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Today: Stanford Eye Test

@ Take an eye exam on this website @ Connect your phone
ao

@ L ] [) vision Test x —
b C @ https://myeyes.ai/measure
Left Eye StAT Algorithm
N done: 15 Swipe up
MAP acuity: 2.5 arcmin

Swipe left Swipe right

= E

Swipe down

Interval: [2.1, 3.6] arcmins

Likelihood of Acuity Scores:
0.6 < likelihood
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Acu?tyE(IogRA‘I‘\R)
Progress: 75%

Z j ; Visualize the math

I always wanted to make this a class demo
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Stanford Eye Test
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P(A — a) Observation E P(A — a‘E)
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Midterm Location

T H  mmBme g
BREINNET =EB
lllll.u =L L
CEMEX: 587 seats Hewlett 200: 502 seats Hewlett 201: 188 seats
109 students 94 students 36 students

Look out for your assignment! Let us know if you are at risk
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https://cs10gpsets.netlify.app/winz2/lecturei2

[ NON Lecture 12 - Inference X + v
& > C O @& csl09psets.netlify.app/win22/lecture12/elephant_babies h Y B O U B O N @
E|ephant Babies #° Answer Editor @ Solution
Numeric Answer: Enter your answer Check Answer
Question: At birth, girl elephant weights are distributed as a
g P 9 Explanation: ®

Gaussian with mean 160kg, and standard deviation 7kg. At birth,
boy elephant weights are distributed as a Gaussian with mean
165kg, and standard deviation of 3kg. All you know about a newborn
elephant is that it is 163kg. What is the probability that it is a girl?
Give your answer to three decimal places.

T1Block LaTeX B3Image B «+» I U

Previous Question Next Question
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Where are we in CS109?

Overview of Topics
1 <G> x *. 7 @
ls N 2 0 Q
Counting Core Random Probabilistic Uncertainty Machine
Theory Probability Variables Models Theory Learning
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Where are we locally?

4 )

Discrete
Models:
General Case,
Multinomial

- /

4 )

Modelling:
Make your own!

4 )

Inference
Conclusions
from
Observations

o /

4 )
General

Inference:

Use computers
to infer

- AN J

Stanford University



Learning Goals

1. Combine Bayes Theorem and Random Variables




Review




Warmup: Bayes Revisited

Likelihood of

\ef-\of ‘oe\.\e% ev"de{:e }Or be[ief‘
QoS
I}]/BE) ~ P(EB) P(B)
P(E)

|

Normalization constant
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Bayes Theorm with Discrete

Let M be a discrete random variable

Let N be a discrete random variable

P(N = 3|M = 2)P(M = 2)

P(N = 3) More
generally

P(M =2|N = 3) =

P(N =n|M =m)P(M =m)
P(N =n)

P(M =m|N =n) =

Shorthand
notation

P(n|m)P(m)

P(m|n) = P(n)
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I Heard That

Let X be the change in gaze (measured in degrees) over 3 seconds after a sound 1s played

Value of PMF of X given PMF of X given
X Baby can hear the sound Baby can not hear the sound

OtoS 0.08 0.40
5to 10 0.15 0.30
10to 15 0.35 0.12
15to 20 0.20 0.08
20 to 25 0.12 0.05
Above 25 0.10 0.05

You observe X = 0. What 1s the probability the
P(can hear the sound) = 4 baby can hear the sound?

Chris Piech, C5109, 2022 Stanford University 13




I Heard That

Value of PMF of X given PMF of X given
X Baby can hear the sound Baby can not hear the sound
0to5 0.08 0.40 P(can hear the sound) = 4

5to 10 0.15 0.30

10to 15 0.35 0.12 .

15 to 20 0.20 0.08 YOU. Observe X — O What 1S the

200 25 0.12 0.05 probability the baby can hear the sound?
Above 25 0.10 0.05

P(X =0|Y)P(Y)
P(X =0]Y)P(Y)+ P(X =0[YC)P(Y?)

P(Y =1|X =0) =

0.08 % 0.75 3

P(Y =1|X = 0) = =
(Y =1 ) = 008+0.75 10405025 _ 8

Chris Piech, C5109, 2022 Stanford University 14




End Review




Inference with Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std =
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std =
3kg. All you know about a newborn elephant is that it 1s 163kg. What is the probability that
it 1s a girl?

Stanford University




Inference with Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std =
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std =
3kg. All you know about a newborn elephant is that it 1s 163kg. What is the probability that
it 1s a girl?

Model:

Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X1G=1is N(u=160, 6>=7?%)

X1G=0is N(u=165,0°=3?)

Chris Piech, C$109, 2022 Stanford University




Inference with Continuous

Q: WhatisP(G=11X=163)

Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X1G=1is N(u=160, 0>=7?%)

X1G=0is N(u=165,0°=3?)

Chris Piech, C5109, 2022 Stanford University




Mixing Discrete and Continuous

Let X be a continuous random variable

Let N be a discrete random variable

P(X = z|N =n)P(N =n)
P(X = 2)

P(N=n|lX=1z) =

P(N:n\X:x):f(X:x|N:n)'6°P(N:n)

f(X =) ¢
P(N =n|X = 1) = f(X:x“fV(; Z);(N:n)

Chris Piech, CS109, 2022
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Mixing Discrete and Continuous

Let X be a continuous random variable

Let N be a discrete random variable

P(N =n|X =2)P(X = x)

P(X =z|N =n) = P(N =n) Change
, b notation

P(n)
_ P(nfz)f(z) - e
! Plnlo)f()
f(z|n) P(n) -
\ Chris Piech, CS109 12022 y Stanford University




All the Bayes Belong to Us

M,N are discrete. X, Y are continuous

" o1 Pl — PImPOR)
P(n)
2 P(nl|x)f(z)
| %0\'@5 f(a:|n) — P(n)
W
Y f(z|n)P(n)
N\.\* %o\'es P(n|x) (@)
f(ylz) f ()
f(zly) W)

Chris Piech, CS109, 2022
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LOTP? Chain Rule? You can play too!

N is discrete. X is continuous
f(N=n,X=2)=f(X=2/N=n)P(N =n)

f(X =)= f(X = [N = n)P(N = n)

Chris Piech, C5109, 2022 Stanford University




Inference with Continuous

Q: WhatisP(G=11X=163)

Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X1G=1is N(u=160,c>=7?%)

X1G=0is N(u=165,0°=3?)

Chris Piech, C5109, 2022 Stanford University




Inference with Continuous

Q: WhatisP(G=11X=163)

Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X1G=1is N(u=160,c>=7?%)

X1G=0is N(u=165,0°=3?)

Joint Distribution is Implied:
FG=1,X =723) = f(X =723|G =1)P(G = 1)

More generally

fG=9X=2)=f(X=2|G=g)PG=g)

Chris Piech, C5109, 2022 Stanford University




Inference with Continuous

Q: WhatisP(G=11X=163)

Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X1G=1is N(u=160,c>=7?%)

X1G=0is N(u=165,0°=3?)

Chris Piech, C5109, 2022 Stanford University




Model Shown Graphically

~

Does this define the joint?

G =11s Bern(p =0.5) f(G =g, X = ZI?)
= f(X =2|G =g)P(G = g)

1 N Y

X1G=1isN(u= 160, 62=72)
X1G=0is N(u= 165, 02=32)

QZ What 1s P(G =11X= 163) Stanford University 26




[ Heard That Redux

Normal Assumption: We choose to approximate eye movements with normal
distributions. For babies who can hear sounds, we approximate their gaze movement
after the sound is played as: N(u = 15, 0> = 50). For babies who can not hear sounds,
we approximate gaze movement as N(u = 8, 02 = 50).

For a new baby we observe a 14 degree movement after the sound is played.
What is your belief that a baby can hear, under The Normal Assumption?

Chris Piech, C$109, 2022 Stanford University 27



[ Heard That Redux

H =1 1s Bern(p =0.75)

Cﬁaze X I1H=1is N(u = 15, 0> = 50)
e;(nge XIH=0is N(u =8, 0>=50)

Q: WhatisPH=11X=14)

Chris Piech, C5109, 2022 Stanford University 28




Harder when neither random variable iIs
a bernoull




A Better Eye Test

https://www.thelancet.com/journals/lancet/article/PlIS0140-6736(21)02149-8/fulltext

https://www.science.org/content/article/eye-robot-artificial-intelligence-dramatically-
improves-accuracy-classic-eye-exam

https://ojs.aaai.org/index.php/AAAl/article/view/5384/5240

b)
“'Nckzo U . 030 | Nomal | |
) ‘ Extra letters per line
RHSDK 5 e
DOVHR - LT- = 0.25 ®
CZRHS : FPH- =
ONHRC g L CBI' a>) 0.20 --Snellen
s e -®-LTDRS
: erons - 0.15 ——Fract
C) [eoe oo X g —--StAT
¢ > O (R X 2
Left Eye StAT Algorithm 8 0.10
3
< 0.05 M
0.00
T 10 20 30 40 50 60 70 80 90 100

Exam Length (n letters)
Figure 1: a) ETDRS, b) Snellen and c) StAT eye exams. Chris Piech, CS109, 2022 Stanford University 30




Prior Belief in Ability to See (Random Var A)

Probability Mass
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Cant see
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0.8 1.0

Standard
vision
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PMF is Actually Stored as a Dictionary

def main():
belief = get_prior_belief()

a P(A=a) a P(A=a) a P(A=a)
0.00 0.00198 0.20 0.00372 0.80 0.01684
0.01 0.00205 021  0.00384 0.81 0.01708
0.02 0.00211 0.22 0.00396 0.82 0.01731
0.03 0.00218 0.23 0.00408 0.83 0.01753
0.04 0.00225 0.24 0.00421 0.84 0.01774
0.05 0.00233 0.25 0.00434 0.85 0.01795
0.06 0.0024 0.26 0.00447 0.86 0.01814
0.07 0.00248 0.27 0.00461 0.87 0.01832
0.08 0.00256 0.28 0.00475 0.88 0.01848
0.09 0.00264 0.29 0.00489 HEN 0.89 0.01864
0.10 0.00273 0.30 0.00504 0.90 0.01877
0.11 0.00281 0.31 0.00519 0.91 0.0189
0.12 0.0029 0.32 0.00535 0.92 0.019
0.13 0.00299 0.33 0.00551 0.93 0.01909
0.14 0.00309 0.34 0.00567 0.94 0.01916
0.15 0.00319 0.35 0.00584 0.95 0.01921
0.16 0.00329 0.36 0.00601 0.96 0.01924
0.17 0.00339 0.37 0.00619 0.97 0.01925
0.18 0.0035 0.38 0.00637 0.98 0.01924 siversity 3

n 10 N NNOY~1 N D20 N NNALAE = N OO N N10OD1



Prior Belief in Ability to See (Random Var A)

Probability Mass

As a graph

belief = get_prior_belief()

0.0200 A

0.0175 A

0.0150 A

0.0125 A

0.0100 A

0.0075 A

0.0050 A

0.00254 ..o

Cant see

0.6 0.8 1.0

Standard
vision

a
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10
0.11
0.12
0.13
0.14
0.15
0.16
0.17
0.18
0.19

P(A=a)
0.00198
0.00205
0.00211
0.00218
0.00225
0.00233
0.0024
0.00248
0.00256
0.00264
0.00273
0.00281
0.0029
0.00299
0.00309
0.00319
0.00329
0.00339
0.0035
0.00361

Chris Piech, CS109, 2022

As a dictionary

a
0.20
0.21
0.22
0.23
0.24
0.25
0.26
0.27
0.28
0.29
0.30
0.31
0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39

P(A=a)
0.00372
0.00384
0.00396
0.00408
0.00421
0.00434
0.00447
0.00461
0.00475
0.00489
0.00504
0.00519
0.00535
0.00551
0.00567
0.00584
0.00601
0.00619
0.00637
0.00655

a
0.80
0.81
0.82
0.83
0.84
0.85
0.86
0.87
0.88
0.89
0.90
0.91
0.92
0.93
0.94
0.95
0.96
0.97
0.98
0.99
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P(A=a)
0.01684
0.01708
0.01731
0.01753
0.01774
0.01795
0.01814
0.01832
0.01848
0.01864
0.01877
0.0189
0.019
0.01909
0.01916
0.01921
0.01924
0.01925
0.01924
0.01921



Today: I am going to simplify the units of vision

Normally doctors measure vision in
logarithmic units. To make today’s demo
easier to understand:

| have translated ability to see

onto a [0, 1] scale.

Chris Piech, CS109, 2022 Stanford University 34




The Patient is Shown One Letter and They Get it Wrong

o @® [E) vision Test X +
&< > C (0 @ myeyes.ai/measure h Y B © E O * ﬂ@
Left Eye

User: wrong

Progress: 5%

Chris Piech, CS109, 2022 Stanford University 35




Posterior Belief in Ability to See (Random Var A)

0.013 1 S
(7))
(7))
)
> 0.012 A
N
+
= 0.011 -
0
o
S
O 0.010 -
Q
0.0091 T e
e
0.0 0.2 0.4 0.6 0.8 1.0
cant see Standard

vision
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Bayes with Random Variables

000 [ vionren « B .
€ s o (TR BED * W& OROND :
] 0.0134 .
............ Left Eye : i
0.012 5

0.0150 - -
0.0125 0.011 4
0.0100 e

U S e r: W ro n g 0.009 T

Progress: : 5%

P(A — a) Observation E P(A — a‘E)
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Inference

In general Bayes theorem
with a random variable is like
the cellphone problem:
multiple possible
assignments to keep track of

’

Still true when some variables are continuous

Chris Piech, C5109, 2022 Stanford University 38




Random Variables

Not all beliefs can be
represented as a function.
Dictionary / table is a great
way to represent a random

variable belief.

’

This is formally called non-parametric

Chris Piech, C5109, 2022 Stanford University 39



Representing Continuous Variables

Dictionary can also be used
to represent a discretization
of a continuous random var

’

I do it all the fime! Yay compute!

Chris Piech, CS109, 2022 Stanford University 40




To the Code!!!

000 [ vionren « B .
€ s o (TR BED * W& OROND :
] 0.0134 .
............ Left Eye : i
0.012 5

0.0150 - -
0.0125 0.011 4
0.0100 e

U S e r: W ro n g 0.009 g

Progress: : 5%

P(A — a) Observation E P(A — a‘E)

Known function

P(A  alE) — é(E\A — )P(P = a)

P(E)

Chris Piech, C$109 12022 Stanford University 41




Inference

In general Bayes theorem
with a random variable is like
the cellphone problem:
multiple possible
assignments to keep track of

’

Still true when some variables are continuous

Chris Piech, CS109, 2022 Stanford University 42




Random Variables

Not all beliefs can be
represented as a function.
Dictionary / table is a great
way to represent a random

variable belief.

’

This is formally called non-parametric

Chris Piech, CS109, 2022 Stanford University 43



Representing Continuous Variables

Dictionary can also be used
to represent a discretization
of a continuous random var

’

I do it all the fime! Yay compute!

Chris Piech, CS109, 2022 Stanford University 44




Multiple observations??




Posterior becomes new prior

000 @ . .
<« C O & myeyesaimeasure 6% * @B nua‘si
1 . Left Eye
30 -
0.012 A 3
0.025
0.011 A =
0.020
0.010
0.015

User: wrong

Progress: : 5%

..
.

P(A=a) omeratons P(A  a|B)

Chris Piech, CS109 , 2022 Stanford University 46




How to get

P(E|A = a)




How to get probability of a response given ability

P(E|A =a) 777

In Practice In Theory
1.0 I gﬁgﬁigmxmmnwl‘fi_} _____ . M I GUESS = 0.05
~= Logistic Curve /I/I . SLIP = 0.05
08 b ’ S SCALING = 7
2 rtagetproby k¢ def p_correct_given_ability(ability, font_size):
S5 } difficulty = 1 - font_size
= y p_no_slip = sigmoid(SCALING * (ability - difficulty))
B / p_with_guess = max(p_no_slip, GUESS)
:%04 %, return SLIP x GUESS + (1-SLIP) x p_with_guess
0.2 i ¢ (guess prob.) def p_observation_given_ability(ability, observation):
o ko izma) p = p_correct_given_ability(ability, observation['size’])
0.0 S 210 if observation['correct’]:
0 1 ) 3 4 5 6 return p
Letter Size (arc mins) elser:
return 1-p

Chris Piech, CS109, 2022 Stanford University 48




Aside, if time: Visualizing continuous
joints




All the Bayes Belong to Us

X, Y are continuous

f(z|y) —

Chris Piech, C5109, 2022 Stanford University




Probabilistic Models can have Continuous Random Vars

X location Y location
8 T0 s01718 of the shot of the shot

30'35"/ s ‘ \ /
40-45%

\ !

\ /
i 3 [ u

~—~—

45-50%

SHOT ATTEMPTS FROM
| THESE TWO AREAS GO

'éﬁﬁ%&fnjﬁﬁ%ﬁs‘ Joint: If any random
i variable is continuous,
then we consider the joint
) F;iLl] Z:AL;ERC;N\@TAi;%;\):Eﬁ a density

51
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Probabilistic Models can have Continuous Random Vars

X location Y location
Dart Results
of the shot of the shot
=x,Y =y)

Joint: If any random
variable is continuous,
then we consider the joint
a density

52
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Probabilistic Models can have Continuous Random Vars

Dart Results

(-
= 0.12
®
S -
>
8
— \
V 0.005

Dart x location

Chris Piech, CS109, 2022

X location Y location
of the shot of the shot
=x,Y =y)

Joint: If any random
variable is continuous,
then we consider the joint
a density

53
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Probabilistic Models can have Continuous Random Vars

Dart Results X location Y location
of the shot of the shot
g =x,Y =y)
S

Joint: If any random
variable is continuous,
then we consider the joint

Dart x location a density

54
Stanford University
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Probabilistic Models can have Continuous Random Vars

IF . X location Y location
000 Dart Probability Density e shot ¢ the shot
=x,Y =y)

Joint: If any random
variable is continuous,
then we consider the joint

0] 900 a density

55
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Joint Probability Density Function

a2 ba

Plag < X <ag,by <Y <by) = / /f(X::c,Y:y)(?y@x

r=ai y=>bq

-10

Chris Piech, C5109, 2022 nlot by Ac ggaenr%ogd University



https://academo.org/demos/3d-surface-plotter/?expression=1/(3*sqrt(2*pi))*exp(-0.5*((x/3)%5e2+(y/3)%5e2))&xRange=-10,10&yRange=-10,10&resolution=25

Joint is Complete Information!

A joint distribution is
complete information. It can
be used to answer any
probability question.

’

Still true when some variables are continuous

Chris Piech, C5109, 2022 Stanford University 57




Focus on Inference

When there are a mixture of

discrete and continuous (or

multiple continuous) | want
you to focus on inference

Chris Piech, C5109, 2022 Stanford University 58



All the Bayes Belong to Us

M,N are discrete. X, Y are continuous

" o1 Pl — PImPOR)
P(n)
2 P(nl|x)f(z)
| %0\'@5 f(a:|n) — P(n)
W
Y f(z|n)P(n)
N\.\* %o\'es P(n|x) (@)
f(ylz) f ()
f(zly) W)

Chris Piech, CS109, 2022
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End Aside




Joint Random Variables

Use a joint table, or joint function to solve probability
V guestion

Think about conditional probabilities with joint variables
v (which might be continuous)

Use and find independence of random variables

Use and find expectation of random variables

Chris Piech, C5109, 2022 Stanford University




