

h�(x� µ)2

2�2

i

<latexit sha1_base64="jdckmq97NMjdvUm3uPuVHWcwxV8="></latexit><latexit sha1_base64="jdckmq97NMjdvUm3uPuVHWcwxV8="></latexit><latexit sha1_base64="jdckmq97NMjdvUm3uPuVHWcwxV8="></latexit><latexit sha1_base64="jdckmq97NMjdvUm3uPuVHWcwxV8="></latexit>

f(x) =
1

�
p
2⇡

e
�(x�µ)2

2�2

What if you had to take the log of this function?

This means "e to the power of" and 
is common function in code math 

libraries

This means "proportional to". There is a 
constant but there are many cases where we 

don’t care what it is!



Noisy Wires
Send a voltage of 2 V or −2 V on
wire (to denote 1 and 0, respectively).
• 𝑋 = voltage sent (2 or −2)
• 𝑌 = noise, 𝑌~𝒩 0, 1
• 𝑅 = 𝑋 + 𝑌 voltage received.

Decode: 1 if 𝑅 ≥ 0.5
0 otherwise. 

1. What is P(decoding error | original bit is 1)?
i.e., we sent 1, but we decoded as 0?

2. What is P(decoding error | original bit is 0)?

These probabilities are unequal. Why might this be useful?
101
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Noisy Wires
Send a voltage of 2 V or −2 V on
wire (to denote 1 and 0, respectively).
• 𝑋 = voltage sent (2 or −2)
• 𝑌 = noise, 𝑌~𝒩 0, 1
• 𝑅 = 𝑋 + 𝑌 voltage received.

Decode: 1 if 𝑅 ≥ 0.5
0 otherwise. 

1. What is P(decoding error | original bit is 1)?
i.e., we sent 1, but we decoded as 0?
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0
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Send 0
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Send 1
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𝐹 .
(𝑟
)

𝑅 = 𝑟

𝑃 𝑅 < 0.5| 𝑋 = 2 = 𝑃 2 + 𝑌 < 0.5 = 𝑃 𝑌 < −1.5 Y is Standard Normal

= Φ −1.5 = 1 − Φ 1.5 ≈ 0.0668



Noisy Wires
Send a voltage of 2 V or −2 V on
wire (to denote 1 and 0, respectively).
• 𝑋 = voltage sent (2 or −2)
• 𝑌 = noise, 𝑌~𝒩 0, 1
• 𝑅 = 𝑋 + 𝑌 voltage received.

Decode: 1 if 𝑅 ≥ 0.5
0 otherwise. 

1. What is P(decoding error | original bit is 1)?
i.e., we sent 1, but we decoded as 0?

2. What is P(decoding error | original bit is 0)?
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0
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Send 0
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Send 1
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𝐹 .
(𝑟
)

𝑅 = 𝑟

0.0668

≈ 0.0062𝑃 𝑅 ≥ 0.5| 𝑋 = −2 = 𝑃 −2 + 𝑌 ≥ 0.5 = 𝑃 𝑌 ≥ 2.5
Asymmetric decoding probability: We would like to avoid 
mistaking a 0 for 1. Errors the other way are tolerable.


