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CS109: Probability for 
Computer Scientists



But first… 
who are we?
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Amazing	109	Teaching	Team

Kim, Piech, Song, CS109, Stanford University 



Piech, CS109, Stanford University

What	Sort	of	Things	Does	Will	Do?

Kim, Piech, Song, CS109, Stanford University 
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Course mechanics
(this is a light version. Please read the syllabus for 

details).
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cs109.stanford.edu

Essential	Information

Kim, Piech, Song, CS109, Stanford University 

cs106b.stanford.edu
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Are you in the right place?
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CS106B/X (important):
• Recursion
• Hash Tables
• Binary Trees
• Programming

CS103 (not necessary):
• Proof techniques (induction)
• Set theory
• Math maturity

Math 51 or CME 100  (important, coreq ok)
• Multivariate differentiation
• Multivariate integration
• Basic facility with linear algebra (vectors)

What you really need:

Prerequisites

Kim, Piech, Song, CS109, Stanford University 
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Review session on Thursday 4pm

Coding	in	CS109

Kim, Piech, Song, CS109, Stanford University 
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5 Units

3 Units
-or-

4 Units

Are you an
Undergrad?

Do you want
to take CS109 for

fewer units?

Start Here
Hours per week = Units⇥ 3

Average about 10 hours / week for assignments

Yes

No

No

Yes

CS109	Units

Kim, Piech, Song, CS109, Stanford University 
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6 Assignments

Final
3 hour exam, Aug 16th, 3:30pm

Optional Section Participation

40%

30-35%

0-5%

Class	Breakdown

Midterm
2 hour exam, July 25th, Time TDB

25%

Kim, Piech, Song, CS109, Stanford University 

Will Song

Will Song

Will Song

Will Song

Will Song

Will Song

Will Song

Will Song

Will Song



Will Song
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Is	Class	Online?

TLDR: Yes. We are recorded. Come to live class. It’s a good time (and good for you)
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Ask	questions

15

Office hours
start on Thursday

Q&A forum
All announcements

Email cs109@cs.stanford.edu

Chris has 1:1 CS109 office hoursKim, Piech, Song, CS109, Stanford University 
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From	Last	Year:	Course	Reader!
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CS 109 Application: Story of Modern AI
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Four Prototypical Trajectories

Modern AI = Probability + Programming
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Brief	History
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1952 1955

Early	Optimism	1950s

Kim, Piech, Song, CS109, Stanford University 
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“Machines will be capable, 
within twenty years, of doing 
any work a man can do.” 
–Herbert Simon, 1952

Early	Optimism	1950s

Kim, Piech, Song, CS109, Stanford University 
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The world is too complex

Underwhelming	Results	1950s	to	1980s

Kim, Piech, Song, CS109, Stanford University 
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Something is going on in the world of AI
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1997 Deep Blue

2005 Stanley

2011 Watson

Big	Milestones	Part	1

Kim, Piech, Song, CS109, Stanford University 
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Almost perfect…

We	were	told	speech	was	30	years	out

Kim, Piech, Song, CS109, Stanford University 
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Directions	From	A	to	B
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Self	Driving	Cars
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And then this year, everything changed, again
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AI	that	(seems)	to	understand	language

ChatGPT 11/2022

Kim, Piech, Song, CS109, Stanford University 
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Generative	AI

"Computer Science and Probability 
merge, birthing the creative engine that 
fuels generative AI's boundless 
ingenuity.” – ChatGPT

Kim, Piech, Song, CS109, Stanford University 
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How is this done?
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Focus on one problem
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Computer	Vision

37

Chihuahua or muffin?
Kim, Piech, Song, CS109, Stanford University 
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Can you do it?
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Chihuahua	or	Muffin?

Kim, Piech, Song, CS109, Stanford University 
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Chihuahua	or	Muffin?

Kim, Piech, Song, CS109, Stanford University 
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0 0 1 0 1 0 1 0 0 0 1 1 1 0 1
1 0 0 1 0 1 1 1 0 1 0 0 0 0 0
1 1 1 0 1 0 0 1 1 0 0 1 0 1 0
1 1 1 1 1 0 0 0 0 0 1 1 0 1 1
0 0 0 1 1 0 0 1 0 0 0 1 1 1 0
1 0 0 1 1 0 0 0 1 0 1 1 1 1 0
1 1 0 1 1 0 0 1 1 0 1 1 1 0 0
1 0 1 0 0 1 0 0 1 0 0 1 1 1 1
0 0 0 0 1 0 1 0 1 1 0 0 1 1 1
0 1 1 0 0 0 0 0 1 1 1 1 1 1 0
0 0 1 0 1 1 1 0 0 0 1 0 0 0 0
0 1 1 1 0 1 0 0 1 0 0 0 0 0 1
1 1 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 0 0 1
0 0 1 1 1 0 1 0 1 1 0 0 0 1 0

What a computer sees

What a human sees

How	about	now?



Why is it easy for Humans?

About 30% of your cortex is used from vision
3% is used to process hearing







Make a Harry Potter Sorting Hat

Kim, Piech, Song, CS109, Stanford University 



Logistic Regression is like the Harry Pottery Sorting HatClassification

That is a picture 
of a one

Kim, Piech, Song, CS109, Stanford University 



Logistic Regression is like the Harry Pottery Sorting HatClassification

That is a picture 
of a zero

Kim, Piech, Song, CS109, Stanford University 



Classification

That is a picture 
of a zero

* It doesn’t have to be 
correct all of the time

Kim, Piech, Song, CS109, Stanford University 



Very hard to Program

public class DigitDetector extends ConsoleProgram {

public void run() {
println(“Todo: Write program”);

}

}

??

Kim, Piech, Song, CS109, Stanford University 
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Perhaps there is an insight?
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example
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1. Artificial Neurons



Piech

Neuron

Kim, Piech, Song, CS109, Stanford University 
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Neuron

Kim, Piech, Song, CS109, Stanford University 
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Neuron

Kim, Piech, Song, CS109, Stanford University 
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Neuron

Kim, Piech, Song, CS109, Stanford University 
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Neuron

Kim, Piech, Song, CS109, Stanford University 



Piech

Some Inputs are More Important

Kim, Piech, Song, CS109, Stanford University 
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Artificial Neuron

+

Kim, Piech, Song, CS109, Stanford University 
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Inputs

Kim, Piech, Song, CS109, Stanford University 
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Inputs

Kim, Piech, Song, CS109, Stanford University 
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+

Inputs

Kim, Piech, Song, CS109, Stanford University 
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+

Weights

Kim, Piech, Song, CS109, Stanford University 
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+

Weights

Kim, Piech, Song, CS109, Stanford University 
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+

Weights

Kim, Piech, Song, CS109, Stanford University 
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+

Weighted Sum

double weightedSum = 0;
weightedSum += input0 * weight0;
weightedSum += input1 * weight1;
weightedSum += input2 * weight2;
weightedSum += input3 * weight3;

X

i

inputi · weighti
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Kim, Piech, Song, CS109, Stanford University 
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+

Filter and Output

Creates a probability prediction

Kim, Piech, Song, CS109, Stanford University 
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• A neuron

• Your brain

Actually, it’s probably someone else’s brain

Biological Basis for Neural Networks

+

???
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Put Many Together

Kim, Piech, Song, CS109, Stanford University 
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Put Many Together
Input Neurons Hidden Neurons Output Neurons

Kim, Piech, Song, CS109, Stanford University 
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Making a Prediction

…

Input Neurons Hidden Neurons Output Neurons

Kim, Piech, Song, CS109, Stanford University 



Piech

…

Input Neurons

Making a Prediction
Hidden Neurons Output Neurons

Kim, Piech, Song, CS109, Stanford University 
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…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

Kim, Piech, Song, CS109, Stanford University 
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…

Making a Prediction
Input Neurons Hidden Neurons Output Neurons

I think that is 
a picture of a 

one!

Kim, Piech, Song, CS109, Stanford University 
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Demonstration

http://scs.ryerson.ca/~aharley/vis/conv/
Kim, Piech, Song, CS109, Stanford University 
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Interpret the Output as Prediction

Kim, Piech, Song, CS109, Stanford University 
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Great Idea: Artificial Neurons

Kim, Piech, Song, CS109, Stanford University 
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Where do Artificial 
Neural Networks 

get their 
intelligence from?
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Neural Networks get their 
intelligence from their 
sliders (parameters)

Kim, Piech, Song, CS109, Stanford University 
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Two Great Ideas

1. Artificial Neurons

2. Learn by Example



PiechKim, Piech, Song, CS109, Stanford University 

2. Learn From Experience



PiechKim, Piech, Song, CS109, Stanford University 

Learn by Example
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+

Kim, Piech, Song, CS109, Stanford University 
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Kim, Piech, Song, CS109, Stanford University 
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I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future

Kim, Piech, Song, CS109, Stanford University 
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I think that is a 
picture of a One!

What do you 
mean it’s 

actually a Zero?

I’ll adjust my 
sliders so that I do 
a better job in the 

future

Kim, Piech, Song, CS109, Stanford University 
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Kim, Piech, Song, CS109, Stanford University 
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Kim, Piech, Song, CS109, Stanford University 
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Kim, Piech, Song, CS109, Stanford University 



Piech

+

I think that is a 
picture of a One!

Wahoo I got 
it right!

Kim, Piech, Song, CS109, Stanford University 



Piech

+

Kim, Piech, Song, CS109, Stanford University 
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Kim, Piech, Song, CS109, Stanford University 
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I think that is a picture 
of a Zero!

But it is 
actually a Zero

I’ll adjust my 
sliders so that I do 
a better job in the 

future

Kim, Piech, Song, CS109, Stanford University 



Piech

+

I think that is a picture 
of a Zero!

But it is 
actually a One

I’ll adjust my 
sliders so that I do 
a better job in the 

future

P (Y = 0) = 0.9
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Loss = 1
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Update	Neural	Network

Kim, Piech, Song, CS109, Stanford University 
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Walk uphill and you will find a local maxima 
(if your step size is small enough)

Gradient	Descent
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Gradient	of	Probability

Kim, Piech, Song, CS109, Stanford University 
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Where you will be by the end of class
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Heart Disease Detector Ancestry Genetic Closeness

Netflix Recommender

CS109:	Theory	Class	focused	on	Applications
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End of Story
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Except it isn’t the end of the story…
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Probability is more than just machine learning
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Abundance	of	important	problems
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Hash Fn

Eg Sorting Eg HashMaps

Algorithms	and	Probability

Quicksort

Kim, Piech, Song, CS109, Stanford University 
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Understanding	the	world	and	building	tools
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Autocomplete

Kim, Piech, Song, CS109, Stanford University 
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Recommender	Systems

Kim, Piech, Song, CS109, Stanford University 
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Philosophy	and	Ethics

Kim, Piech, Song, CS109, Stanford University 
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Art	and	Probability

Create a probabilistic sample from the 
distribution of images, given a prompt

Kim, Piech, Song, CS109, Stanford University 
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Job Score is based on:

• Earning potential

• Number of jobs

• Job satisfaction rating

“Data science and machine learning are
generating more jobs than candidates
right now, making these two areas the
fastest growing employment areas.”

9.8 times more jobs than five years ago.

LinkedIn’s 2017 U.S. Emerging Jobs 
Report

Most	Desired	Skill	in	Industry

Kim, Piech, Song, CS109, Stanford University 

https://www.forbes.com/sites/louiscolumbus/2017/12/11/linkedins-fastest-growing-jobs-today-are-in-data-science-machine-learning/
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Most CS PhD students list their highest desiderata upon 
graduation as: 

“Better understanding of probability”

Most	Desired	Skill	in	Academia

Kim, Piech, Song, CS109, Stanford University 
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Learn	Real	Skills	in	CS109
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But its not always intuitive
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A patient has a 
positive Zika test.
What is the probability they have zika?

• 0.8% of people have zika
• Test has 90% positive rate for people with zika
• Test has 7% positive rate for people without zika

The right answer is 9%

But	Its	NOT	Always	Intuitive

Kim, Piech, Song, CS109, Stanford University 
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Probability = Important + Needs Study 

Delayed gratification
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Teach you how to write programs 
that most people are not able to write. 

CS109	View	of	Probability
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Teach you the theory you need to do the math that 
most people are not able to do.

CS109	View	of	Probability
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CS109

Counting Probability Fundamentals

Single Random 
Variables Probabilistic Models

Uncertainty Theory

AI
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Lets dive in…



Counting	I

1
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What	Sort	of	Thing	Does	Yunsung	Research?

2

Probability 
+

Education!
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What	is	Counting?

An experiment
in probability:

Counting: How many possible outcomes satisfy some event?

3

OutcomeExperiment

Kim, Piech, Song, CS109, Stanford University 
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What	is	Counting?

4

6

36

{1, 2, 3,
4, 5, 6}

Roll even only
3 {2, 4, 6}

{(1, 1) , (1, 2), (1, 3), (1, 4), (1, 5), (1, 6),
(2, 1) , (2, 2), (2, 3), (2, 4), (2, 5), (2, 6),
(3, 1) , (3, 2), (3, 3), (3, 4), (3, 5), (3, 6),
(4, 1) , (4, 2), (4, 3), (4, 4), (4, 5), (4, 6),
(5, 1) , (5, 2), (5, 3), (5, 4), (5, 5), (5, 6),
(6, 1) , (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}

Roll

Roll

Kim, Piech, Song, CS109, Stanford University 
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Step	Rule	of	Counting	(aka	Product	Rule	of	Counting)

If an experiment has two steps, where
The first step (step A) can have one of ! different outcomes, 
and the second step (step B) can have one of ) different outcomes,
and 3 is unaffected by outcome of first step.

Then the number of outcomes of the experiment is !).

5

Two-step experiment

A B

[On board] Kim, Piech, Song, CS109, Stanford University 
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How	Many	Different	Lock	Patterns?

4-digit numeric combination lock

1st Digit

2nd Digit

3rd Digit

4th Digit

10 Choices per digit

104=10,000 total patterns

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Different	Lock	Patterns	(2)?

4-digit numeric combination lock

BUT each digit used exactly once?

1st Digit

2nd Digit

3rd Digit

4th Digit!
Choices for 2nd digit depend 
on the choice of 1st digit…

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Different	Lock	Patterns	(2)?

4-digit numeric combination lock

BUT each digit used exactly once?

1st Digit

2nd Digit

3rd Digit

4th Digit
For the step rule, only the number 
of possible next choices matters!

10×9×8×7 = 5040 
Possible patterns

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Different	Lock	Patterns	(3)?

4-digit numeric combination lock

BUT has at least one digit repeated?

1st Digit

2nd Digit

3rd Digit

10 Choices

10 Choices

10 Choices

4th Digit
3,4,6,_
3,5,3,_

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Different	Lock	Patterns	(3)?

4-digit numeric combination lock

BUT has at least one digit repeated?

Sometimes it helps to “count 
away” complementary events

All patterns

# (At least one repeating digit)
= # (All patterns) - # (No repeating digit)

At least one repeating digit

= 10,000 – 5,040
= 4,960

Complementary Counting

No repeating digits

= −

Kim, Piech, Song, CS109, Stanford University 
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Sum	Rule	of	Counting

14

One experiment
A

B

A B

! ∪ # = ! + #
If ! ∩ # = 0,

If the outcome of an experiment can be either from
Set 4, where 4 = !,
or Set 6, where 6 = ),
where 7 ∩ 9 = ∅ ,

Then the number of outcomes of the experiment is
4 + 6 = ! + ).

+ =

Kim, Piech, Song, CS109, Stanford University 
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Sum	Rule	of	Counting

If the outcome of an experiment can be either from
Set 4, where 4 = !,
or Set 6, where 6 = ),
where 4 ∩ 6 = ∅ ,

Then the number of outcomes of the experiment is
4 + 6 = ! + ).

15

Can you derive the Step Rule from the Sum Rule?

One experiment
A

B

A B

! ∪ # = ! + #
If ! ∩ # = 0,

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings?

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01"
OR start with "10". How many such strings 
are there?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
100000
100001
100010
100011
100100
100101
100110
100111
101000
101001
101010
101011
101100
101101
101110
101111

24 start with 10

Answer

Set A Set B

3rd Digit

4th Digit

5th Digit

6th Digit

* = + + |-|
= 2! + 2!
= 32

+ ∩ - = 0

Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings (2)?

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01"
OR end with "10". How many such strings 
are there?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Set A Set B

!
Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings (2)?

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01"
OR end with "10". How many such strings 
are there?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Set A Set B
Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings (2)?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

Set A Set B
Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings (2)?

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

24 start with 01
000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

Set A Set B
Kim, Piech, Song, CS109, Stanford University 
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How	Many	Bit	Stings (2)?
24 start with 01

000010
000110
001010
001110
010010
010110
011010
011110
100010
100110
101010
101110
110010
110110
111010
111110

24 end with 10

Answer

N = |A|+ |B|� |A and B|
= 16 + 16� 4

= 28
<latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit><latexit sha1_base64="iNvg8WulIo7lWBE9P51mJt+/XtA="></latexit>

010000
010001
010010
010011
010100
010101
010110
010111
011000
011001
011010
011011
011100
011101
011110
011111

Problem: A 6-bit string is sent over a 
network. The valid set of strings recognized 
by the receiver must either start with "01" 
or end with "10". How many such strings 
are there?

Set A Set B
Kim, Piech, Song, CS109, Stanford University 
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Or	Rule	of	Counting	(aka	Inclusion/	Exclusion	)

If the outcome of an experiment can be either from
Set 4, where 4 = !,
or Set 6, where 6 = ),
where 7 ∩ 9 <=> 3?@ AB B<C@>,

Then the number of outcomes of the experiment is
N = 4 + 6 − |4 ∩ 6|.

22

One experiment
A

B

A B

! ∪ # = ! + # − |! ∩ #|

Kim, Piech, Song, CS109, Stanford University 
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Core	Counting

23

Counting with steps

Counting with “or”

Can you derive 
the Step Rule 
from the Sum 
Rule (or the OR 
rule)?

Kim, Piech, Song, CS109, Stanford University 
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Challenge	Problem
1. Strings
• How many different orderings of letters

are possible for the string BOBA?

24

BOBA,ABOB,OBBA…

!

Kim, Piech, Song, CS109, Stanford University 



Incredible time. Incredible 
school at which to study 

probability!
Exciting.


