
Bootstrapping
Chris Piech

CS109, Stanford University



Chris Piech, CS109 2

A	real	difference?

Learning in Context A
4.44
3.36
5.87
2.31
...

3.70

Learning in Context B
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

How confident are you in this claim?
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Group 1
4.44
3.36
5.87
2.31
...

3.70

Group 2
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

The	Classic	Science	Test

How confident are you in this claim?
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Announcements

4

TLDR: No class or 
office hours 
Monday.
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Four Prototypical Trajectories

<review>
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Where	are	we	in	CS109?

6

You are here
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Uncertainty	Theory

7

Beta 
Distributions

Adding 
Random Vars

Central Limit 
Theorem

Sampling Algorithmic 
Analysis

Thompson 
Sampling

Bootstrapping
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

!
!"#

$

𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of the variables is normally distributed

Central	Limit	Theorem	(Summation)

8

As 𝑛 → ∞
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".

1
𝑛
!
!"#

$

𝑋! ~𝒩(𝜇,
𝜎%

𝑛
)

The average of the variables is normally distributed

Central	Limit	Theorem	(Average)

9

As 𝑛 → ∞



Sampling	
Statistics

10

19a_intro
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Motivating	example
You want to know the true mean and 
variance of happiness in Bhutan.
• But you can’t ask everyone.
• You poll 200 random people.
• Your data looks like this:

Happiness = {72, 85, 79, 91, 68, …, 71}

11
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Population
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Sample
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Collect one (or more) numbers from each person

Sample
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A sample of sample size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A realization of a sample of size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A	sample,	mathematically

15

59 87 94 99 87 78 69 91

2x
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Say	hello	to	our	new	friend:	Sample	mean

16

<latexit sha1_base64="zYIjGavP4DprjG2+VA6RhOuhaeE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQ5lsN+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2VOv0AVdadDcoVt+ouQNaJl5MK5GgOyl/9YUzTiElDBWrd89zE+Bkqw6lgs1I/1SxBOsER61kqMWLazxbnzsiFVYYkjJUtachC/T2RYaT1NApsZ4RmrFe9ufif10tNeONnXCapYZIuF4WpICYm89/JkCtGjZhaglRxeyuhY1RIjU2oZEPwVl9eJ+2rqlev1u5rlcZjHkcRzuAcLsGDa2jAHTShBRQm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gB9MY/B</latexit>

X̄
You know I am 
mean because 
I have a really 
scary looking 
hat…

Celebrity look alike:

Al Capone
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Mean value
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E[X̄] X̄ ⇠ N(µ,
�2

n
)

By central limit theorem:

Var(X̄) =
�2

n
<latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit>

Insight:	Sample	Mean	is	an	RV	with	known	Var	
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Our	Report	to	Bhutan	Government

<latexit sha1_base64="0JfVETglC65D5t+MCEvxHxwsrOs=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGWmFO2y4MaVVLAP6Iwlk2ba0CQzJBmhDPMJbvwVNy4UcevSnX9j+lho64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDXx2w9EKhqJOz2Oic/RQNCQYqSN1LNPvQDJtJNBT1EOb0oeT86hF0qEU6MMOLqvZKnIznp20Sk7U8Bl4s5JEczR6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nBSxSJER6hAekaKhAnyk+nD2XwxCh9GEbSlNBwqv6eSBFXaswD08mRHqpFbyL+53UTHdb8lIo40UTg2aIwYVBHcJIO7FNJsGZjQxCW1NwK8RCZNLTJsGBCcBdfXiatStm9KFdvq8V6bR5HHhyBY1ACLrgEdXANGqAJMHgEz+AVvFlP1ov1bn3MWnPWfOYQ/IH1+QPTPJxy</latexit>

X̄ ⇠ N(µ,
�2

n
)

By central limit theorem:

<latexit sha1_base64="XTBWy8DN7zQEVwvgqIfW9WliHCo=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyWRor0IBS8eK9gaaELYbDft0t1N2N0IJeToxb/ixYMiXv0J3vw3btsctPXBwOO9GWbmRSmjSjvOt1VZWV1b36hu1ra2d3b37P2DnkoyiUkXJyyRXoQUYVSQrqaaES+VBPGIkftofD317x+IVDQRd3qSkoCjoaAxxUgbKbSP/QjJ3CvgFfRjiXDuFrkofJXxkEIvpKFddxrODHCZuCWpgxKd0P7yBwnOOBEaM6RU33VSHeRIaooZKWp+pkiK8BgNSd9QgThRQT57pICnRhnAOJGmhIYz9fdEjrhSEx6ZTo70SC16U/E/r5/puBXkVKSZJgLPF8UZgzqB01TggEqCNZsYgrCk5laIR8jkoU12NROCu/jyMumdN9yLRvO2WW+3yjiq4AicgDPggkvQBjegA7oAg0fwDF7Bm/VkvVjv1se8tWKVM4fgD6zPH0lvmX4=</latexit>

X̄ =
1

n

X

i

Xi

Unbiased estimate: The 
expected value of the
sample mean is the true
mean.

Your estimate of 
the true mean is 
the average of 
your samples

True mean

True variance
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Four Prototypical Trajectories

</review>
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Estimating	the	population	variance

If we knew the entire population 𝑥!, 𝑥", … , 𝑥# :

𝜎! = 𝐸 𝑋 − 𝜇 ! =
1
𝑁
,
"#$

%

𝑥" − 𝜇 !

If we only have a sample, 𝑋!, 𝑋", … , 𝑋$ :

20

2. Estimate is 𝜎", the variance of happiness
of Bhutanese people

population
variance

population mean

sample
variance

sample mean

𝐸[𝑆"] =
1

𝑛 − 1
4
%&!

$

𝑋% − 𝐸[ 5𝑋] "
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Calculating population statistics exactly 
requires us knowing all 𝑁 datapoints.

0
Happiness 𝜇

Intuition	about	the	sample	variance,	𝑆)

21

𝜎" =
1
𝑁
4
%&!

#

𝑥% − 𝜇 "population
variance

population mean

𝑥" − 𝜇

Actual, 𝜎"

150

Population size, 𝑁
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Intuition	about	the	sample	variance,	𝑆)

22

𝑆" =
1

𝑛 − 1
4
%&!

$

𝑋% − 5𝑋 "sample
variance

sample mean
Estimate, 𝑆"

𝜎" =
1
𝑁
4
%&!

#

𝑥% − 𝜇 "population
variance

population mean
Actual, 𝜎"

0
Happiness 𝜇

Population size, 𝑁

150
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Intuition	about	the	sample	variance,	𝑆)

23

𝑆" =
1

𝑛 − 1
4
%&!

$

𝑋% − 5𝑋 "𝜎" =
1
𝑁
4
%&!

#

𝑥% − 𝜇 "population
variance

sample
variance

population mean sample mean
Actual, 𝜎" Estimate, 𝑆"

0
Happiness 𝜇

Population size, 𝑁
$𝑋

150
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Sample variance is an estimate using an 
estimate, so it needs additional scaling.

Intuition	about	the	sample	variance,	𝑆)

24

𝑆" =
1

𝑛 − 1
4
%&!

$

𝑋% − 5𝑋 "

1500
Happiness 𝜇

𝜎" =
1
𝑁
4
%&!

#

𝑥% − 𝜇 "population
variance

sample
variance

population mean sample mean

Population size, 𝑁
$𝑋

𝑋$ − .𝑋

Actual, 𝜎" Estimate, 𝑆"
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Proof	that	𝑆) is	unbiased

25

𝐸 𝑆" = 𝜎"(just for reference)

𝐸 𝑆! = 𝐸
1

𝑛 − 1
-
"#$

%

𝑋" − /𝑋 ! ⇒ 𝑛 − 1 𝐸 𝑆! = 𝐸 -
"#$

%

𝑋" − /𝑋 !

𝑛 − 1 𝐸 𝑆! = 𝐸 -
"#$

%

𝑋" − 𝜇 + 𝜇 − /𝑋 !

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! +-
"#$

%

𝜇 − /𝑋 ! + 2-
"#$

%

𝑋" − 𝜇 𝜇 − /𝑋

(introduce 𝜇 − 𝜇)

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! + 𝑛 𝜇 − /𝑋 ! − 2𝑛 𝜇 − /𝑋 !

2 𝜇 − $𝑋 &
!"#

$

𝑋! − 𝜇

2 𝜇 − $𝑋 &
!"#

$

𝑋! − 𝑛𝜇

2 𝜇 − )𝑋 𝑛 )𝑋 − 𝜇

−2𝑛 𝜇 − )𝑋 !

= 𝐸 -
"#$

%

𝑋" − 𝜇 ! − 𝑛 𝜇 − /𝑋 ! =-
"#$

%

𝐸 𝑋" − 𝜇 ! − 𝑛𝐸 /𝑋 − 𝜇 !

= 𝑛𝜎! − 𝑛Var /𝑋 = 𝑛𝜎! − 𝑛
𝜎!

𝑛
= 𝑛𝜎! − 𝜎! = 𝑛 − 1 𝜎! Therefore 𝐸 𝑆! = 𝜎!
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Estimating	the	population	variance

If we only have a sample, 𝑋!, 𝑋", … , 𝑋$ :

The best estimate of 𝜎" is the expectation of
sample variance:

𝑆" is an unbiased estimator of the population variance, 𝜎". 𝐸 𝑆" = σ"

26

2. What is 𝜎", the variance of happiness of 
Bhutanese people?

𝐸[𝑆"] =
1

𝑛 − 1
4
%&!

$

𝑋% − 𝐸[ 5𝑋] "
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Our	Report	to	Bhutan	Government
<latexit sha1_base64="0JfVETglC65D5t+MCEvxHxwsrOs=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGWmFO2y4MaVVLAP6Iwlk2ba0CQzJBmhDPMJbvwVNy4UcevSnX9j+lho64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDXx2w9EKhqJOz2Oic/RQNCQYqSN1LNPvQDJtJNBT1EOb0oeT86hF0qEU6MMOLqvZKnIznp20Sk7U8Bl4s5JEczR6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nBSxSJER6hAekaKhAnyk+nD2XwxCh9GEbSlNBwqv6eSBFXaswD08mRHqpFbyL+53UTHdb8lIo40UTg2aIwYVBHcJIO7FNJsGZjQxCW1NwK8RCZNLTJsGBCcBdfXiatStm9KFdvq8V6bR5HHhyBY1ACLrgEdXANGqAJMHgEz+AVvFlP1ov1bn3MWnPWfOYQ/IH1+QPTPJxy</latexit>

X̄ ⇠ N(µ,
�2

n
)By CLT:

<latexit sha1_base64="0WOjTXuoI0k3goEN4g5ETDrNeQg=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp2k2hIILLCrYNJDFMppN26GQSZiZCCfkEN/6KGxeKuHXpzr9x+lho64ELh3Pu5d57wpRRqSzr2yitrK6tb5Q3K1vbO7t75v5BVyaZwKSDE5YIJ0SSMMpJR1HFiJMKguKQkV44upr4vQciJE34nRqnxI/RgNOIYqS0FJin164XIpE7hQ+b0IsEwrld5LzwZBYHOW3axT13AhqYVatmTQGXiT0nVTBHOzC/vH6Cs5hwhRmS0rWtVPk5EopiRoqKl0mSIjxCA+JqylFMpJ9PHyrgiVb6MEqELq7gVP09kaNYynEc6s4YqaFc9Cbif56bqajh55SnmSIczxZFGYMqgZN0YJ8KghUba4KwoPpWiIdIh6J0hhUdgr348jLpntfsi1r9tl5tNeZxlMEROAZnwAaXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWWvJmM8cgj8wPn8Aeuic3Q==</latexit>

E[X̄] =
1

n

nX

i=1

Xi

<latexit sha1_base64="llnics0pFtW0roQfaNfV5m8dR1c="></latexit>

E[S2]

=
1

n� 1

nX

i=1

(Xi � X̄)2
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X̄ ⇠ N(µ,
�2

n
)By CLT:But	what	about	error	bars???
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X̄ ⇠ N(µ,
�2

n
)By CLT:

<latexit sha1_base64="WUunzKEl9O2UnjpMTNNXcd7LyME=">AAACFnicbVBNSwMxEM36WetX1aOXYBH0YNktRXsRCiJ4rGi10F1LNs1qaDa7JrNiCfsrvPhXvHhQxKt489+Y1h78ejDweG+GmXlhKrgG1/1wJianpmdmC3PF+YXFpeXSyuqZTjJFWYsmIlHtkGgmuGQt4CBYO1WMxKFg52H/YOif3zCleSJPYZCyICaXkkecErBSt7TjA7sFcwK9fMsPiTLtfBvvY19fKzB+pAg1h52Ti2qQG5nn3VLZrbgj4L/EG5MyGqPZLb37vYRmMZNABdG647kpBIYo4FSwvOhnmqWE9skl61gqScx0YEZv5XjTKj0cJcqWBDxSv08YEms9iEPbGRO40r+9ofif18kgqgeGyzQDJunXoigTGBI8zAj3uGIUxMASQhW3t2J6RWwWYJMs2hC83y//JWfVirdbqR3Xyo36OI4CWkcbaAt5aA810BFqohai6A49oCf07Nw7j86L8/rVOuGMZ9bQDzhvn7Wvn7M=</latexit>

Std(X̄) =

r
E[S2]

n

But	what	about	error	bars???
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Our	Report	to	Bhutan	Government
<latexit sha1_base64="0JfVETglC65D5t+MCEvxHxwsrOs=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsIGWmFO2y4MaVVLAP6Iwlk2ba0CQzJBmhDPMJbvwVNy4UcevSnX9j+lho64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDXx2w9EKhqJOz2Oic/RQNCQYqSN1LNPvQDJtJNBT1EOb0oeT86hF0qEU6MMOLqvZKnIznp20Sk7U8Bl4s5JEczR6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nBSxSJER6hAekaKhAnyk+nD2XwxCh9GEbSlNBwqv6eSBFXaswD08mRHqpFbyL+53UTHdb8lIo40UTg2aIwYVBHcJIO7FNJsGZjQxCW1NwK8RCZNLTJsGBCcBdfXiatStm9KFdvq8V6bR5HHhyBY1ACLrgEdXANGqAJMHgEz+AVvFlP1ov1bn3MWnPWfOYQ/IH1+QPTPJxy</latexit>

X̄ ⇠ N(µ,
�2

n
)By CLT:

<latexit sha1_base64="WUunzKEl9O2UnjpMTNNXcd7LyME=">AAACFnicbVBNSwMxEM36WetX1aOXYBH0YNktRXsRCiJ4rGi10F1LNs1qaDa7JrNiCfsrvPhXvHhQxKt489+Y1h78ejDweG+GmXlhKrgG1/1wJianpmdmC3PF+YXFpeXSyuqZTjJFWYsmIlHtkGgmuGQt4CBYO1WMxKFg52H/YOif3zCleSJPYZCyICaXkkecErBSt7TjA7sFcwK9fMsPiTLtfBvvY19fKzB+pAg1h52Ti2qQG5nn3VLZrbgj4L/EG5MyGqPZLb37vYRmMZNABdG647kpBIYo4FSwvOhnmqWE9skl61gqScx0YEZv5XjTKj0cJcqWBDxSv08YEms9iEPbGRO40r+9ofif18kgqgeGyzQDJunXoigTGBI8zAj3uGIUxMASQhW3t2J6RWwWYJMs2hC83y//JWfVirdbqR3Xyo36OI4CWkcbaAt5aA810BFqohai6A49oCf07Nw7j86L8/rVOuGMZ9bQDzhvn7Wvn7M=</latexit>

Std(X̄) =

r
E[S2]

n

<latexit sha1_base64="0WOjTXuoI0k3goEN4g5ETDrNeQg=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp2k2hIILLCrYNJDFMppN26GQSZiZCCfkEN/6KGxeKuHXpzr9x+lho64ELh3Pu5d57wpRRqSzr2yitrK6tb5Q3K1vbO7t75v5BVyaZwKSDE5YIJ0SSMMpJR1HFiJMKguKQkV44upr4vQciJE34nRqnxI/RgNOIYqS0FJin164XIpE7hQ+b0IsEwrld5LzwZBYHOW3axT13AhqYVatmTQGXiT0nVTBHOzC/vH6Cs5hwhRmS0rWtVPk5EopiRoqKl0mSIjxCA+JqylFMpJ9PHyrgiVb6MEqELq7gVP09kaNYynEc6s4YqaFc9Cbif56bqajh55SnmSIczxZFGYMqgZN0YJ8KghUba4KwoPpWiIdIh6J0hhUdgr348jLpntfsi1r9tl5tNeZxlMEROAZnwAaXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWWvJmM8cgj8wPn8Aeuic3Q==</latexit>

E[X̄] =
1

n

nX

i=1

Xi

<latexit sha1_base64="llnics0pFtW0roQfaNfV5m8dR1c="></latexit>

E[S2]

=
1

n� 1

nX

i=1

(Xi � X̄)2
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𝐸[𝑆"] =
1

𝑛 − 1
4
%&!

$

𝑋% − 𝐸[ 5𝑋] "

Equations	we	used	to	get	those	values

31

sample
variance
estimate

sample mean estimate

𝐸[ 5𝑋] =
1
𝑛
4
%&!

$

𝑋%
sample

mean
estimate

Std( 5𝑋) =
𝐸[𝑆"]
𝑛

Std error of 
the mean
estimate

sample variance

Our best guess at 
the true mean

Our best guess at 
the true variance

How wrong do we 
think our mean 
estimate is?
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Std(S2)?

Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government
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Four Prototypical Trajectories

How long does it take CS109 students 
to complete Psets?
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PSet Timings	Raw

34

For each pset question:
I have a list of how many
seconds it took each
person



Chris Piech, CS109 35

def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code



Chris Piech, CS109 37

def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code

<latexit sha1_base64="0WOjTXuoI0k3goEN4g5ETDrNeQg=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0VRIp2k2hIILLCrYNJDFMppN26GQSZiZCCfkEN/6KGxeKuHXpzr9x+lho64ELh3Pu5d57wpRRqSzr2yitrK6tb5Q3K1vbO7t75v5BVyaZwKSDE5YIJ0SSMMpJR1HFiJMKguKQkV44upr4vQciJE34nRqnxI/RgNOIYqS0FJin164XIpE7hQ+b0IsEwrld5LzwZBYHOW3axT13AhqYVatmTQGXiT0nVTBHOzC/vH6Cs5hwhRmS0rWtVPk5EopiRoqKl0mSIjxCA+JqylFMpJ9PHyrgiVb6MEqELq7gVP09kaNYynEc6s4YqaFc9Cbif56bqajh55SnmSIczxZFGYMqgZN0YJ8KghUba4KwoPpWiIdIh6J0hhUdgr348jLpntfsi1r9tl5tNeZxlMEROAZnwAaXoAVuQBt0AAaP4Bm8gjfjyXgx3o2PWWvJmM8cgj8wPn8Aeuic3Q==</latexit>

E[X̄] =
1

n

nX

i=1

Xi
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code
<latexit sha1_base64="llnics0pFtW0roQfaNfV5m8dR1c="></latexit>

E[S2]

=
1

n� 1

nX

i=1

(Xi � X̄)2
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code

<latexit sha1_base64="WUunzKEl9O2UnjpMTNNXcd7LyME=">AAACFnicbVBNSwMxEM36WetX1aOXYBH0YNktRXsRCiJ4rGi10F1LNs1qaDa7JrNiCfsrvPhXvHhQxKt489+Y1h78ejDweG+GmXlhKrgG1/1wJianpmdmC3PF+YXFpeXSyuqZTjJFWYsmIlHtkGgmuGQt4CBYO1WMxKFg52H/YOif3zCleSJPYZCyICaXkkecErBSt7TjA7sFcwK9fMsPiTLtfBvvY19fKzB+pAg1h52Ti2qQG5nn3VLZrbgj4L/EG5MyGqPZLb37vYRmMZNABdG647kpBIYo4FSwvOhnmqWE9skl61gqScx0YEZv5XjTKj0cJcqWBDxSv08YEms9iEPbGRO40r+9ofif18kgqgeGyzQDJunXoigTGBI8zAj3uGIUxMASQhW3t2J6RWwWYJMs2hC83y//JWfVirdbqR3Xyo36OI4CWkcbaAt5aA810BFqohai6A49oCf07Nw7j86L8/rVOuGMZ9bQDzhvn7Wvn7M=</latexit>

Std(X̄) =

r
E[S2]

n
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code
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def analyse(data):
for question_key, timings_list in data.items():

timings_list = remove_zeros(timings_list)
# calculate n
n = len(timings_list)
# estimate the mean
sample_mean = np.mean(timings_list) 
# estimate the variance (ddof=1 says its a sample... i know...)
sample_var = np.var(timings_list,ddof=1)
# calculate the standard error of the mean
standard_err = math.sqrt(sample_var / n)
# sample std
sample_std = math.sqrt(sample_var)
# print them out
display_name = question_key[:12]
print(f'{display_name},\tmean: {sample_mean:.1f} ± {standard_err:.1f},\tstd: 

{sample_std:.1f}')

PSet Timings	Stats	Code



Chris Piech, CS109 43

PSet Timings	Stats	Output
pset1-counti,   mean: 1385.0 ± 83.8,    std: 1288.0
pset1-dnatur,   mean: 504.2 ± 25.4,     std: 390.3
pset1-hash_e,   mean: 467.3 ± 22.0,     std: 336.4
pset1-hash_s,   mean: 634.0 ± 30.7,     std: 471.4
pset1-random,   mean: 567.5 ± 23.3,     std: 357.8
pset1-random,   mean: 671.4 ± 39.6,     std: 606.3
pset1-robot_,   mean: 906.0 ± 42.2,     std: 648.6
pset1-serend,   mean: 1335.3 ± 63.9,    std: 978.0
pset1-subcip,   mean: 359.8 ± 19.9,     std: 304.8
pset1-sum100,   mean: 1827.2 ± 106.2,   std: 1627.3
pset1-three_,   mean: 1663.9 ± 70.2,    std: 1078.7
pset2-bat_eb,   mean: 1520.1 ± 62.3,    std: 942.3
pset2-bitStr,   mean: 819.2 ± 34.0,     std: 523.6
pset2-captch,   mean: 1551.0 ± 67.4,    std: 1030.6
pset2-cellph,   mean: 1962.0 ± 102.7,   std: 1567.3
pset2-color,    mean: 745.1 ± 48.3,     std: 742.9
pset2-fairRa,   mean: 717.5 ± 27.2,     std: 418.8
pset2-fairRa,   mean: 1518.2 ± 67.6,    std: 1035.6
pset2-locali,   mean: 1132.4 ± 49.1,    std: 750.6
pset2-medica,   mean: 1275.3 ± 64.2,    std: 981.5
pset2-schedu,   mean: 1606.8 ± 70.1,    std: 1079.0
pset2-schedu,   mean: 1139.1 ± 53.7,    std: 823.1
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Sampling	statistics	on	your	Psets

44

Error bars are standard error of 
the mean

Expectation of the sum of 
problems is sum of
expectations:

pset1: 2.87 hours on answers
pset2: 4.23 hours on answers
pset3: 5.11 hours on answers

Total: 12.1 hours on answers
Budget: 50 hours for psets

most surprising to staff
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Distribution	of	PSet Completion	Times:	Medical	Diagnosis

45

Medical Diagnosis (seconds)



Chris Piech, CS109 46

Distribution	of	PSet Completion	Times:	Grab	Share
Grab Share (seconds)

Aside: could be Erlang, could be Gumbel
https://en.wikipedia.org/wiki/Erlang_distribution

Erlang Gumbel
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Statistics	Vs	Distribution

Medical Diagnosis (seconds)

Sampling statistics Sampling distributionvs
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Four Prototypical Trajectories

Questions???



Bootstraping

49
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Four Prototypical Trajectories

Bootstrap: 
Probability for Computer Scientists
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Four Prototypical Trajectories

Bootstraping allows you to:
• Know the distribution of statistics
• Calculate p values
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What is the probability that the mean of a sample of 200 people is within 
the range 81 to 85?

Hypothetical
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Hypothetical
What is the std of the sample variance, calculated from 200 people?
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83
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If	I	Gave	You	the	True	Distribution,	what	would	you	do?

(I give you the distribution -- stored as a dictionary)

What is the std of the sample variance, calculated from 200 people?
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If	I	Gave	You	the	True	Distribution,	what	would	you	do?

Answer: 10
,000 

times ta
ke a 

mock s
ample 

of 20
0, ca

lculat
e the

 sam
ple v

arian
ce 

What is the std of the sample variance, calculated from 200 people?

(I give you the distribution -- stored as a dictionary)
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You can estimate the PMF of the underlying distribution, using your 
sample.*

* This is just a histogram of your data!!

But	Wait	–What	If	You	Actually	Have	a	Good	Estimate?



Chris Piech, CS109

90,
92,
92,
93,
94,
94,
94, 
95,

IID Samples

90 92 93 94 9591

Sample Distribution

0.3
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0.1
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Key	Insight
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F ⇡ F̂
The underlying 

distribution
The sample 
distribution

(aka the histogram of 
your data)

Bootstrapping	Assumption
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Resample len(sample) from PMF
b. Recalculate the stat on the resample

3. You now have a distribution of your stat

Algorithm
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means	(we	could	do	this	with	CLT)
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means



Chris Piech, CS109

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Happiness
PM

F
0

83 10461

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Means = [82.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
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83 10461

Means = [82.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Happiness
PM

F
0

83 10461

Means = [82.7]

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Means = [82.7, 83.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM

F
0

83 10461

Means = [82.7, 83.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Happiness
PM
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0

83 10461

Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample

3. You now have a distribution of your means

Bootstrapping	of	Means
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Mean value
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Bootstrapping	of	Means
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Means = [82.7, 83.4, 82.9, 91.4, 79.3, 82.1, …, 81.7]

Mean value
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E[X̄]

Bootstrapping	of	Means
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What is the probability that the mean is in the range 81 to 85?

Mean value
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Bootstrapping	of	Means
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Bhutan

0

Std(X̄)

Std(S2)?

Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the variance on the resample

3. You have a distribution of your variances

Bootstrapping	of	Variance
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Happiness
PM

F
0

83 10461

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Happiness
PM
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Bootstrapping	of	Variance



Chris Piech, CS109

Happiness
PM
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Vars = [472.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the vars on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Vars = [472.7]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars
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Vars = [472.7]

Bootstrapping	of	Variance
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Vars = [472.7, 478.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Vars = [472.7, 478.4]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Vars = [472.7, 478.4, 469.2, …, 476.2]

Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars

Bootstrapping	of	Variance
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Variance values (S2) 
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Sample Vars = [472.7, 478.4, 469.2, …, 476.2]

1000

Std(S2) = 46.9
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Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government
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Std(S2) = 46.9
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Four Prototypical TrajectoriesPedagogical pause

Bootstrap Algorithm for E[S^2] (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the var on the resample

3. You now have a distribution of your vars



Chris Piech, CS109

def resample(samples, K):
# Estimate the PMF using the samples
# Draw K new samples from the PMF

X

PM
F

0
83 10461

Original samples

Bootstrapping	in	Practice
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def resample(samples, K):
# Estimate the PMF using the samples
# Draw K new samples from the PMF
return np.random.choice(samples, K, 

replace = True)

X

PM
F

0
83 10461

Original samples

P (X = k) =
count(X = k)

n
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Bootstrapping	in	Practice
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Bootstrap Algorithm (sample):
1. Estimate the PMF using the sample
2. Repeat 10,000 times:
a. Resample len(sample) from PMF
b. Recalculate the stat on the resample

3. You now have a distribution of your stat

OG	Bootstrapping
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Bootstrap Algorithm (sample):
1. Repeat 10,000 times:
a. Choose len(sample) elems from sample, with replacement
b. Recalculate the stat on the resample

2. You now have a distribution of your stat

Bootstrapping	in	Practice
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Four Prototypical Trajectories

To the code!
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The	Distribution	of	the	Sampling	Variance

93



Bootstrap provides a way 
to calculate probabilities of 
statistics using code.
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Bootstrap
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Bradley Efron

Still a professor at Stanford

Won a National Science Medal

Invented bootstrapping in 1979
According to starbyface.com:
Dolph Lundgren
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Four Prototypical Trajectories

Works for any statistic*

*as long as your samples are IID and the underlying distribution doesn’t have a long tail
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Group 1
4.44
3.36
5.87
2.31
...

3.70

Group 2
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

The	Classic	Science	Test

How confident are you in this claim?
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A	real	difference?

Learning in Context A
4.44
3.36
5.87
2.31
...

3.70

Learning in Context B
2.15
3.01
2.02
1.43
...

1.83

Claim: Group 1 and Group 2 are samples from different 
distributions with a 0.7 difference of means. 

µ1 = 3.1 µ2 = 2.4

How confident are you in this claim?
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The	Null	Hypothesis

100

There is no difference between the two groups, so everyone is drawn from the 
same distribution. Any difference you observe is due to sampling error.

The universal 
distribution

Group A Samples Group B Samples
µ1 = 3.1 µ2 = 2.4
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Four Prototypical Trajectories

To the code!
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Distribution	of	Mean	Diffs	under	Null	Hypothesis

102

P value: 0.008
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iff

 =
 0

.7
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Four Prototypical Trajectories

Food For Thought
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Two	Opinions	on	Distributions

104

Results of flipping a coin 20 times. Give your belief distribution of p:

4 tails, 16 heads

Bayesian:

Let’s use Laplace prior

X ~ Beta(a = 18, b = 6)

Frequentist:
Let’s bootstrap


