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Announcements
• Midterm!!!! 

• Most of you have finished the midterm! Some folks have not, so please 

don’t talk about it with friends until Saturday.

• Pset 4 coming soon!!!
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Where	are	we	in	CS109?
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Discrete 
Models:

General Case,
Multinomial

Inference
Conclusions 

from 
Observations

Modelling:
Make your own!

General 
Inference:

Use computers 
to infer

Where	are	we	locally?
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Four Prototypical Trajectories

Where do models come from?
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Computers Couldn’t Understand Code

You need to 
move and 

turn in your 
loop

60,000 students attempted this problem
37,000 unique solutions

Challenge Student Code Insight
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Generative Model of Characters
Lake et al, 2015
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Constructing	a	Bayesian	Network
In a Bayesian Network,
Each random variable is caused by 
its parents. Def P(node | parents)

• Node: random variable
• Directed edge: causality

Examples:
• 𝑃 𝐹!" = 1
• 𝑃 𝑈 = 0
• 𝑃 𝐹#$ = 1|𝐹!" = 1 , 𝑃 𝐹#$ = 1|𝐹!" = 0
• 𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 …

10

Flu Under-
grad

TiredFever

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1
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Make	a	GenerativeModel

11

A good probabilistic 
model is generative. It 
explains the process 
through which the joint 
is created. 
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Other	applications

12

Chemical 
present?

Chemical 
detected?

Trajectory 
deviation

Solar 
panel 
failure

Electrical 
system 
failure

Battery 
failure

Communi-
cation loss
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Bayesian	Network

def get_prob_Xi(x, parents):
# what is the probability that Xi = x
# given the list parents of assignments to 
# the parents variables Xi
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Bayesian	Network	Assumption

14

U I F T

X1 X2 X3 X4

Order nodes by ancestry

Assume: Once you know the value of the parents of a variable 
in your network, Xi, any further information about non-
descendents will not change your belief in Xi.
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Four Prototypical Trajectories

How do people design these?
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reggae

From	Correlation	to	Bayes	Net.	Alternative!

rocky funky folky

opera punk country

dancy

pop

classy

categories

music
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The	art	of	modelling

18

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0

1. Design this

2. Also design this.
Later in CS109: learn 
this from data
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Calculate	the	Covariance	/	Correlation	(new	stat!)

Positive

X

Y
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Correlation	is	just	normalized	Covariance

20

<latexit sha1_base64="hma38TkKbr2Ub00Gk7Ktxs+zxVo="></latexit>

⇢(X,Y ) =
Cov(X,Y )p
Var(X)Var(Y )

Correlation Covariance

It is always true that
<latexit sha1_base64="GPB8x8dgZ4rJLjCm80ei/UMLES0=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAILUiZ0aIuuih047KCvdEZSiZN29DMxeRMsQx9EDe+ihsXirhxIfg2ppdFbf0h8Oc755Cc3w0FV2CaP0ZibX1jcyu5ndrZ3ds/SB8e1VQQScqqNBCBbLhEMcF9VgUOgjVCyYjnClZ3B+VJvT5kUvHAv4dRyByP9Hze5ZSARu30pQ3sEeJyMBxnG+fNHC5iWz1IiGe8RqTmuYVLMzdupzNm3pwKrxprbjJorko7/WV3Ahp5zAcqiFItywzBiYkETgUbp+xIsZDQAemxlrY+8Zhy4ulyY3ymSQd3A6mPD3hKFydi4ik18lzd6RHoq+XaBP5Xa0XQvXFi7ocRMJ/OHupGAkOAJ0nhDpeMghhpQ6jk+q+Y9okkFHSeKR2Ctbzyqqld5K2rfOGukCkV53Ek0Qk6RVlkoWtUQreogqqIoif0gt7Qu/FsvBofxuesNWHMZ47RHxnfv19XoYw=</latexit>

Cov(X,Y ) <
p

Var(X)Var(Y )
<latexit sha1_base64="lxZeNVC+uVtGozqSH4vpakDNXyE=">AAACHXicbVDLSgMxFM3UV62vqks3wSK0oGVGiroQKXTjsoJ90RlKJk3b0MzD5E6xDP0RN/6KGxeKuHAj/o3pY1FbD1w4Oedecu9xQ8EVmOaPkVhZXVvfSG6mtrZ3dvfS+wdVFUSSsgoNRCDrLlFMcJ9VgINg9VAy4rmC1dx+aezXBkwqHvj3MAyZ45GuzzucEtBSK12wgT1CXAoGo2z9tJHDN/jMVg8S4qlRJVIbublHIzdqpTNm3pwALxNrRjJohnIr/WW3Axp5zAcqiFJNywzBiYkETgUbpexIsZDQPumypqY+8Zhy4sl1I3yilTbuBFKXD3iizk/ExFNq6Lm60yPQU4veWPzPa0bQuXJi7ocRMJ9OP+pEAkOAx1HhNpeMghhqQqjkeldMe0QSCjrQlA7BWjx5mVTP89ZFvnBXyBSvZ3Ek0RE6RllkoUtURLeojCqIoif0gt7Qu/FsvBofxue0NWHMZg7RHxjfv9f4ocU=</latexit>

Cov(X,Y ) > �
p

Var(X)Var(Y )
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Rock Music Vs Oil?

High Correlation

Hubbert Peak Theory
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Tell your friends!
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Divorce Vs Butter?
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X and Y are random variables with PMF:

§ E[X] = -1(1/3) + 0(1/3) + 1(1/3) = 0
§ E[Y] = 0(2/3) + 1(1/3) = 1/3
§ Since XY = 0, E[XY] = 0
§ Cov(X, Y) = E[XY] – E[X]E[Y] = 0 – 0 = 0

But, X and Y are clearly dependent!

X
Y -1 0 1 pY(y)

0 1/3 0 1/3 2/3

1 0 1/3 0 1/3

pX(x) 1/3 1/3 1/3 1

î
í
ì ¹

=
 otherwise       1

   0 if       0 X
Y

Covariance of Zero Does	Not	Mean	Independence!
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reggae

Recall:	It	is	a	useful	starting	point

rocky funky folky

opera punk country

dancy

pop

classy

categories

music
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Four Prototypical Trajectories

We have models. Need to solve 
problems



Chris Piech, CS109, 2021

Four Prototypical Trajectories

Inference
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Monday:	Inference

Inference noun

An updated belief about a random variable (or multiple) 
based on conditional knowledge regarding another 
random variable (or multiple) in a probabilistic model. 

TLDR: conditional probability with random variables.
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

p
N|X (n|x) =

f
X|N (x|n)pN (n)

fX (x)

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P
X|N (x|n) =

P
N|X (n|x)PX (x)

PN (n)

f
X|N (x|n) · ✏x =

P
N|X (n|x)fX (x) · ✏x

PN (n)

f
X|N (x|n) =

P
N|X (n|x)fX (x)

PN (n)

p
M|N (m|n) =

P
N|M (n|m)pM (m)

pN (n)OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

f
X|Y (x|y) =

f
Y |X (y|x)fX (x)

fY (y)
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Inference	on	a	non-bernoulli random	variable	

30

User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation Y = 0
<latexit sha1_base64="NkGujl5qDW8JFF5mEzfXLxWpRcw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoipXqwUPHisYL90DaUzXbTLt1swu5GKLH/wosHRbz6b7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXU7/1SKViobjT44i6AR4I5jOCtZEe6sWrKn66r9qnvXzBLtkzoGXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQink1w3VjTCZIQHtGOowAFVbjK7eIJOjNJHfihNCY1m6u+JBAdKjQPPdAZYD9WiNxX/8zqx9i/chIko1lSQ+SI/5kiHaPo+6jNJieZjQzCRzNyKyBBLTLQJKWdCcBZfXibNs5JTKZVvy4XaZRpHFo7gGIrgwDnU4Abq0AACAp7hFd4sZb1Y79bHvDVjpTOH8AfW5w+454+j</latexit>

P (A = a|Y = 0)

We can perform inference when there are two random 
variables using Bayes!
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Four Prototypical Trajectories

End Review



Inference:	
Algebra

32
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Bayes	Nets:	Conditional	independence
In a Bayesian Network,
Each random variable is 
conditionally independent of its 
non-descendants, given its parents. 

• Node: random variable
• Directed edge: conditional dependency

33

Flu Under-
grad

TiredFever

Review
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Inference	via	math

34

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0

1. 𝑃 𝐹./ = 0,𝑈 = 1, 𝐹01 = 0, 𝑇 = 1 ?

Compute joint probabilities
using chain rule.
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Inference	via	math

35

Flu Under-
grad

TiredFever

𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0

1. Compute joint probabilities

2. Definition of conditional probability

𝑃 𝐹!" = 1, 𝐹#$ = 0,𝑈 = 0, 𝑇 = 1
𝑃 𝐹!" = 0, 𝐹#$ = 0,𝑈 = 0, 𝑇 = 1

𝑃 𝐹!" = 1, 𝐹#$ = 0,𝑈 = 0, 𝑇 = 1
∑%𝑃 𝐹!" = 𝑥, 𝐹#$ = 0,𝑈 = 0, 𝑇 = 1

2. 𝑃 𝐹./ = 1|𝐹01 = 0,𝑈 = 0, 𝑇 = 1 ?
𝑃 𝐹!" = 1 = 0.1

= 0.095
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Inference	via	math

3. 𝑃 𝐹./ = 1|𝑈 = 1, 𝑇 = 1 ?

36

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0
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Inference	via	math

3. 𝑃 𝐹./ = 1|𝑈 = 1, 𝑇 = 1 ?

37

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0

1. Compute joint probabilities

2. Definition of conditional probability

𝑃 𝐹!" = 1,𝑈 = 1, 𝐹#$ = 1, 𝑇 = 1
…

𝑃 𝐹!" = 0,𝑈 = 1, 𝐹#$ = 0, 𝑇 = 1 ?

∑&𝑃 𝐹!" = 1,𝑈 = 1, 𝐹#$ = 𝑦, 𝑇 = 1
∑%∑&𝑃 𝐹!" = 𝑥,𝑈 = 1, 𝐹#$ = 𝑦, 𝑇 = 1

= 0.122
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Rejection	sampling	algorithm

Step 0:
Have a fully specified
Bayesian Network

38

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0
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Alg #0: Straight Math

Too many possible inference
questions one could ask…
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Alg #1: Rejection Sampling
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Recall: Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (Fev = 1|Flu = 1) = 0.9
<latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit>

P (Fev = 1|Flu = 0) = 0.05
<latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>
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Alg #1: Rejection Sampling
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Alg #1: Rejection Sampling
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Lets try it! 
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To	the	code!

54
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Rejection	sampling	algorithm
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What is 𝑃 𝐹!" = 1|𝑈 = 1, 𝑇 = 1 ?Inference
question:

# samples with 𝐹./ = 1,𝑈 = 1, 𝑇 = 1
# samples with 𝑈 = 1, 𝑇 = 1

🤔

Why would this definition of approximate probability make sense?

probability ≈  
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Why	would	this	approximate	probability	make	sense?
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What is 𝑃 𝐹!" = 1|𝑈 = 1, 𝑇 = 1 ?Inference
question:

# samples with 𝐹./ = 1,𝑈 = 1, 𝑇 = 1
# samples with 𝑈 = 1, 𝑇 = 1

Recall our definition of 
probability as a frequency:

𝑃 𝐸 = lim
2→4

𝑛(𝐸)
𝑛

𝑛 = # of total trials
𝑛(𝐸) = # trials where 𝐸 occurs

# samples with 𝑈 = 1, 𝑇 = 1
probability ≈  
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If you can sample enough 
from the joint distribution, 

you can answer any 
probability question

Each one of 
these is one 
joint sample:

[Flu, Undergrad, Fever, Tired]
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Four Prototypical Trajectories

What’s the matter with 
joint sampling?
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Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (Fev = 1|Flu = 1) = 0.9
<latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit><latexit sha1_base64="4QSw0DtHoAUC/gdIGzqoP0lp3zs=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWoW7KjBTUhVAQissK9gLtUDJppg3NXEgyhTIW3Pgqblwo4taXcOfbmGlnoa0HEj7+/xyS87sRZ1JZ1reRW1ldW9/Ibxa2tnd298z9g6YMY0Fog4Q8FG0XS8pZQBuKKU7bkaDYdzltuaOb1G+NqZAsDO7VJKKOjwcB8xjBSks986heqtExukY2ekA1Hqd0pi+rfNUzi1bZmhVaBjuDImRV75lf3X5IYp8GinAsZce2IuUkWChGOJ0WurGkESYjPKAdjQH2qXSS2Q5TdKqVPvJCoU+g0Ez9PZFgX8qJ7+pOH6uhXPRS8T+vEyvv0klYEMWKBmT+kBdzpEKUBoL6TFCi+EQDJoLpvyIyxAITpWMr6BDsxZWXoXletq2yfVcpVitZHHk4hhMogQ0XUIVbqEMDCDzCM7zCm/FkvBjvxse8NWdkM4fwp4zPH8z7k7Y=</latexit>

P (Fev = 1|Flu = 0) = 0.05
<latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit><latexit sha1_base64="iKhnTIDAax4SslStv8YZTbOTiQA=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxC3ZQZqehGKAjFZQX7gHYomTTThmYeJJlCGbtw46+4caGIWz/CnX9jpp2Fth5I7uGce0nucSPOpLKsbyO3tr6xuZXfLuzs7u0fmIdHLRnGgtAmCXkoOi6WlLOANhVTnHYiQbHvctp2xzep355QIVkY3KtpRB0fDwPmMYKVlvpmsVGu0wm6RjZ6QHUea2adpVfFuuibJV3mQKvEzkgJMjT65ldvEJLYp4EiHEvZta1IOQkWihFOZ4VeLGmEyRgPaVfTAPtUOsl8iRk61coAeaHQJ1Borv6eSLAv5dR3daeP1Ugue6n4n9eNlXflJCyIYkUDsnjIizlSIUoTQQMmKFF8qgkmgum/IjLCAhOlcyvoEOzllVdJ67xiWxX7rlqqVbM48lCEEyiDDZdQg1toQBMIPMIzvMKb8WS8GO/Gx6I1Z2Qzx/AHxucPOW+T6w==</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>
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Probabilistic Model

Fever
Tired

Flu Undergrad

P (U = 1) = 0.8
<latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit><latexit sha1_base64="q04hXdQRTNZ67G98iEl4KWqq7YU=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahXkIihfYiFLx4rGDaQhvLZrtpl242YXejlND/4cWDIl79L978N27bHLT1wQyP92bY2RcknCntON9WYWNza3unuFva2z84PCofn7RVnEpCPRLzWHYDrChngnqaaU67iaQ4CjjtBJObud95pFKxWNzraUL9CI8ECxnB2kgPraqHrpF7aZpjNwblimM7C6B14uakAjlag/JXfxiTNKJCE46V6rlOov0MS80Ip7NSP1U0wWSCR7RnqMARVX62uHqGLowyRGEsTQmNFurvjQxHSk2jwExGWI/VqjcX//N6qQ4bfsZEkmoqyPKhMOVIx2geARoySYnmU0MwkczcisgYS0y0CapkQnBXv7xO2le269juXa3SrOVxFOEMzqEKLtShCbfQAg8ISHiGV3iznqwX6936WI4WrHznFP7A+vwBPNSPrw==</latexit>

P (Fl = 1) = 0.1
<latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit><latexit sha1_base64="2j89fAK6mAT2kD86ZmEJr3Jwugw=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgm6EgiAuK9gHtKFMppN26GQS5iHU0C9x40IRt36KO//GaZuFth64l8M59zJ3TphyprTnfTtr6xubW9uFneLu3v5ByT08aqnESEKbJOGJ7IRYUc4EbWqmOe2kkuI45LQdjm9mfvuRSsUS8aAnKQ1iPBQsYgRrK/XdUqNyy9E18s9t86p+3y17VW8OtEr8nJQhR6PvfvUGCTExFZpwrFTX91IdZFhqRjidFntG0RSTMR7SrqUCx1QF2fzwKTqzygBFibQlNJqrvzcyHCs1iUM7GWM9UsveTPzP6xodXQUZE6nRVJDFQ5HhSCdolgIaMEmJ5hNLMJHM3orICEtMtM2qaEPwl7+8SloXVd8mdl8r12t5HAU4gVOogA+XUIc7aEATCBh4hld4c56cF+fd+ViMrjn5zjH8gfP5A2CrkEA=</latexit>

P (T = 1|Flu = 0, U = 0) = 0.1

P (T = 1|Flu = 0, U = 1) = 0.8

P (T = 1|Flu = 1, U = 0) = 0.9

P (T = 1|Flu = 1, U = 1) = 1.0
<latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit><latexit sha1_base64="E9irS0BZrGtwwIEWh0XFeh9uocs="></latexit>

Fev|Flu = 0 ⇠ N(100.0, 1.81)

Fev|Flu = 1 ⇠ N(98.25, 0.73)
<latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit><latexit sha1_base64="GM6v6EgG97ANBMSgpW0zkom2WTE="></latexit>
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MCMC
Markov Chain

Monte Carlo



Each one of 
these is one 
posterior 
sample:

[Flu, Undergrad, Fever, Tired]

MCMC is a way to sample 
with conditioned variables 

fixed

Alg #2: MCMC



Many Algorithms

Rejection
Sampling

MCMC Pyro Idea2Text



Chris Piech, CS109, 2021

Four Prototypical Trajectories

Stanford Acuity Test?
Version of rejection sampling



Chris Piech, CS109, 2021

Four Prototypical Trajectories

What about Code.org?



Chris Piech, CS109, 2021

Computers Couldn’t Understand Code

You need to 
move and 

turn in your 
loop

60,000 students attempted this problem
37,000 unique solutions

Challenge Student Code Insight



Chris Piech, CS109, 2021
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First Problem (P1)Code.org Short Code (10 lines)

Cond.
Prob.

HumansDeep 
Learning

Computers Couldn’t Understand Code

Generative
Model



Chris Piech, CS109, 2021

Generative Model of Handwritten Digits
Lake et al, 2015



Chris Piech, CS109, 2021
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Inference. Given a character, infer generation



Chris Piech, CS109, 2021
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Human Level. And More!



Chris Piech, CS109, 2021

Generative Model of Grading

Generative model

Inference model

Decision process Output solution

Lake et al, 2015 Muke Wu, Ali Malik, Noah Goodman, Chris Piech, 2019

Outstanding Student
paper award, AAAI 2019



Chris Piech, CS109, 2021
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Chris Piech, CS109, 2021

Idea	2	Text

75

Generative model

Inference model

Decision process Output solution



Chris Piech, CS109, 2021

What	is	the	Generative	Model	for	Binomial	Questions?	

76



Chris Piech, CS109, 2021

Four Prototypical Trajectories

What haven’t we talked about?



Chris Piech, CS109, 2021

Inference	via	math

78

Flu Under-
grad

TiredFever

𝑃 𝐹!" = 1 = 0.1 𝑃 𝑈 = 1 = 0.8

𝑃 𝐹#$ = 1|𝐹!" = 1 = 0.9
𝑃 𝐹#$ = 1|𝐹!" = 0 = 0.05

𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 0 = 0.1
𝑃 𝑇 = 1|𝐹!" = 0, 𝑈 = 1 = 0.8
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 0 = 0.9
𝑃 𝑇 = 1|𝐹!" = 1, 𝑈 = 1 = 1.0

1. Learn this from data

2. Learn this from data



Chris Piech, CS109, 2021

Four Prototypical Trajectories

See you Friday



Chris Piech, CS109, 2021

Four Prototypical Trajectories

One of my favorite classes…


