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Today:	Stanford	Eye	Test

I always wanted to make this a class demo
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Stanford	Eye	Test
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User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation E
<latexit sha1_base64="zqFaNREBC8j/7MfMH7At+QgYFok=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IVRE8RrAf0Iay2W7apZtN3N0IJfZPePGgiFf/jjf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNlLLLV9e4Keb426xZFfsKdAicTJSggxut/jV6UUkCanQhGOl2o4day/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYEJz5lxdJ46TinFaqd9VS7SqLIw8HcAhlcOAManALLtSBAIdneIU368F6sd6tj1lrzspm9uEPrM8fqCaPFA==</latexit>

P (A = a|E)
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Midterm	Location

CEMEX: 587 seats Hewlett 200: 502 seats Hewlett 201: 188 seats

Look out for your assignment! Let us know if you are at risk

36 students94 students109 students
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https://cs109psets.netlify.app/win22/lecture12
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Where	are	we	in	CS109?
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Discrete 
Models:

General Case,
Multinomial

Inference
Conclusions 

from 
Observations

Modelling:
Make your own!

General 
Inference:

Use computers 
to infer

Where	are	we	locally?
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1. Combine Bayes Theorem and Random Variables

Learning Goals
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Four Prototypical Trajectories

Review
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Warmup: Bayes Revisited

P(B|E)   = 
P(E|B) P(B)

P(E)

Poste
rior 

belie
f Prior belief

Likelihood of 
evidence

Normalization constant
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Bayes Theorm with Discrete
Let M be a discrete random variable
Let N be a discrete random variable

<latexit sha1_base64="laabqjYommq51xnyou2ee9+BeZM=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCB6TM1KLdFApu3Cgj2Au0Q8mkmTY0cyHJCGXal3Djq7hxoYhbwZ1vYzqdhbYeCPz5/nNIzu9GjAppmt/ayura+sZmbiu/vbO7t68fHDZFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx1dzfzWA+GChsG9HEfE8dEgoB7FSCrU08/s4k2tPLmtnRuwBrseRzixi+o6UdhITWM6J8a0pxfMkpkWXBZWJgogK7unf3X7IY59EkjMkBAdy4ykkyAuKWZkmu/GgkQIj9CAdJQMkE+Ek6RbTeGpIn3ohVydQMKU/p5IkC/E2HdVp4/kUCx6M/if14mlV3USGkSxJAGeP+TFDMoQziKCfcoJlmysBMKcqr9CPEQqGamCzKsQrMWVl0WzXLIuSpW7SqFezeLIgWNwAorAApegDq6BDRoAg0fwDF7Bm/akvWjv2se8dUXLZo7An9I+fwCUaZqx</latexit>

P (M = 2|N = 3) =
P (N = 3|M = 2)P (M = 2)

P (N = 3)

<latexit sha1_base64="2MBBzT0gInPS+rqLE6tzIn0yNpE=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahA1JmpGg3hYIbN8oI9gLtUDJppg1NMkOSEcq0L+HGV3HjQhG3gjvfxvSy0NYDgT/ffw7J+YOYUaUd59taWV1b39jMbGW3d3b39nMHh3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gsHVxG88EKloJO71MCY+Rz1BQ4qRNqiTO/MKNxU+uq0IG1ZgO5QIp17BXEcG21PTHs+IPe7k8k7RmRZcFu5c5MG8vE7uq92NcMKJ0JghpVquE2s/RVJTzMg4204UiREeoB5pGSkQJ8pPp1uN4akhXRhG0hyh4ZT+nkgRV2rIA9PJke6rRW8C//NaiQ7LfkpFnGgi8OyhMGFQR3ASEexSSbBmQyMQltT8FeI+MsloE2TWhOAurrws6udF96JYuivlq+V5HBlwDE5AAbjgElTBNfBADWDwCJ7BK3iznqwX6936mLWuWPOZI/CnrM8fyS2cEw==</latexit>

P (M = m|N = n) =
P (N = n|M = m)P (M = m)

P (N = n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

More 
generally

Shorthand
notation
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I	Heard	That
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Let X be the change in gaze (measured in degrees) over 3 seconds after a sound is played

You observe X = 0. What is the probability the 
baby can hear the sound?
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<latexit sha1_base64="pD0e0LnybqpghuGApQATeqEBmEI=">AAACK3icbVDLTgIxFO34RHyhLt00EhOICZkxRNmQENm4xERegZF0Oh1o6HQmbceEDPyPG3/FhS58xK3/YYFZCHiTNudxb9p7nJBRqUzz01hb39jc2k7tpHf39g8OM0fHDRlEApM6DlggWg6ShFFO6ooqRlqhIMh3GGk6w+rUbz4SIWnA79UoJLaP+px6FCOlpV7mppZrl61xq2zmYRl2XU8gHNdymo/bee3lJwsMXsCEPlSngr4nvUzWLJizgqvASkAWJFXrZV67boAjn3CFGZKyY5mhsmMkFMWMTNLdSJIQ4SHqk46GHPlE2vFs1wk814oLvUDowxWcqX8nYuRLOfId3ekjNZDL3lT8z+tEyivZMeVhpAjH84e8iEEVwGlw0KWCYMVGGiAsqP4rxAOk41I63rQOwVpeeRU0LgvWVaF4V8xWSkkcKXAKzkAOWOAaVMAtqIE6wOAJvIB38GE8G2/Gl/E9b10zkpkTsFDGzy/shKH8</latexit>

P (Y = 1|X = 0) =
P (X = 0|Y )P (Y )

P (X = 0|Y )P (Y ) + P (X = 0|Y C)P (Y C)

You observe X = 0. What is the 
probability the baby can hear the sound?

I	Heard	That

<latexit sha1_base64="PcjaQjJbou8zOo7l6PDiCV4a0Hc="></latexit>

P (Y = 1|X = 0) =
0.08 ⇤ 0.75

0.08 ⇤ 0.75 + 0.40 ⇤ 0.25 =
3

8
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Four Prototypical Trajectories

End Review
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Inference	with	Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl? 
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Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl?

Model: 
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Mixing Discrete and Continuous
Let X be a continuous random variable

Let N be a discrete random variable
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Mixing Discrete and Continuous

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P
X|N (x|n) =

P
N|X (n|x)PX (x)

PN (n)

f
X|N (x|n) · ✏x =

P
N|X (n|x)fX (x) · ✏x

PN (n)

f
X|N (x|n) =

P
N|X (n|x)fX (x)

PN (n)

<latexit sha1_base64="838kWCToJttdwhkd1/T5JNexsX4=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxGcFeoA1lMp20QyeTMDORlrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ8/sxo1LZ9rextr6xubVd2Cnu7u0fHJpHx00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+aObrN56IELSiN+rSUy8EA04DShGSls9E7rl8ZRb8Bp2A4Fw6pb5dGxp05plbM16Zsmu2HPBVXByKIFcbs/86vYjnISEK8yQlB3HjpWXIqEoZmRW7CaSxAiP0IB0NHIUEuml80tm8Fw7fRhEQj+u4Nz9PZGiUMpJ6OvOEKmhXK5l5n+1TqKCmpdSHieKcLxYFCQMqghmscA+FQQrNtGAsKD6rxAPkU5E6fCKOgRn+eRVaF5UnMtK9a5aqtfyOArgFJyBMnDAFaiDW+CCBsDgETyDV/BmPBkvxrvxsWhdM/KZE/BHxucPzliYfQ==</latexit>

P (x|n) = P (n|x)P (x)

P (n)

<latexit sha1_base64="xy1Nbt2Kc6fXbDqCRKT6cJcnf+E=">AAACKnicbVDLTsJAFJ3iC/FVdelmIjGBDWkNUTYmGDcuMZFHQhsyHaYwYTptZqYGUvgeN/6KGxYa4tYPcQpdKHiSSU7OOTd37vEiRqWyrIWR29re2d3L7xcODo+OT8zTs5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vdFD6rdfiJA05M9qEhE3QANOfYqR0lLPvPdL4ykvQwf3QwUdEknKtD6Gd9DxBcJJo8Sn47JOldcjs9Qrz3pm0apYS8BNYmekCDI0eubc6Yc4DghXmCEpu7YVKTdBQlHMyKzgxJJECI/QgHQ15Sgg0k2Wp87glVb60A+FflzBpfp7IkGBlJPA08kAqaFc91LxP68bK7/mJpRHsSIcrxb5MYMqhGlvsE8FwYpNNEFYUP1XiIdIN6R0uwVdgr1+8iZpXVfsm0r1qVqs17I68uACXIISsMEtqINH0ABNgMEreAcf4NN4M+bGwvhaRXNGNnMO/sD4/gGDsqa5</latexit>

f(x|n) · ✏x =
P (n|x)f(x) · ✏x

P (n)

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

Change 
notation

Let X be a continuous random variable
Let N be a discrete random variable
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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N is discrete. X is continuous

LOTP?	Chain	Rule?	You	can	play	too!



Chris Piech, CS109, 2022

Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Joint Distribution is Implied:
<latexit sha1_base64="fr6UEPwxREdUUmk/zA7l+D4wSSw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFakDJTi3VTKLjQZQX7gHYomTTThmYeJBmhjP0AN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc7m5xwk5k8o0v42V1bX1jc3MVnZ7Z3dvP3dw2JJBJAhtkoAHouNgSTnzaVMxxWknFBR7DqdtZ3yV+O17KiQL/Ds1Cant4aHPXEaw0lI/l3cL1zXrrFOrlkvnRVRDbmHOH7RcbCRmUafMkjkDWiZWSvKQotHPffUGAYk86ivCsZRdywyVHWOhGOF0mu1FkoaYjPGQdjX1sUelHc+OmaJTrQyQGwj9fIVm6u+JGHtSTjxHJz2sRnLRS8T/vG6k3Es7Zn4YKeqT+SI34kgFKGkGDZigRPGJJpgIpv+KyAgLTJTuL6tLsBZPXiatcsm6KFVuK/l6Pa0jA8dwAgWwoAp1uIEGNIHAIzzDK7wZT8aL8W58zKMrRjpzBH9gfP4AXLmWIQ==</latexit>

f(G = 1, X = 72.3) = f(X = 72.3|G = 1)P (G = 1)

More generally

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Model	Shown	Graphically

26

Weight
X

IsFemale
G

X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

G = 1 is Bern(p = 0.5)

Does this define the joint?

Q: What is P(G = 1 | X = 163)
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I	Heard	That	Redux

27

Normal Assumption: We choose to approximate eye movements with normal 
distributions. For babies who can hear sounds, we approximate their gaze movement 
after the sound is played as: N(µ = 15, σ2 = 50). For babies who can not hear sounds, 
we approximate gaze movement as N(µ = 8, σ2 = 50).

For a new baby we observe a 14 degree movement after the sound is played. 
What is your belief that a baby can hear, under The Normal Assumption? 
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I	Heard	That	Redux

28

Gaze 
Change

X

Can Hear
H

X | H = 1 is N(µ = 15, σ2 = 50)
X | H = 0 is N(µ = 8, σ2 = 50)

H = 1 is Bern(p = 0.75)

Q: What is P(H = 1 | X = 14)
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Four Prototypical Trajectories

Harder when neither random variable is 
a bernoulli



Chris Piech, CS109, 2022

A	Better	Eye	Test

30

https://www.thelancet.com/journals/lancet/article/PIIS0140-6736(21)02149-8/fulltext

https://www.science.org/content/article/eye-robot-artificial-intelligence-dramatically-
improves-accuracy-classic-eye-exam

https://ojs.aaai.org/index.php/AAAI/article/view/5384/5240
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Prior	Belief	in	Ability	to	See	(Random	Var	A)

31

Can’t see Standard 
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PMF	is	Actually	Stored	as	a	Dictionary

32

a P(A=a) a P(A=a) a P(A=a)
0.00 0.00198 0.20 0.00372 0.80 0.01684
0.01 0.00205 0.21 0.00384 0.81 0.01708
0.02 0.00211 0.22 0.00396 0.82 0.01731
0.03 0.00218 0.23 0.00408 0.83 0.01753
0.04 0.00225 0.24 0.00421 0.84 0.01774
0.05 0.00233 0.25 0.00434 0.85 0.01795
0.06 0.0024 0.26 0.00447 0.86 0.01814
0.07 0.00248 0.27 0.00461 0.87 0.01832
0.08 0.00256 0.28 0.00475 … 0.88 0.01848
0.09 0.00264 0.29 0.00489 0.89 0.01864
0.10 0.00273 0.30 0.00504 0.90 0.01877
0.11 0.00281 0.31 0.00519 0.91 0.0189
0.12 0.0029 0.32 0.00535 0.92 0.019
0.13 0.00299 0.33 0.00551 0.93 0.01909
0.14 0.00309 0.34 0.00567 0.94 0.01916
0.15 0.00319 0.35 0.00584 0.95 0.01921
0.16 0.00329 0.36 0.00601 0.96 0.01924
0.17 0.00339 0.37 0.00619 0.97 0.01925
0.18 0.0035 0.38 0.00637 0.98 0.01924
0.19 0.00361 0.39 0.00655 0.99 0.01921

def main():
belief = get_prior_belief()

…
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Prior	Belief	in	Ability	to	See	(Random	Var	A)

33

Can’t see Standard 
vision
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a P(A=a) a P(A=a) a P(A=a)
0.00 0.00198 0.20 0.00372 0.80 0.01684
0.01 0.00205 0.21 0.00384 0.81 0.01708
0.02 0.00211 0.22 0.00396 0.82 0.01731
0.03 0.00218 0.23 0.00408 0.83 0.01753
0.04 0.00225 0.24 0.00421 0.84 0.01774
0.05 0.00233 0.25 0.00434 0.85 0.01795
0.06 0.0024 0.26 0.00447 0.86 0.01814
0.07 0.00248 0.27 0.00461 0.87 0.01832
0.08 0.00256 0.28 0.00475 … 0.88 0.01848
0.09 0.00264 0.29 0.00489 0.89 0.01864
0.10 0.00273 0.30 0.00504 0.90 0.01877
0.11 0.00281 0.31 0.00519 0.91 0.0189
0.12 0.0029 0.32 0.00535 0.92 0.019
0.13 0.00299 0.33 0.00551 0.93 0.01909
0.14 0.00309 0.34 0.00567 0.94 0.01916
0.15 0.00319 0.35 0.00584 0.95 0.01921
0.16 0.00329 0.36 0.00601 0.96 0.01924
0.17 0.00339 0.37 0.00619 0.97 0.01925
0.18 0.0035 0.38 0.00637 0.98 0.01924
0.19 0.00361 0.39 0.00655 0.99 0.01921

…

belief = get_prior_belief()

As a graph As a dictionary
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Today:	I	am	going	to	simplify	the	units	of	vision

34

Normally doctors measure vision in 
logarithmic units. To make today’s demo 
easier to understand:

I have translated ability to see 

onto a [0, 1] scale.
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The Patient is ShownOne Letter and They Get itWrong

35

User: wrong
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Posterior	Belief	in	Ability	to	See	(Random	Var	A)

36
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Bayes	with	Random	Variables

37

User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation E
<latexit sha1_base64="zqFaNREBC8j/7MfMH7At+QgYFok=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IVRE8RrAf0Iay2W7apZtN3N0IJfZPePGgiFf/jjf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNlLLLV9e4Keb426xZFfsKdAicTJSggxut/jV6UUkCanQhGOl2o4day/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYEJz5lxdJ46TinFaqd9VS7SqLIw8HcAhlcOAManALLtSBAIdneIU368F6sd6tj1lrzspm9uEPrM8fqCaPFA==</latexit>

P (A = a|E)

<latexit sha1_base64="xW9OotM4mSQx9KZ35cNPaMaTeSg=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZbsqMFHVTqErB5Qj2Ae1QMmmmDc08SDJCmfYP3Pgrblwo4tatO//GTDsLbT2QcHLOvdzc40aMCmma31puZXVtfSO/Wdja3tnd0/cPmiKMOSYNHLKQt10kCKMBaUgqGWlHnCDfZaTljm5Sv/VAuKBhcC/HEXF8NAioRzGSSurpp7ZxVUWTeglWYdfjCCe2UZ8oqWQbtrqn6bs07elFs2zOAJeJlZEiyGD39K9uP8SxTwKJGRKiY5mRdBLEJcWMTAvdWJAI4REakI6iAfKJcJLZPlN4opQ+9EKuTiDhTP3dkSBfiLHvqkofyaFY9FLxP68TS+/SSWgQxZIEeD7IixmUIUzDgX3KCZZsrAjCnKq/QjxEKhWpIiyoEKzFlZdJ86xsnZcrd5Vi7TqLIw+OwDEwgAUuQA3cAhs0AAaP4Bm8gjftSXvR3rWPeWlOy3oOwR9onz8PDpmM</latexit>

P (A = a|E) =
P (E|A = a)P (P = a)

P (E)
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Inference

38

In general Bayes theorem 
with a random variable is like 

the cellphone problem: 
multiple possible 

assignments to keep track of 

Still true when some variables are continuous
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Random	Variables

39

Not all beliefs can be 
represented as a function. 
Dictionary / table is a great 
way to represent a random 

variable belief.

This is formally called non-parametric
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Representing	Continuous	Variables

40

Dictionary can also be used 
to represent a discretization 
of a continuous random var

I do it all the time! Yay compute!
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To	the	Code!!!

41

User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation E
<latexit sha1_base64="zqFaNREBC8j/7MfMH7At+QgYFok=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IVRE8RrAf0Iay2W7apZtN3N0IJfZPePGgiFf/jjf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNlLLLV9e4Keb426xZFfsKdAicTJSggxut/jV6UUkCanQhGOl2o4day/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYEJz5lxdJ46TinFaqd9VS7SqLIw8HcAhlcOAManALLtSBAIdneIU368F6sd6tj1lrzspm9uEPrM8fqCaPFA==</latexit>

P (A = a|E)

<latexit sha1_base64="xW9OotM4mSQx9KZ35cNPaMaTeSg=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZbsqMFHVTqErB5Qj2Ae1QMmmmDc08SDJCmfYP3Pgrblwo4tatO//GTDsLbT2QcHLOvdzc40aMCmma31puZXVtfSO/Wdja3tnd0/cPmiKMOSYNHLKQt10kCKMBaUgqGWlHnCDfZaTljm5Sv/VAuKBhcC/HEXF8NAioRzGSSurpp7ZxVUWTeglWYdfjCCe2UZ8oqWQbtrqn6bs07elFs2zOAJeJlZEiyGD39K9uP8SxTwKJGRKiY5mRdBLEJcWMTAvdWJAI4REakI6iAfKJcJLZPlN4opQ+9EKuTiDhTP3dkSBfiLHvqkofyaFY9FLxP68TS+/SSWgQxZIEeD7IixmUIUzDgX3KCZZsrAjCnKq/QjxEKhWpIiyoEKzFlZdJ86xsnZcrd5Vi7TqLIw+OwDEwgAUuQA3cAhs0AAaP4Bm8gjftSXvR3rWPeWlOy3oOwR9onz8PDpmM</latexit>

P (A = a|E) =
P (E|A = a)P (P = a)

P (E)

Known function



Chris Piech, CS109, 2022

Inference

42

In general Bayes theorem 
with a random variable is like 

the cellphone problem: 
multiple possible 

assignments to keep track of 

Still true when some variables are continuous
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Random	Variables

43

Not all beliefs can be 
represented as a function. 
Dictionary / table is a great 
way to represent a random 

variable belief.

This is formally called non-parametric
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Representing	Continuous	Variables

44

Dictionary can also be used 
to represent a discretization 
of a continuous random var

I do it all the time! Yay compute!
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Four Prototypical Trajectories

Multiple observations??
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Posterior	becomes	new	prior

46

User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation E
<latexit sha1_base64="zqFaNREBC8j/7MfMH7At+QgYFok=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IVRE8RrAf0Iay2W7apZtN3N0IJfZPePGgiFf/jjf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNlLLLV9e4Keb426xZFfsKdAicTJSggxut/jV6UUkCanQhGOl2o4day/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYEJz5lxdJ46TinFaqd9VS7SqLIw8HcAhlcOAManALLtSBAIdneIU368F6sd6tj1lrzspm9uEPrM8fqCaPFA==</latexit>

P (A = a|E)

<latexit sha1_base64="xW9OotM4mSQx9KZ35cNPaMaTeSg=">AAACD3icbVDLSgMxFM3UV62vUZdugkWZbsqMFHVTqErB5Qj2Ae1QMmmmDc08SDJCmfYP3Pgrblwo4tatO//GTDsLbT2QcHLOvdzc40aMCmma31puZXVtfSO/Wdja3tnd0/cPmiKMOSYNHLKQt10kCKMBaUgqGWlHnCDfZaTljm5Sv/VAuKBhcC/HEXF8NAioRzGSSurpp7ZxVUWTeglWYdfjCCe2UZ8oqWQbtrqn6bs07elFs2zOAJeJlZEiyGD39K9uP8SxTwKJGRKiY5mRdBLEJcWMTAvdWJAI4REakI6iAfKJcJLZPlN4opQ+9EKuTiDhTP3dkSBfiLHvqkofyaFY9FLxP68TS+/SSWgQxZIEeD7IixmUIUzDgX3KCZZsrAjCnKq/QjxEKhWpIiyoEKzFlZdJ86xsnZcrd5Vi7TqLIw+OwDEwgAUuQA3cAhs0AAaP4Bm8gjftSXvR3rWPeWlOy3oOwR9onz8PDpmM</latexit>

P (A = a|E) =
P (E|A = a)P (P = a)

P (E)
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Four Prototypical Trajectories

How to get
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How	to	get	probability	of	a	response	given	ability

48

<latexit sha1_base64="o7A9uOXnDNjOsmqbKC1WjnqUDec=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoiRb0IVRE8RrAf0Iay2W7apZtN3N0IJfZPePGgiFf/jjf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB64jcfqVQsEvd6FFMvxH3BAkawNlLLLd88XV7g426xZFfsKdAicTJSggxut/jV6UUkCanQhGOl2o4day/FUjPC6bjQSRSNMRniPm0bKnBIlZdO7x2jI6P0UBBJU0Kjqfp7IsWhUqPQN50h1gM1703E/7x2ooNzL2UiTjQVZLYoSDjSEZo8j3pMUqL5yBBMJDO3IjLAEhNtIiqYEJz5lxdJ46TinFaqd9VS7SqLIw8HcAhlcOAManALLtSBAIdneIU368F6sd6tj1lrzspm9uEPrM8fqHSPFA==</latexit>

P (E|A = a) ???

GUESS = 0.05
SLIP = 0.05
SCALING = 7
def p_correct_given_ability(ability, font_size):

difficulty = 1 - font_size
p_no_slip = sigmoid(SCALING * (ability - difficulty))
p_with_guess = max(p_no_slip, GUESS)
return SLIP * GUESS + (1-SLIP) * p_with_guess

In Practice In Theory

def p_observation_given_ability(ability, observation):
p = p_correct_given_ability(ability, observation['size’])
if observation['correct’]:

return p
else:

return 1-p
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Four Prototypical Trajectories

Aside, if time: Visualizing continuous 
joints
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All	the	Bayes	Belong	to	Us

X, Y are continuous

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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Probabilistic	Models	can	have	Continuous	Random	Vars

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>

X location 
of the shot

Y location 
of the shot

Joint: If any random 
variable is continuous, 

then we consider the joint 
a density
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Probabilistic	Models	can	have	Continuous	Random	Vars

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>

X location 
of the shot

Y location 
of the shot

Joint: If any random 
variable is continuous, 

then we consider the joint 
a density
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Probabilistic	Models	can	have	Continuous	Random	Vars

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>

X location 
of the shot

Y location 
of the shot

Joint: If any random 
variable is continuous, 

then we consider the joint 
a densityDart x location
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Probabilistic	Models	can	have	Continuous	Random	Vars

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>

X location 
of the shot

Y location 
of the shot

Joint: If any random 
variable is continuous, 

then we consider the joint 
a densityDart x location
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Probabilistic	Models	can	have	Continuous	Random	Vars

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>

X location 
of the shot

Y location 
of the shot

Joint: If any random 
variable is continuous, 

then we consider the joint 
a density0
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𝑦

plot by Academo

P (a1 < X < a2, b1 < Y < b2) =

a2Z

x=a1

b2Z

y=b1

f(X = x, Y = y) @y@x

<latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit><latexit sha1_base64="Hjui1xB1EZ75Rrpz7ZR4VxHCCe8="></latexit>

Joint	Probability	Density	Function

https://academo.org/demos/3d-surface-plotter/?expression=1/(3*sqrt(2*pi))*exp(-0.5*((x/3)%5e2+(y/3)%5e2))&xRange=-10,10&yRange=-10,10&resolution=25
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Joint	is	Complete	Information!

57

A joint distribution is 
complete information. It can 

be used to answer any 
probability question.

Still true when some variables are continuous
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Focus	on	Inference

58

When there are a mixture of 
discrete and continuous (or 
multiple continuous) I want 
you to focus on inference
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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Four Prototypical Trajectories

End Aside
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Joint Random Variables

Use a joint table, or joint function to solve probability 
question

Use and find independence of random variables

Think about conditional probabilities with joint variables 
(which might be continuous)

Use and find expectation of random variables


