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Which	video	are	you	more	likely	to	like?
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Four Prototypical TrajectoriesPhilosophical Ponderings:
You ask about the probability of rain tomorrow. 

Person A: My leg itches when it rains and its kind of 
itchy…. Uh, p = .80

Person B: I have done complex calculations and have 
seen 10,451 days like tomorrow… p = 0.80

What is the difference between the two estimates?



Four Prototypical Trajectories

“Those who are able to 
represent what they do not 
know make better decisions”

- CS109



Four Prototypical Trajectories

Today we are going to learn 
something unintuitive, beautiful and 

useful



Pset 4	is	out!
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Pset 4	is	out!
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Pset 4	is	out!
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Pset 4	is	out!
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New	Features
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Go into “Focus Mode” Class wide resource list



Coverage.	You	are	ready!
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Today!

Probabilistic Models



Four Prototypical Trajectories

Review



Let M be a discrete random variable
Let N be a discrete random variable

<latexit sha1_base64="laabqjYommq51xnyou2ee9+BeZM=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCB6TM1KLdFApu3Cgj2Au0Q8mkmTY0cyHJCGXal3Djq7hxoYhbwZ1vYzqdhbYeCPz5/nNIzu9GjAppmt/ayura+sZmbiu/vbO7t68fHDZFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx1dzfzWA+GChsG9HEfE8dEgoB7FSCrU08/s4k2tPLmtnRuwBrseRzixi+o6UdhITWM6J8a0pxfMkpkWXBZWJgogK7unf3X7IY59EkjMkBAdy4ykkyAuKWZkmu/GgkQIj9CAdJQMkE+Ek6RbTeGpIn3ohVydQMKU/p5IkC/E2HdVp4/kUCx6M/if14mlV3USGkSxJAGeP+TFDMoQziKCfcoJlmysBMKcqr9CPEQqGamCzKsQrMWVl0WzXLIuSpW7SqFezeLIgWNwAorAApegDq6BDRoAg0fwDF7Bm/akvWjv2se8dUXLZo7An9I+fwCUaZqx</latexit>

P (M = 2|N = 3) =
P (N = 3|M = 2)P (M = 2)

P (N = 3)

<latexit sha1_base64="2MBBzT0gInPS+rqLE6tzIn0yNpE=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahA1JmpGg3hYIbN8oI9gLtUDJppg1NMkOSEcq0L+HGV3HjQhG3gjvfxvSy0NYDgT/ffw7J+YOYUaUd59taWV1b39jMbGW3d3b39nMHh3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gsHVxG88EKloJO71MCY+Rz1BQ4qRNqiTO/MKNxU+uq0IG1ZgO5QIp17BXEcG21PTHs+IPe7k8k7RmRZcFu5c5MG8vE7uq92NcMKJ0JghpVquE2s/RVJTzMg4204UiREeoB5pGSkQJ8pPp1uN4akhXRhG0hyh4ZT+nkgRV2rIA9PJke6rRW8C//NaiQ7LfkpFnGgi8OyhMGFQR3ASEexSSbBmQyMQltT8FeI+MsloE2TWhOAurrws6udF96JYuivlq+V5HBlwDE5AAbjgElTBNfBADWDwCJ7BK3iznqwX6936mLWuWPOZI/CnrM8fyS2cEw==</latexit>

P (M = m|N = n) =
P (N = n|M = m)P (M = m)

P (N = n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

More 
generally

Shorthand
notation

Bayes	with	Random	Variables



Inference	on	a	non-bernoulli random	variable	
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User: wrong

1 2 3

<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation Y = 0
<latexit sha1_base64="NkGujl5qDW8JFF5mEzfXLxWpRcw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoipXqwUPHisYL90DaUzXbTLt1swu5GKLH/wosHRbz6b7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXU7/1SKViobjT44i6AR4I5jOCtZEe6sWrKn66r9qnvXzBLtkzoGXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQink1w3VjTCZIQHtGOowAFVbjK7eIJOjNJHfihNCY1m6u+JBAdKjQPPdAZYD9WiNxX/8zqx9i/chIko1lSQ+SI/5kiHaPo+6jNJieZjQzCRzNyKyBBLTLQJKWdCcBZfXibNs5JTKZVvy4XaZRpHFo7gGIrgwDnU4Abq0AACAp7hFd4sZb1Y79bHvDVjpTOH8AfW5w+454+j</latexit>

P (A = a|Y = 0)

We can perform inference when there are two random 
variables using Bayes!



Number	or	Dictionary?
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<latexit sha1_base64="Z2D6G8iwpw0NGTAAsYFmuvtnvXM=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARGpCSSFE3haoblxHsRdpQJtNJO3RyYWYilDQv4cZXceNCEbeCO9/GaZqFVg8M/PP95zBzfjdiVEjT/NIKS8srq2vF9dLG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3w189v3hAsaBrdyEhHHR8OAehQjqVBfP7YrF3U0vaubBqzDnscRTuyKuk4VNjLTSOfESPt62ayaWcG/wspFGeRl9/XP3iDEsU8CiRkSomuZkXQSxCXFjKSlXixIhPAYDUlXyQD5RDhJtlUKjxQZQC/k6gQSZvTnRIJ8ISa+qzp9JEdi0ZvB/7xuLL1zJ6FBFEsS4PlDXsygDOEsIjignGDJJkogzKn6K8QjpJKRKsiSCsFaXPmvaJ1UrdNq7aZWblzmcRTBATgEFWCBM9AA18AGTYDBA3gCL+BVe9SetTftfd5a0PKZffCrtI9vZaObPA==</latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

belief[0.02] = 0.001

belief belief

Value of a P(A=a)



Inference	on	a	non-bernoulli random	variable	
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<latexit sha1_base64="Z2D6G8iwpw0NGTAAsYFmuvtnvXM=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARGpCSSFE3haoblxHsRdpQJtNJO3RyYWYilDQv4cZXceNCEbeCO9/GaZqFVg8M/PP95zBzfjdiVEjT/NIKS8srq2vF9dLG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3w189v3hAsaBrdyEhHHR8OAehQjqVBfP7YrF3U0vaubBqzDnscRTuyKuk4VNjLTSOfESPt62ayaWcG/wspFGeRl9/XP3iDEsU8CiRkSomuZkXQSxCXFjKSlXixIhPAYDUlXyQD5RDhJtlUKjxQZQC/k6gQSZvTnRIJ8ISa+qzp9JEdi0ZvB/7xuLL1zJ6FBFEsS4PlDXsygDOEsIjignGDJJkogzKn6K8QjpJKRKsiSCsFaXPmvaJ1UrdNq7aZWblzmcRTBATgEFWCBM9AA18AGTYDBA3gCL+BVe9SetTftfd5a0PKZffCrtI9vZaObPA==</latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

<latexit sha1_base64="aViI3CIIW4GfuE8Dl9bBuU/Hscs=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9Iagl5IUC8eMZEPhYZsly1s2G6b3a0JqfwLLx40xqv/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh66rceqVQsFHd6HFE3wAPBfEawNtJDvXhZxU/3Vfu0ly/YJXsGtEyclBQgRb2X/+r2QxIHVGjCsVIdx460m2CpGeF0kuvGikaYjPCAdgwVOKDKTWYXT9CJUfrID6UpodFM/T2R4ECpceCZzgDroVr0puJ/XifW/oWbMBHFmgoyX+THHOkQTd9HfSYp0XxsCCaSmVsRGWKJiTYh5UwIzuLLy6R5VnIqpfJtuVC7SuPIwhEcQxEcOIca3EAdGkBAwDO8wpulrBfr3fqYt2asdOYQ/sD6/AG6tY+p</latexit>

P (A = a|Y = 0) # RV bayes as code
def update(belief, obs):

for a in support:
prior_a = belief[a]
likelihood = calc_likelihood(a, obs)
belief[a] = prior_a * likelihood

normalize(belief)

likelihood

In plain English: run bayes for each value of a



Normalize???
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# RV bayes as code
def update(belief, obs):

for a in support:
prior_a = belief[a]
likelihood = calc_likelihood(a, obs)
belief[a] = prior_a * likelihood

normalize(belief)

<latexit sha1_base64="XWplsb+TrETjffpLcGW100/xUNY="></latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

=
P (Y = 0|A = a)P (A = a)P

a P (Y = 0, A = a)

=
P (Y = 0|A = a)P (A = a)P
a P (Y = 0|A = a)P (A = a)

In plain English: this 
is the sum of all the 

things in belief



Four Prototypical Trajectories

End Review



Where	are	we	in	CS109?



Roll a dice three times. If I roll a six twice (or more) I win $1 million. 
Otherwise you win $1 million. What should we charge to play?

P (W ) =
⇣5
6

⌘2
⇡ 0.69

<latexit sha1_base64="+tEgAT/WPLN2BXyAwhr9lE8fLZ8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUJStOpCKHXjsoJ9QBPLZDpph04ezEzEEvIRbvwVNy4UcevCnX/jpO1CWw9cOHPOvcy9x40YFdI0v7Xc0vLK6lp+vbCxubW9o+/utUQYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV1lfvuecEHD4FaOI+L4aBBQj2IkldTTjxuldhleQrtOByXb4wgnp2lSTbN3+a4CbRRFPHyAplG96OlF0zAngIvEmpEimKHR07/sfohjnwQSMyRE1zIj6SSIS4oZSQt2LEiE8AgNSFfRAPlEOMnkqBQeKaUPvZCrCiScqL8nEuQLMfZd1ekjORTzXib+53Vj6Z07CQ2iWJIATz/yYgZlCLOEYJ9ygiUbK4Iwp2pXiIdIJSNVjgUVgjV/8iJpVQzLNKybk2KtPosjDw7AISgBC5yBGrgGDdAEGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AFayJvh</latexit><latexit sha1_base64="+tEgAT/WPLN2BXyAwhr9lE8fLZ8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUJStOpCKHXjsoJ9QBPLZDpph04ezEzEEvIRbvwVNy4UcevCnX/jpO1CWw9cOHPOvcy9x40YFdI0v7Xc0vLK6lp+vbCxubW9o+/utUQYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV1lfvuecEHD4FaOI+L4aBBQj2IkldTTjxuldhleQrtOByXb4wgnp2lSTbN3+a4CbRRFPHyAplG96OlF0zAngIvEmpEimKHR07/sfohjnwQSMyRE1zIj6SSIS4oZSQt2LEiE8AgNSFfRAPlEOMnkqBQeKaUPvZCrCiScqL8nEuQLMfZd1ekjORTzXib+53Vj6Z07CQ2iWJIATz/yYgZlCLOEYJ9ygiUbK4Iwp2pXiIdIJSNVjgUVgjV/8iJpVQzLNKybk2KtPosjDw7AISgBC5yBGrgGDdAEGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AFayJvh</latexit><latexit sha1_base64="+tEgAT/WPLN2BXyAwhr9lE8fLZ8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUJStOpCKHXjsoJ9QBPLZDpph04ezEzEEvIRbvwVNy4UcevCnX/jpO1CWw9cOHPOvcy9x40YFdI0v7Xc0vLK6lp+vbCxubW9o+/utUQYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV1lfvuecEHD4FaOI+L4aBBQj2IkldTTjxuldhleQrtOByXb4wgnp2lSTbN3+a4CbRRFPHyAplG96OlF0zAngIvEmpEimKHR07/sfohjnwQSMyRE1zIj6SSIS4oZSQt2LEiE8AgNSFfRAPlEOMnkqBQeKaUPvZCrCiScqL8nEuQLMfZd1ekjORTzXib+53Vj6Z07CQ2iWJIATz/yYgZlCLOEYJ9ygiUbK4Iwp2pXiIdIJSNVjgUVgjV/8iJpVQzLNKybk2KtPosjDw7AISgBC5yBGrgGDdAEGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AFayJvh</latexit><latexit sha1_base64="+tEgAT/WPLN2BXyAwhr9lE8fLZ8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEUJStOpCKHXjsoJ9QBPLZDpph04ezEzEEvIRbvwVNy4UcevCnX/jpO1CWw9cOHPOvcy9x40YFdI0v7Xc0vLK6lp+vbCxubW9o+/utUQYc0yaOGQh77hIEEYD0pRUMtKJOEG+y0jbHV1lfvuecEHD4FaOI+L4aBBQj2IkldTTjxuldhleQrtOByXb4wgnp2lSTbN3+a4CbRRFPHyAplG96OlF0zAngIvEmpEimKHR07/sfohjnwQSMyRE1zIj6SSIS4oZSQt2LEiE8AgNSFfRAPlEOMnkqBQeKaUPvZCrCiScqL8nEuQLMfZd1ekjORTzXib+53Vj6Z07CQ2iWJIATz/yYgZlCLOEYJ9ygiUbK4Iwp2pXiIdIJSNVjgUVgjV/8iJpVQzLNKybk2KtPosjDw7AISgBC5yBGrgGDdAEGDyCZ/AK3rQn7UV71z6mrTltNrMP/kD7/AFayJvh</latexit>

Let's	play	a	game!



What	if	you	don't	know	a	probability?



What	if	you	don't	know	a	probability?



Pirate Supply Store, San Francisco



Four Prototypical Trajectories

What is your belief that you 
successfully roll a 6 on my die?



The parameter p to a 
binomial can be a random 

variable
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p =
9

10
<latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial

Let X be our belief about the probability of heads:



28

P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial

Let X be our belief about the probability of heads:
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=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
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�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

Let X be our belief about the probability of heads:

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

Uniform?Binomial



30

P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up 

heads
Frequentist (never prior) Bayesian (prior is great)

X = lim
n+m!1

n

n+m

⇡ n

n+m

fX|N (x|n) =
P (N = n|X = x)fX(x)

P (N = n)

X is (often) a single value
X is a random variable. Leads to a belief 
distribution which captures confidence

Flip	a	coin	with	unknown	probability



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X)~Bin(n+m, x)

Bayesian
“posterior” 

probability distribution

Bayesian “prior”
probability distribution

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

Flip	a	coin	with	unknown	probability!



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X)~Bin(n+m, x)
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1

Binomial
Move terms around

Flip	a	coin	with	unknown	probability!



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 
n “successes” and 
m “failures”…

Your new belief about the probability is:

c =

Z 1

0
xn(1� x)m
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Flip	a	coin	with	unknown	probability!



n = 7
m = 1

fX(x) =
1

c
· xn(1� x)m
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Belief	after	7	success	and	1	fail



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

where c =

Z 1

0
xa�1(1� x)b�1
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fX(x) =
1

c
· xa�1(1� x)b�1

<latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit>

Equivalently!



X is a Beta Random Variable: X ~ Beta(a, b)
§ Probability Density Function (PDF):      (where a, b > 0)

§ Symmetric when a = b
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Beta	Random	Variable



Used to represent a distributed belief of a probability

Beta	is	the	Random	Variable	for	Probabilities



Beta Parameters can
come from experiments:

a = “successes” + 1
b = “failures” + 1



Think about the difference 
between a point estimate 

and a distribution

p = 0.75 p =



Beta is a distribution for 
probabilities. Its range is 
values between 0 and 1



Beta Parameters can
come from experiments:

a = “successes” + 1
b = “failures” + 1



fX(x) =
1

B(a, b)
xa�1(1� x)b�1

If our prior belief about X was beta

What is our posterior belief about X after observing n heads 
(and m tails)?

f(X = x|N = n) = ???

f(X = x)

X is our random variable for probability

If	the	Prior	was	Beta?
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If	the	Prior	was	Beta?



§ If “Prior” distribution of X (before seeing flips) is Beta

§ Then “Posterior” distribution of X (after flips) is Beta

Beta is a conjugate distribution for Beta
§ Prior and posterior parametric forms are the same! 
§ Practically, conjugate means easy update:
oAdd number of “heads” and “tails” seen to Beta parameters

A	beta	understanding



Can set X ~ Beta(a, b) as prior to reflect how biased you think 
coin is apriori
§ This is a subjective probability (aka Bayesian)!
§ Prior probability for X based on seeing (a + b – 2) “imaginary” 

trials, where 
(a – 1) of them were heads.
(b – 1) of them were tails.

§ Beta(1, 1) = Uni(0, 1)  à we haven’t seen any “imaginary 
trials”, so apriori know nothing about coin

Update to get posterior probability
§ X | (n heads and m tails) ~ Beta(a + n, b + m)

A	beta	understanding



X | (N = n, M = m) ~ Beta(a = n + 1, b = m + 1)
§ Prior X ~ Uni(0, 1)

§ Check this out, boss:
oBeta(a = 1, b = 1) =?

oBeta(a = 1, b = 1) = Uni(0, 1)

§ So, prior X ~ Beta(a = 1, b = 1)
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A	beta	understanding



Enchanted Die

Let X be the probability of rolling a “6” on Chris’ die.

Prior: Imagine 5 die rolls where only showed 
up as a “6”

What is the updated probability density function of X after 
our observations?

Observation: Roll it a few times…



Check	out	the	Demo!



Four Prototypical Trajectories

Damn



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Frequentist:

p ⇡ 14

20
= 0.7

<latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit><latexit sha1_base64="8Owlbf/Yt1OySQicbfe6LLt2EDk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFchaQU2o1QcOOygn1AE8pkOmmHTjLDzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89oWBUadf9ttbWNza3tks75d29/YND++i4o3gqMWljzrjshUgRRhPS1lQz0hOSoDhkpBtOrmd+955IRXlyp6eCBDEaJTSiGGkjDewzAX0khOQP0I8kwplXy7Oqm8Mr6Dr1gV1xHXcOuEq8glRAgdbA/vKHHKcxSTRmSKm+5wodZEhqihnJy36qiEB4gkakb2iCYqKCbP5GDi+MMoQRl6YSDefq74kMxUpN49B0xkiP1bI3E//z+qmOGkFGE5FqkuDFoihlUHM4ywQOqSRYs6khCEtqboV4jEwa2iRXNiF4yy+vkk7V8VzHu61Vmo0ijhI4BefgEnigDprgBrRAG2DwCJ7BK3iznqwX6936WLSuWcXMCfgD6/MHhUaXKg==</latexit>

A	beta	example



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Prior:

X ⇠ Beta(a = 81, b = 21)
<latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit><latexit sha1_base64="rwgAkjFonTcZGagoyYQ4b8yaJGY=">AAACCnicbVDJSgNBEO1xjXGLevTSGoQIEmaCYC5C0IvHCGaBzBB6OpWkSc9Cd40Yhpy9+CtePCji1S/w5t/YWQ6a+KCox3tVdNfzYyk02va3tbS8srq2ntnIbm5t7+zm9vbrOkoUhxqPZKSaPtMgRQg1FCihGStggS+h4Q+ux37jHpQWUXiHwxi8gPVC0RWcoZHauaMmdbUIqIvwgOkVIBsVGL2kZefMN63knLZzebtoT0AXiTMjeTJDtZ37cjsRTwIIkUumdcuxY/RSplBwCaOsm2iIGR+wHrQMDVkA2ksnp4zoiVE6tBspUyHSifp7I2WB1sPAN5MBw76e98bif14rwW7ZS0UYJwghnz7UTSTFiI5zoR2hgKMcGsK4EuavlPeZYhxNelkTgjN/8iKpl4qOXXRuz/OV8iyODDkkx6RAHHJBKuSGVEmNcPJInskrebOerBfr3fqYji5Zs50D8gfW5w/mi5fD</latexit>

X ⇠ Beta(a = 9, b = 3)
<latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit><latexit sha1_base64="21siJOQuSV3qKx7DhKt6hMn0UW4=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoQZFYwHIejFYwSzQBJCT6eSNOlZ6K4Rw5CjF3/FiwdFvPoJ3vwbO8tBEx9U8Xiviu56XiSFRsf5tlILi0vLK+nVzNr6xuaWvb1T0WGsOJR5KENV85gGKQIoo0AJtUgB8z0JVa9/PfKr96C0CIM7HETQ9Fk3EB3BGRqpZe/XaEMLnzYQHjC5AmTDHKOX9OLYM/30qGVnnbwzBp0n7pRkyRSllv3VaIc89iFALpnWddeJsJkwhYJLGGYasYaI8T7rQt3QgPmgm8n4kCE9NEqbdkJlKkA6Vn9vJMzXeuB7ZtJn2NOz3kj8z6vH2Ck0ExFEMULAJw91YkkxpKNUaFso4CgHhjCuhPkr5T2mGEeTXcaE4M6ePE8qJ3nXybu3Z9liYRpHmuyRA5IjLjknRXJDSqRMOHkkz+SVvFlP1ov1bn1MRlPWdGeX/IH1+QP3bpdP</latexit>

80 successes / 100 trials

Interpretation:

8 successes / 10 trials

4 successes / 5 trials

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

A	beta	example



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

Prior:

Posterior:
X ⇠ Beta(a = 5, b = 2)

<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

X ⇠ Beta(a = 5 + 14, b = 2 + 6)

⇠ Beta(a = 19, b = 8)
<latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit>

Prior

Posterior

E[X] =
a

a+ b
=

19

19 + 8
⇡ 0.70

<latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72

<latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit><latexit sha1_base64="R9MKOkr0/qTQEd8QI4eiEht94Xo="></latexit>

m
od
e

A	beta	example



Prior:

Laplace	Smoothing

X ⇠ Beta(a = 2, b = 2)
<latexit sha1_base64="Oha8Q/uqSKQ9fAFk0zoy2K3fRg8=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaTMFMFuhKIblxXsBTqlZNLTNjRzITkjlqFbN76KGxeKuPUN3Pk2pu0stPVAyMf/n0Nyfi+SQqNtf1uZldW19Y3sZm5re2d3L79/0NBhrDjUeShD1fKYBikCqKNACa1IAfM9CU1vdD31m/egtAiDOxxH0PHZIBB9wRkaqZunLepq4VMX4QGTK0A2KTJ6Sctn1Jtep918wS7Zs6LL4KRQIGnVuvkvtxfy2IcAuWRatx07wk7CFAouYZJzYw0R4yM2gLbBgPmgO8lskwk9MUqP9kNlToB0pv6eSJiv9dj3TKfPcKgXvan4n9eOsV/pJCKIYoSAzx/qx5JiSKex0J5QwFGODTCuhPkr5UOmGEcTXs6E4CyuvAyNcskxfHteqFbSOLLkiByTInHIBamSG1IjdcLJI3kmr+TNerJerHfrY96asdKZQ/KnrM8fSeKXcQ==</latexit><latexit sha1_base64="Oha8Q/uqSKQ9fAFk0zoy2K3fRg8=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaTMFMFuhKIblxXsBTqlZNLTNjRzITkjlqFbN76KGxeKuPUN3Pk2pu0stPVAyMf/n0Nyfi+SQqNtf1uZldW19Y3sZm5re2d3L79/0NBhrDjUeShD1fKYBikCqKNACa1IAfM9CU1vdD31m/egtAiDOxxH0PHZIBB9wRkaqZunLepq4VMX4QGTK0A2KTJ6Sctn1Jtep918wS7Zs6LL4KRQIGnVuvkvtxfy2IcAuWRatx07wk7CFAouYZJzYw0R4yM2gLbBgPmgO8lskwk9MUqP9kNlToB0pv6eSJiv9dj3TKfPcKgXvan4n9eOsV/pJCKIYoSAzx/qx5JiSKex0J5QwFGODTCuhPkr5UOmGEcTXs6E4CyuvAyNcskxfHteqFbSOLLkiByTInHIBamSG1IjdcLJI3kmr+TNerJerHfrY96asdKZQ/KnrM8fSeKXcQ==</latexit><latexit sha1_base64="Oha8Q/uqSKQ9fAFk0zoy2K3fRg8=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaTMFMFuhKIblxXsBTqlZNLTNjRzITkjlqFbN76KGxeKuPUN3Pk2pu0stPVAyMf/n0Nyfi+SQqNtf1uZldW19Y3sZm5re2d3L79/0NBhrDjUeShD1fKYBikCqKNACa1IAfM9CU1vdD31m/egtAiDOxxH0PHZIBB9wRkaqZunLepq4VMX4QGTK0A2KTJ6Sctn1Jtep918wS7Zs6LL4KRQIGnVuvkvtxfy2IcAuWRatx07wk7CFAouYZJzYw0R4yM2gLbBgPmgO8lskwk9MUqP9kNlToB0pv6eSJiv9dj3TKfPcKgXvan4n9eOsV/pJCKIYoSAzx/qx5JiSKex0J5QwFGODTCuhPkr5UOmGEcTXs6E4CyuvAyNcskxfHteqFbSOLLkiByTInHIBamSG1IjdcLJI3kmr+TNerJerHfrY96asdKZQ/KnrM8fSeKXcQ==</latexit><latexit sha1_base64="Oha8Q/uqSKQ9fAFk0zoy2K3fRg8=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaTMFMFuhKIblxXsBTqlZNLTNjRzITkjlqFbN76KGxeKuPUN3Pk2pu0stPVAyMf/n0Nyfi+SQqNtf1uZldW19Y3sZm5re2d3L79/0NBhrDjUeShD1fKYBikCqKNACa1IAfM9CU1vdD31m/egtAiDOxxH0PHZIBB9wRkaqZunLepq4VMX4QGTK0A2KTJ6Sctn1Jtep918wS7Zs6LL4KRQIGnVuvkvtxfy2IcAuWRatx07wk7CFAouYZJzYw0R4yM2gLbBgPmgO8lskwk9MUqP9kNlToB0pv6eSJiv9dj3TKfPcKgXvan4n9eOsV/pJCKIYoSAzx/qx5JiSKex0J5QwFGODTCuhPkr5UOmGEcTXs6E4CyuvAyNcskxfHteqFbSOLLkiByTInHIBamSG1IjdcLJI3kmr+TNerJerHfrY96asdKZQ/KnrM8fSeKXcQ==</latexit>

One imagined heads

One imagined tail

Fancy name. Simple prior



Which	video	are	you	more	likely	to	like?

55

10,000 50 10 0



Which	video	are	you	more	likely	to	like?

56

10,000 50 10 0



Four Prototypical Trajectories

Next level?



Four Prototypical Trajectories

Alpha GO mixed deep learning and 
core reasoning under uncertainty



Multi Armed Bandit



Multi Armed Bandit

Drug A Drug B

Which one do you give to a patient?



Lets Play!

Drug A Drug B

Which one do you give to a patient?



Lets Play!



You try drug B, 5 times. It is successful 2 times.
If you had a uniform prior, what is your posterior belief about the likelihood of 

success?

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

2 successes
3 failures

Optimal Decision Making



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

Optimal Decision Making

E[X] =
a

a+ b
=

3

3 + 4
⇡ 0.43

<latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit><latexit sha1_base64="YpElogpjGUvzSzms0nb7Ldk/K2E=">AAACHnicbZDLSsNAFIYnXmu9VV26GSwFQQiJrdiNUBDBZQV7gSaUk+mkHTq5MDMRS8iTuPFV3LhQRHClb+P0gmjrDwM/35nDOef3Ys6ksqwvY2l5ZXVtPbeR39za3tkt7O03ZZQIQhsk4pFoeyApZyFtKKY4bceCQuBx2vKGl+N6644KyaLwVo1i6gbQD5nPCCiNuoWzq07bxRfY8QWQFLIU8An2sh9SztKyJpUMOxDHIrrHllkpdwtFy7QmwovGnpkimqneLXw4vYgkAQ0V4SBlx7Zi5aYgFCOcZnknkTQGMoQ+7WgbQkClm07Oy3BJkx72I6FfqPCE/u5IIZByFOitSwGogZyvjeF/tU6i/KqbsjBOFA3JdJCfcKwiPM4K95igRPGRNkAE07tiMgAdi9KJ5nUI9vzJi6Z5atqWad9UirXqLI4cOkRH6BjZ6BzV0DWqowYi6AE9oRf0ajwaz8ab8T79umTMeg7QHxmf3zcvn2E=</latexit>

What is expectation of X?



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

X ⇠ Beta(a = 3, b = 4)
<latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit><latexit sha1_base64="9J+frozFQfYlWGgDRwHWpkzdzh0=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNjVgF6EEC8eI5gHZEOYnXSSIbMPZnrFsOTqxV/x4kERr/6BN//GSbIHTSxouqjqZqbLi6TQaNvf1tLyyuraemYju7m1vbOb29uv6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nviNe1BahMEdjiJo+6wfiJ7gDI3UydEmdbXwqYvwgEkFkI0LjF7R81PqmVY66eTydtGegi4SJyV5kqLayX253ZDHPgTIJdO65dgRthOmUHAJ46wba4gYH7I+tAwNmA+6nUwvGdNjo3RpL1SmAqRT9fdGwnytR75nJn2GAz3vTcT/vFaMvct2IoIoRgj47KFeLCmGdBIL7QoFHOXIEMaVMH+lfMAU42jCy5oQnPmTF0n9rOjYRee2lC9X0jgy5JAckQJxyAUpkxtSJTXCySN5Jq/kzXqyXqx362M2umSlOwfkD6zPH1F4l34=</latexit>

Optimal Decision Making

What is the probability that X > 0.6

P (X > 0.6) = 1� P (X < 0.6) = 1� FX(0.6)
<latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit><latexit sha1_base64="zi0CBcCabXlrXAsxiGo5H9HBsrE=">AAACE3icbZBPS8MwGMbT+W/Of1WPXoJDmIKlFdEdVAaCeJzgtsJWSpqlW1ialiQVxth38OJX8eJBEa9evPltTLce5vSBwJPf+74k7xMkjEpl299GYWFxaXmluFpaW9/Y3DK3d5oyTgUmDRyzWLgBkoRRThqKKkbcRBAUBYy0gsF1Vm89ECFpzO/VMCFehHqchhQjpZFvHtUrLryCtnV2CC+hA49hBi5mwY3vVrKrb5Zty54I/jVObsogV903vzrdGKcR4QozJGXbsRPljZBQFDMyLnVSSRKEB6hH2tpyFBHpjSY7jeGBJl0YxkIfruCEzk6MUCTlMAp0Z4RUX87XMvhfrZ2qsOqNKE9SRTiePhSmDKoYZgHBLhUEKzbUBmFB9V8h7iOBsNIxlnQIzvzKf03zxHJsy7k7LdeqeRxFsAf2QQU44BzUwC2ogwbA4BE8g1fwZjwZL8a78TFtLRj5zC74JePzB6IClnE=</latexit>

Wait what? Chris are you holding out on me?

stats.beta.cdf(x, a, b)

P (X > 0.6) = 1� FX(0.6) = 0.1792
<latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit><latexit sha1_base64="dFnWFpQ1OMe0sNHyXhRXzyUHSM4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF4akiK0LpSCIywq2DbQhTKbTduhkEmYmQgndu/FX3LhQxK0/4M6/cdpmoa0HLpw5517m3hPEjEpl299GbmV1bX0jv1nY2t7Z3TP3D1oySgQmTRyxSLgBkoRRTpqKKkbcWBAUBoy0g9H11G8/ECFpxO/VOCZeiAac9ilGSku+WWyUXXgFbev8BF5CB57CG98tZ0/bcqoXFd8s2ZY9A1wmTkZKIEPDN7+6vQgnIeEKMyRlx7Fj5aVIKIoZmRS6iSQxwiM0IB1NOQqJ9NLZLRN4rJUe7EdCF1dwpv6eSFEo5TgMdGeI1FAuelPxP6+TqH7NSymPE0U4nn/UTxhUEZwGA3tUEKzYWBOEBdW7QjxEAmGl4yvoEJzFk5dJq2I5OrS7s1K9lsWRB0egCMrAAVVQB7egAZoAg0fwDF7Bm/FkvBjvxse8NWdkM4fgD4zPHwnWlKs=</latexit>



Explore	something	new?	Or	go	for	what	looks	good	now?
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One	option:	Upper	Confidence	Bound
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Amazing	option:	Thompson	Sampling
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Posterior:

Prior

Posterior

m
od
e



Four Prototypical Trajectories

Beta: 
The probability density 

for probabilities



Beta is a distribution for 
probabilities



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

Beta Distribution

where c =

Z 1

0
xa�1(1� x)b�1

<latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit>

fX(x) =
1

c
· xa�1(1� x)b�1
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Distributions
Binomial

Uniform

Normal

Exponential

Beta

Neg Binomial
Poisson

Geometric

Beta



Think about the difference 
between a point estimate 

and a distribution

p = 0.75 p =



Four Prototypical TrajectoriesProblem with a  point estimate:

Person A: My leg itches when it rains and its kind of 
itchy…. Uh, p = .80

Person B: I have done complex calculations and have 
seen 10,451 days like tomorrow… p = 0.80

Give me the uncertainty!!!



Any parameter for a 
“parameterized” random 

variable can be thought of 
as a random variable.

Eg:

P (⇤ = �|N = 5)
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