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Where are we locally?

4 )

Discrete
Models:
Joints,
Multinomial
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Modelling:
Make your own!
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Inference
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General

Inference:

Use computers
to infer
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Learning Goals

1. More Familiarity with Multiple Random Variables!
2. Use Multiple Random Variables for Probability Problems!
3. Combine Bayes Theorem and Random Variables!




Review



Epsilon: Useful perspective

P X=x)=f(X=2x) e,
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Relative Probability of Continuous Variables

X = time to finish pset 3

X ~N(u =10, ¢° = 2)
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Joint Probability Table

Shared
Roommates 2RoomDbl Partner Single
Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05
o+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00
Marginal Room type Marginal Year

0.5 0.40

0.4
0.30

o
w

0.20

Probability

Probability
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°
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0.00 I -1

Roommates 2RoomDbl Shared Partner Single Frosh Soph Junior Senior 5+

o
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Last Week

Joint Distribution noun

The probability of a simultaneous assignment to all the
random variables in a probabilistic model.

Eg:

P(X =zY =)

f(X =Y =y)

P X=xY=y,---,Z =2z)

Stanford University




Notation: These are all the same

P(X =z,Y =y)

PX,Y(may)

P(x,y)




The Multinomial

Multinomial distribution

= n independent trials of experiment performed

= Each trial results in one of m outcomes, with
respective probabilities: p4, p,, ..., p, Where > p, =1

= X; = number of trials with outcome j it

n
P(X,=c,X,=c¢,,....X, =c,) =( Jpllpzz,..Pmm

/ K’ CpyCoyeresC r

Joint distribution Multinomial # ways of Probabilities of each

ordering the successes ordering are equa.l and
mutually exclusive

where and n !
acm

Cp5Cy e clc)l---c |
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Probabilistic Text Analysis

According to the Global Language Monitor there are 988,968 words in the english
language used on the internet.
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Who wrote Federalist Paper 537

Loop over unique Prob hamilton
words would write word i

Prior belief it was
Number of times Hamilton
word i is in the doc ;—/

P(H|D) =
P(D
/\ (
Prob Hamilton given \
Document Prob of the
document???
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Who wrote Federalist Paper 537

f

Prob that Hamilton wrote it Prob that Madison wrote it
_ P(DIM)P(M)
P(H) - (,",) - TL AT _Pan -, %,)  TLimi
N P(D) P(D)
g

P(M|D) P(D) P(D)
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What does it mean if a log value is positive / negative

Graph for log(x)

-
o
)

Wy

x: 0.394607801 y:-0.403834334

If a log is positive, its input was > 1

More info

If a log is negative, its input was between O and 1

Stanford University 15




End Review



Joint PMF



Darts?

P(dart hits within r pixels of center)?
900 ;

1 pixel = 1 dart thrown
100 - atscreen
l I S . : A l o 0 1m x
0 100 300 500 700 900

X

Possible dart counts (in 100x100 boxes)
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Darts?

P(dart hits within r pixels of center)?
900

700
500
y
300 1
100 T
0 : . : :
0 10 300 500 700 900 . .
/ X \ Possible dart counts (in 50x50 boxes)
Variance

Expectation
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Variance

900

7 700
u
?;3 500
g Yy
. 3 D 300
alue —>
100 1
0 . ‘ ' .
0 y 300 500 700 90C
X
Variance: A width

Variance: Describes an ellipse.
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So We Have a Joint PMF

Multinomials are usually described by Multiple Random
Variables X4, X5, ... X;,;. What are some summary things we can say about it?

n
P(Xl — C11X2 = C2, ,Xm — Cm) — (C11C21 ___’Cm) pflpgz pTiLm

Expectation of Multinomial?

P.Ch " NP1
X5 np;
E[Xs|=|"Ps Multi dim point
—Xm— -npm-
Variance of Multinomial? - We have a Covariance Matrix
Var(X,) o Cov(X1, X)) . :
. L Multi dim ellipse
Cov(Xl,Xz) cee Var(Xz)
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Another Summary Statistic

We have a special summary statistic that we use when talking about two
random variables.

Cov(X,Y) = E[(X —E|X])(Y — E|Y])]
= E|XY]| — E|X]|E|Y]

Generally tells us how two distributions vary with each other.

y . L4 y
4 ..:. ..o ‘.o - 4 ..\g.&i"; .
...'V.:o:... ..o ;. .o. . ‘:":v:f’\.
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00® 0% 0o I3 o .’3 < H o %y
. ‘\&:'“M.. e q° ‘: ‘. ‘g..‘o':
\f. .:0..:? . ‘: '0::%3.’:::
.Q: :0’ ° N . x (3 ’.. o X
0 0 %<
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Some Practice

Cov(X,Y) = E[(X —E|X])(Y — E|Y])]
= E[XY]| — E[X]E|Y]

Covariance measures how one random variable varies with a second.
* Qutside temperature and utility bills have a negative covariance.

* Handedness and musical ability have near covariance.

* Product demand and price have a positive covariance.

Is the covariance positive, negative, or zero?

1. E[X] s 2. - E[X] 3.
>~
I £ Il I
ot Ey] > . ElY]
X=x X=x

positive negative Stanford University




Some Practice

Variance of Multinomial? - We have a Covariance Matrix

[ Var(X,) Cov(Xl,XZ)]
Cov(X{,X,) Var(X,)

What can we describe with it?

SNFE

D.OOOOOJ 75
0.00000%50
0.00000%25

0.00000%00
0.00000475

0.00000¢€

Describes the "Spread” of a Joint
distribution as a “plate.”

0.00000¢

900

0 o 100
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Back to Applications!



Joint Random Variables

Use a joint table, or joint function to solve probability
guestion

Think about conditional probabilities with joint variables
(which might be continuous)

Use and find independence of random variables

Use and find expectation of random variables
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Joint Probability Table

Shared
Roommates 2RoomDbl Partner Single
Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05
o+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00
Marginal Room type Marginal Year

0.5 0.40

0.4
0.30

o
w

0.20

Probability

Probability

0.10

°
2

0.00 I -1

Roommates 2RoomDbl Shared Partner Single Frosh Soph Junior Senior 5+

o

Stanford University




Today: Introduction to Inference

Inference noun
An updated belief about a random variable (or multiple)
based on conditional knowledge regarding another

random variable (or multiple) in a probabilistic model.

TLDR: conditional probability with random variables.
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Warmup Inference

Q: What is the probability that someone has a single, given that they are a junior?

Stanford University




Room | Year

P(R=r) P(R = r|Y = junior)

08 : 08
06 0.6
0.4

0.2

0.0

2RoomDbl Shared Partner Single

) Roo ates

Inference
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Room | Year

P(Room | Year)

1.000

0.750

0.500

0.250

0.000

== Roommates == 2RoomDbl == Shared Partner == Single
Frosh Soph Junior 5+
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Transport | Year

Transport | Year

1.000 == Walk

== Bike

o == Other

0.750 == Drive
0.500 . .

0.250 \
N ——

Freshman Sophomore Junior Senior 5+

Conditional Probability Table

Jlalliuiu UlliVCI'Sity




Lunch | Year

Lunch Type | Year

0.800 == Dining Hall
== Eating Club
== Cafe
== Self-made

0.600

0.400

0.200

0.000

Sophomore Junior Senior 5+
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Relationship Status | Year

P(Status | Year)
1.00
== Single == In a relationship  ~— It's complicated
& 0.80
E
©
g 0.60 .
Q. /
g
.0 0.40
=
-
S
0.00

Freshman Sophomore Junior Senior 5+
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Number or Function?

P(X = 2|V = 5)

Number

Stanfor
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Number or Function?

P(X =z|Y = 2)

Random Variable

(also a function or 1D table)
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Number or Function?

P(X =z|Y =y)

2D Function

(or 2D table)

Stanfor
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Warmup: Bayes Revisited

Likelihood of

\ef-\of ‘oe\.\e% ev"de{:e }Or be[ief‘
QoS
I}]/BE) ~ P(EB) P(B)
P(E)

|

Normalization constant
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Bayes Theorm with Discrete

Let M be a discrete random variable

Let N be a discrete random variable

P(N = 3|M = 2)P(M = 2)

P(N = 3) More
generally

P(M =2|N = 3) =

P(N =n|M =m)P(M =m)
P(N =n)

P(M =m|N =n) =

Shorthand
notation

P(n|m)P(m)

P(m|n) = P(n)

Stanford University







I Heard That

Let X be the change in gaze (measured in degrees) over 3 seconds after a sound 1s played

Value of PMF of X given PMF of X given
X Baby can hear the sound Baby can not hear the sound

OtoS 0.08 0.40
5to 10 0.15 0.30
10to 15 0.35 0.12
15to 20 0.20 0.08
20 to 25 0.12 0.05
Above 25 0.10 0.05

You observe X = 0. What is the probability the
P(can hear the sound) = 4 baby can hear the sound?

Stanford University 42




Question: Have I Been Given the Joint?

Let X be the change in gaze (measured in degrees) over 3 seconds after a sound 1s played

Value of PMF of X given PMF of X given
X Baby can hear the sound Baby can not hear the sound

OtoS 0.08 0.40
5to 10 0.15 0.30
10to 15 0.35 0.12
15to 20 0.20 0.08
20 to 25 0.12 0.05
Above 25 0.10 0.05

You observe X = 0. What is the probability the
P(can hear the sound) = 4 baby can hear the sound?

Stanford University 43




I Heard That

Value of PMF of X given PMF of X given
X Baby can hear the sound Baby can not hear the sound
0t 0.08 040 P(can hear the sound) = 1

5to0 10 0.15 0.30

10to 15 0.35 0.12 .

15 to 20 0.20 0.08 You observe X = 0. What 1s the

2O il L00 probability the baby can hear the sound?
Above 25 0.10 0.05

P(X =0|Y)P(Y)
P(X =0]Y)P(Y)+ P(X =0[YC)P(Y?)

P(Y =1|X =0) =

0.08 % 0.75 3

P(Y =1|X = 0) = =
(Y =1 ) = 008+0.75 10405025 _ 8

Stanford University 44




Time to mix discrete and continuous




Inference with Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std =
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std =

3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that
it 1s a girl?

Stanford University




Inference with Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std =
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std =
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that

it 1s a girl?

Model:

Let G be an indicator that the elephant 1s a girl. G 1s Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X[ G=1i1s N(u=160, 6>=7?)

X|G=0is N(u=165, 62~ 3?)

Stanford University




Inference with Continuous

Q: Whatis P(G=1| X =163)

Let G be an indicator that the elephant 1s a girl. G 1s Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X[ G=1i1s N(u=160, 6>=7?)

X|G=0is N(u=165, 62~ 3?)

Stanford University




Aside: Models with continuous RVs




Joint is Complete Information!

A joint distribution is
complete information. It can
be used to answer any
probability question.

’

Still true when some variables are continuous

Stanford University 50




Goal: Inference

Change your belief
distribution
(Joint, PMF, or PDF)
of random variables,
based on
observations

Stanford University 51




Epsilon: Useful perspective

P(X::U):/Y(X:a:)-eg]
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Mixing Discrete and Continuous

Let X be a continuous random variable

Let N be a discrete random variable

P(X = z|N =n)P(N =n)

P(N=n|lX =1z) = PX = 1)

P(N:n\X:x):f(X:x|N:n)'6°P(N:n)

fX=1)
PN = ol — 2y = T = a:ufv(; JLE 2

Stanford University



Mixing Discrete and Continuous

Let X be a continuous random variable

Let N be a discrete random variable

P(X = 2|N = n) — P(N =n|X =2)P(X =x)

P(N =n) <) Change
b P2 notation
P(aln) — (n|x)P(x

P(n)
flaln) e = T
flafn) = =2




All the Bayes Belong to Us

M,N are discrete. X, Y are continuous

oG Q,c‘les P(mln) P(n|m)P(m)
P(n)
> P(n|z)f(x)
| %0\'@5 f(a:|n) — P(n)
)
Y _ f(z|n)P(n)
N\\\I\%O\'@s P(n|x) = (@)
faly) = fylz) f(x)

f(y)
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LOTP? Chain Rule? You can play too!

N is discrete. X is continuous
f(N=n,X=2)=f(X=2/N=n)P(N =n)

f(X =)= f(X = [N = n)P(N = n)

Stanford University




End Aside




Inference with Continuous

Q: Whatis P(G=1| X =163)

Let G be an indicator that the elephant 1s a girl. G 1s Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X|G=11s N(u=160, 6>=7?)

X|G=0is N(u=165, 62~ 3?)

Stanford University




Inference with Continuous

Q: Whatis P(G=1| X =163)

Let G be an indicator that the elephant 1s a girl. G 1s Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X|G=11s N(u=160, 6>=7?)

X|G=0is N(u=165, 62~ 3?)

Joint Distribution 1s Implied:
f(G =1,X = 72.3) = f(X = 72.3|G = 1)P(G — 1)

More generally

fG=9X=2)=f(X=2|G=g)PG=g)

Stanford University




Inference with Continuous

Q: Whatis P(G=1| X =163)

Let G be an indicator that the elephant 1s a girl. G 1s Bern(p = 0.5)
Let X be the distribution of weight of the elephant.

X|G=11s N(u=160, 6>=7?)

X|G=0is N(u=165, 62~ 3?)

Stanford University




Model Shown Graphically

4 A

Does this define the joint?

G =1 is Bern(p = 0.5) f(G=gX =x)
= [(X =2z|G = g)P(G = yg)

1 N Y,

X|G=1is N(u=160, c>=7?)
X|G=0is N(u=165, 62~ 3?)

QI What 1s P(G =] | X = 163) Stanford University 61




[ Heard That Redux

Normal Assumption: We choose to approximate eye movements with normal
distributions. For babies who can hear sounds, we approximate their gaze movement
after the sound is played as: N(u = 15, 62 = 50). For babies who can not hear sounds,
we approximate gaze movement as N(u = 8, 6% = 50). Recall P(H = 1) = 3.

For a new baby we observe a 14 degree movement after the sound 1s played.
What 1s your belief that a baby can hear, under The Normal Assumption?

Stanford University 62




[ Heard That Redux

H =1 1s Bern(p = 0.75)

Cﬁ:iee X |H=1is N(u= 15, 6% = 50)
Xg X |H=0is N(u = 8, 62 = 50)

Q: WhatisPH=1 | X =14)

Stanford University 63




Joint Random Variables

Use a joint table, or joint function to solve probability
V guestion

Think about conditional probabilities with joint variables
v (which might be continuous)

Use and find independence of joint random variables

Use and find expectation of joint random variables
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Stanford Acuity Test (StAT)

[ NON ) @ Vision Test X  + v
<« - C 0O (ﬁ myeyes.ai/measure o ﬁ) *eB " e O»0O @ :
Left Eye StAT Algorithm
N done: 2

Curr size: 2.5 arcmin
Curr size: 0.4 logMAR

MAP acuity: 2.5 arcmin
MAP acuity: 0.4 logMAR

Interval: [1.6, 8.9] arcmins

Likelihood of Acuity Scores:
0.2 - likelihood
).154

0.1

J.05+

04 0 04 1.2
Acuity (logMAR)

Progress: 10%
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