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Midterm	Tuesday July	25th,	7~9pm

370-370

• Closed computer. 2 sheets of notes, front and back.
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1. Understand the Continuous Joint Distribution
2. Combine Bayes Theorem and Continuous Random Variables

Learning Goals
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Four Prototypical Trajectories

Review
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Where	are	we	in	CS109?
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Where	are	we	locally?

Discrete 
Models:
Joints,

Multinomial

Inference
Change RV 
belief from 

Observations

Modelling:
Make your own!

General 
Inference:

Use computers 
to infer
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Today:	Inference

Inference noun

An updated belief about a random variable (or multiple) 
based on conditional knowledge regarding another 
random variable (or multiple) in a probabilistic model. 

TLDR: conditional probability with random variables.
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Another	example:	Baby	delivery

8

Its 19 days until the 
due date and no baby

<latexit sha1_base64="73dgPE7ap612fx3RO6yu+L5if00="></latexit>

P (D = d|no child so far)

=
P (no child so far|D = d)P (D = d)

P (no child so far)

For each value d:
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Bayes Theorm with Discrete
Let M be a discrete random variable
Let N be a discrete random variable

<latexit sha1_base64="laabqjYommq51xnyou2ee9+BeZM=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCB6TM1KLdFApu3Cgj2Au0Q8mkmTY0cyHJCGXal3Djq7hxoYhbwZ1vYzqdhbYeCPz5/nNIzu9GjAppmt/ayura+sZmbiu/vbO7t68fHDZFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx1dzfzWA+GChsG9HEfE8dEgoB7FSCrU08/s4k2tPLmtnRuwBrseRzixi+o6UdhITWM6J8a0pxfMkpkWXBZWJgogK7unf3X7IY59EkjMkBAdy4ykkyAuKWZkmu/GgkQIj9CAdJQMkE+Ek6RbTeGpIn3ohVydQMKU/p5IkC/E2HdVp4/kUCx6M/if14mlV3USGkSxJAGeP+TFDMoQziKCfcoJlmysBMKcqr9CPEQqGamCzKsQrMWVl0WzXLIuSpW7SqFezeLIgWNwAorAApegDq6BDRoAg0fwDF7Bm/akvWjv2se8dUXLZo7An9I+fwCUaZqx</latexit>

P (M = 2|N = 3) =
P (N = 3|M = 2)P (M = 2)

P (N = 3)

<latexit sha1_base64="2MBBzT0gInPS+rqLE6tzIn0yNpE=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahA1JmpGg3hYIbN8oI9gLtUDJppg1NMkOSEcq0L+HGV3HjQhG3gjvfxvSy0NYDgT/ffw7J+YOYUaUd59taWV1b39jMbGW3d3b39nMHh3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gsHVxG88EKloJO71MCY+Rz1BQ4qRNqiTO/MKNxU+uq0IG1ZgO5QIp17BXEcG21PTHs+IPe7k8k7RmRZcFu5c5MG8vE7uq92NcMKJ0JghpVquE2s/RVJTzMg4204UiREeoB5pGSkQJ8pPp1uN4akhXRhG0hyh4ZT+nkgRV2rIA9PJke6rRW8C//NaiQ7LfkpFnGgi8OyhMGFQR3ASEexSSbBmQyMQltT8FeI+MsloE2TWhOAurrws6udF96JYuivlq+V5HBlwDE5AAbjgElTBNfBADWDwCJ7BK3iznqwX6936mLWuWPOZI/CnrM8fyS2cEw==</latexit>

P (M = m|N = n) =
P (N = n|M = m)P (M = m)

P (N = n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

More 
generally

Shorthand
notation
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2
<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)
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N is discrete. X is continuous

LOTP?	Chain	Rule?	You	can	play	too!
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Inference	with	Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl? 
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Joint Distribution is Implied:
<latexit sha1_base64="fr6UEPwxREdUUmk/zA7l+D4wSSw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBFakDJTi3VTKLjQZQX7gHYomTTThmYeJBmhjP0AN/6KGxeKuPUD3Pk3ZtpZaOuBwOGcc7m5xwk5k8o0v42V1bX1jc3MVnZ7Z3dvP3dw2JJBJAhtkoAHouNgSTnzaVMxxWknFBR7DqdtZ3yV+O17KiQL/Ds1Cant4aHPXEaw0lI/l3cL1zXrrFOrlkvnRVRDbmHOH7RcbCRmUafMkjkDWiZWSvKQotHPffUGAYk86ivCsZRdywyVHWOhGOF0mu1FkoaYjPGQdjX1sUelHc+OmaJTrQyQGwj9fIVm6u+JGHtSTjxHJz2sRnLRS8T/vG6k3Es7Zn4YKeqT+SI34kgFKGkGDZigRPGJJpgIpv+KyAgLTJTuL6tLsBZPXiatcsm6KFVuK/l6Pa0jA8dwAgWwoAp1uIEGNIHAIzzDK7wZT8aL8W58zKMrRjpzBH9gfP4AXLmWIQ==</latexit>

f(G = 1, X = 72.3) = f(X = 72.3|G = 1)P (G = 1)

More generally

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is  N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Model	Shown	Graphically

16

Weight
X

IsFemale
G

X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

G = 1 is Bern(p = 0.5)

Does this define the joint?

Q: What is P(G = 1 | X = 163)
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I	Heard	That	Redux

17

Normal Assumption: We choose to approximate eye movements with normal 
distributions. For babies who can hear sounds, we approximate their gaze movement 
after the sound is played as: N(µ = 15, σ2 = 50). For babies who can not hear sounds, 
we approximate gaze movement as N(µ = 8, σ2 = 50).

For a new baby we observe a 14 degree movement after the sound is played. 
What is your belief that a baby can hear, under The Normal Assumption? 
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I	Heard	That	Redux

18

Gaze 
Change

X

Can Hear
H

X | H = 1 is N(µ = 15, σ2 = 50)
X | H = 0 is N(µ = 8, σ2 = 50)

H = 1 is Bern(p = 0.75)

Q: What is P(H = 1 | X = 14)
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Joint	is	Complete	Information!

19

A joint distribution is 
complete information. It can 

be used to answer any 
probability question.

Still true when some variables are continuous
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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Four Prototypical Trajectories

End Review
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Four Prototypical Trajectories

Continuous Joint Distribution
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Riding the Marguerite

You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You arrive at 
2:20pm.

What is P(wait < 5 min)?
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Joint Dart Distribution

P(hit within R pixels of center)?

What is the probability that a dart hits at (456.234231234122355, 532.12344123456)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

0.005

0.12

P(hit within R pixels of center)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

0.005

0.12

P(hit within R pixels of center)?
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Joint Dart Distribution

Dart x location

D
ar

t y
 lo

ca
tio

n

P(hit within R pixels of center)?
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0

y

x
900

900

Joint Dart Distribution

In the limit, as you break down continuous values into 
intestinally small buckets, you end up with 

multidimensional probability density

f(X = x, Y = y)
<latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit><latexit sha1_base64="IzJZfcVxr840eVaXMuoBDUMtN40=">AAAB83icbVBNS8NAEJ3Urxq/qh69LBahgpSkCHopFLx4rGA/pA1ls920SzebsLsRQ+jf8OJBEa/+GW/+G7dtDtr6YODx3gwz8/yYM6Ud59sqrK1vbG4Vt+2d3b39g9LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/uRm5nceqVQsEvc6jakX4pFgASNYG6lvB5Vu/enioZ6eo0Gp7FSdOdAqcXNShhzNQemrP4xIElKhCcdK9Vwn1l6GpWaE06ndTxSNMZngEe0ZKnBIlZfNb56iM6MMURBJU0Kjufp7IsOhUmnom84Q67Fa9mbif14v0cG1lzERJ5oKslgUJBzpCM0CQEMmKdE8NQQTycytiIyxxESbmGwTgrv88ipp16quU3XvLsuNWh5HEU7gFCrgwhU04Baa0AICMTzDK7xZifVivVsfi9aClc8cwx9Ynz+dYJAL</latexit>
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A joint probability density function gives the 
relative likelihood of more than one continuous 
random variable each taking on a specific value.

Joint Probability Density Funciton
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Let X and Y be two continuous random variables
§where 0 ≤ X ≤ 1 and 0 ≤ Y ≤ 2

We want to integrate g(x,y) = xy w.r.t. X and Y:
§First, do “innermost” integral (treat y as a 
constant):

§Then, evaluate remaining (single) integral:
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Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx



Chris Piech, CS109, 2022

Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx

P (X = a, Y = y)
<latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit>



Chris Piech, CS109, 2022

Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.

Marginalization

pX(a) =
X

y

pX,Y (a, y)

fX(a) =

1Z

�1

fX,Y (a, y) dy

fY (b) =

1Z

�1

fX,Y (x, b) dx

P (X = a, Y = y)
<latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit><latexit sha1_base64="iZsclaNNnulPiJ7B7+M6Zhcc9RU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4jGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dtDtr6YODx3gwz8/yYM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo7aKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MnNzO88UalYJO51GlMvxCPBAkawNtKjW+028MVDIz0flCt2zZ4DrRInJxXI4Q7KX/1hRJKQCk04Vqrn2LH2Miw1I5xOS/1E0RiTCR7RnqECh1R52fziKTozyhAFkTQlNJqrvycyHCqVhr7pDLEeq2VvJv7n9RIdXHsZE3GiqSCLRUHCkY7Q7H00ZJISzVNDMJHM3IrIGEtMtAmpZEJwll9eJe16zbFrzt1lpVnP4yjCCZxCFRy4gibcggstICDgGV7hzVLWi/VufSxaC1Y+cwx/YH3+AMrhj6A=</latexit>

f(X = a, Y = y)
<latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit>



Chris Piech, CS109, 2022

Marginal probabilities give the distribution of 
a subset of the variables (often, just one) of a 
joint distribution.

Sum/integrate over the variables you don’t 
care about.
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f(X = a, Y = y)
<latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit><latexit sha1_base64="ynNUMEnN59f6hfbLOCh/+pVKcGM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCHopFLx4rGA/tA1ls920SzebsLsRQui/8OJBEa/+G2/+G7dpDtr6YODx3gwz87yIM6Vt+9sqrK1vbG4Vt0s7u3v7B+XDo44KY0lom4Q8lD0PK8qZoG3NNKe9SFIceJx2venN3O8+UalYKO51ElE3wGPBfEawNtKjX+018MVDIzkflit2zc6AVomTkwrkaA3LX4NRSOKACk04Vqrv2JF2Uyw1I5zOSoNY0QiTKR7TvqECB1S5aXbxDJ0ZZYT8UJoSGmXq74kUB0olgWc6A6wnatmbi/95/Vj7127KRBRrKshikR9zpEM0fx+NmKRE88QQTCQztyIywRITbUIqmRCc5ZdXSadec+yac3dZadbzOIpwAqdQBQeuoAm30II2EBDwDK/wZinrxXq3PhatBSufOYY/sD5/AOz/j7Y=</latexit>

P (X = a)
<latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit><latexit sha1_base64="bOmdzfStL23T2j/tDOC62KFJhrU=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpewWQS9CwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPBjfW8b7S2vrG5tV3YKe7u7R8clo6OW0almrImVULpTkgME1yypuVWsE6iGYlDwdrh+Hbmt5+YNlzJBztJWBCToeQRp8Q6qdWodG7IRb9U9qreHHiV+DkpQ45Gv/TVGyiaxkxaKogxXd9LbJARbTkVbFrspYYlhI7JkHUdlSRmJsjm107xuVMGOFLalbR4rv6eyEhszCQOXWdM7MgsezPxP6+b2ug6yLhMUsskXSyKUoGtwrPX8YBrRq2YOEKo5u5WTEdEE2pdQEUXgr/88ipp1aq+V/XvL8v1Wh5HAU7hDCrgwxXU4Q4a0AQKj/AMr/CGFHpB7+hj0bqG8pkT+AP0+QNRLY49</latexit>

f(X = a)
<latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit><latexit sha1_base64="VJX02wjN1OjxsORw+dKfsCdhRKQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDiJewGQS9CwIvHCOYByRJmJ7PJmHksM7NCWPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUcKZsb7/7a2tb2xubRd2irt7+weHpaPjllGpJrRJFFe6E2FDOZO0aZnltJNoikXEaTsa38789hPVhin5YCcJDQUeShYzgq2TWnGlc4Mv+qWyX/XnQKskyEkZcjT6pa/eQJFUUGkJx8Z0Az+xYYa1ZYTTabGXGppgMsZD2nVUYkFNmM2vnaJzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2vg4zJpPUUkkWi+KUI6vQ7HU0YJoSyyeOYKKZuxWREdaYWBdQ0YUQLL+8Slq1auBXg/vLcr2Wx1GAUziDCgRwBXW4gwY0gcAjPMMrvHnKe/HevY9F65qXz5zAH3ifP3LzjlM=</latexit>
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Darts!
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Four Prototypical Trajectories

Inference in the Wild!
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Warmup: Bayes Revisited

P(B|E)   = 
P(E|B) P(B)

P(E)

Poste
rior 

belie
f Prior belief

Likelihood of 
evidence

Normalization constant
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X, Y follow a symmetric bivariate normal distribution 
if they have joint PDF: 

Warmup: Bivariate Normal

fX,Y (x, y) =
1

2⇡�2
· e�

[(x�µx)2+(y�µy)2]

2·�2

Here is an example where:

µx = 3

µy = 3

� = 2

x

y

fX,Y (x, y)

fX,Y (x, y)

-5 53-5

5

3

3
3xy(top view)

(side view)
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Tracking in 2D Space?



Chris Piech, CS109, 2022

Tracking in 2D Space: Prior

fX,Y (x, y) = K · e�
[(x�3)2+(y�3)2]

8

fX,Y (x, y) =
1

2⇡�2
· e�

[(x�µx)2+(y�µy)2]

2·�2

x

y

fX,Y (x, y)

-5 53-5

5

3

Prior belief:

Prior belief with K:

µx = 3

µy = 3

� = 2
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You now observe a noisy distance reading. 
It says that your object is distance D away

We can say how likely that 
reading is if we know the 

actual location of the object… 

f(D | X, Y) is knowable!

μ = actual distance 

σ = 1

Tracking in 2D Space: Observation!



Chris Piech, CS109, 2022

Observe a ping of the object that is distance D away from satellite!

Know that the distance of a ping is normal with respect to the true 
distance. 

μ = actual distance 

σ = 1

D|X,Y ⇠ N(µ =
p

x2 + y2,�2 = 1)

Tracking in 2D Space: Observation!



Chris Piech, CS109, 2022

Tracking in 2D Space: Observation!
Observe a ping of the object that is distance D = 4 away!

Know that the distance of a ping is normal with respect to the true 
distance 

p
x2 + y2 = 4 µ = actual distance 

σ = 1



Chris Piech, CS109, 2022



Chris Piech, CS109, 2022

Tracking in 2D Space: Observation!
Observe a ping of the object that is distance D = 4 away!

Know that the distance of a ping is normal with respect to the true 
distance 

p
x2 + y2 = 4 µ = actual distance 

σ = 1



Chris Piech, CS109, 2022

Observe a ping of the object that is distance D = 4 away from satellite!

D|X,Y ⇠ N(µ =
p

x2 + y2,�2 = 1)

Tracking in 2D Space: Observation!

=
1p
2⇡

e
�(d�µ)2

2

<latexit sha1_base64="4SnrN16Y+uPTmZpCJFAP6keLM0Q=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh10ZKEgt0IBTcuK9gHNGmZTCbt0MnDmYlQhvyIG3/FjQtFXLgR/8bpY6GtBy4czrmXe+/xU0aFtKxvY219Y3Nru7BT3N3bPzg0j47bIsk4Ji2csIR3fSQIozFpSSoZ6aacoMhnpOOPr6d+54FwQZP4Tk5S4kVoGNOQYiS1NDBrV9ANOcLKzpUr7rlUDnRTmueQwL6aW5VyACvQjbKLvpMrJ88HZsmqWjPAVWIvSAks0ByYn26Q4CwiscQMCdGzrVR6CnFJMSN50c0ESREeoyHpaRqjiAhPzb7L4blWAhgmXFcs4Uz9PaFQJMQk8nVnhORILHtT8T+vl8mw7ikap5kkMZ4vCjMGZQKnUcGAcoIlm2iCMKf6VohHSCcidaBFHYK9/PIqaTtV26rat7VSo76IowBOwRkoAxtcgga4AU3QAhg8gmfwCt6MJ+PFeDc+5q1rxmLmBPyB8fUDpgSg9g==</latexit><latexit sha1_base64="4SnrN16Y+uPTmZpCJFAP6keLM0Q=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh10ZKEgt0IBTcuK9gHNGmZTCbt0MnDmYlQhvyIG3/FjQtFXLgR/8bpY6GtBy4czrmXe+/xU0aFtKxvY219Y3Nru7BT3N3bPzg0j47bIsk4Ji2csIR3fSQIozFpSSoZ6aacoMhnpOOPr6d+54FwQZP4Tk5S4kVoGNOQYiS1NDBrV9ANOcLKzpUr7rlUDnRTmueQwL6aW5VyACvQjbKLvpMrJ88HZsmqWjPAVWIvSAks0ByYn26Q4CwiscQMCdGzrVR6CnFJMSN50c0ESREeoyHpaRqjiAhPzb7L4blWAhgmXFcs4Uz9PaFQJMQk8nVnhORILHtT8T+vl8mw7ikap5kkMZ4vCjMGZQKnUcGAcoIlm2iCMKf6VohHSCcidaBFHYK9/PIqaTtV26rat7VSo76IowBOwRkoAxtcgga4AU3QAhg8gmfwCt6MJ+PFeDc+5q1rxmLmBPyB8fUDpgSg9g==</latexit><latexit sha1_base64="4SnrN16Y+uPTmZpCJFAP6keLM0Q=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh10ZKEgt0IBTcuK9gHNGmZTCbt0MnDmYlQhvyIG3/FjQtFXLgR/8bpY6GtBy4czrmXe+/xU0aFtKxvY219Y3Nru7BT3N3bPzg0j47bIsk4Ji2csIR3fSQIozFpSSoZ6aacoMhnpOOPr6d+54FwQZP4Tk5S4kVoGNOQYiS1NDBrV9ANOcLKzpUr7rlUDnRTmueQwL6aW5VyACvQjbKLvpMrJ88HZsmqWjPAVWIvSAks0ByYn26Q4CwiscQMCdGzrVR6CnFJMSN50c0ESREeoyHpaRqjiAhPzb7L4blWAhgmXFcs4Uz9PaFQJMQk8nVnhORILHtT8T+vl8mw7ikap5kkMZ4vCjMGZQKnUcGAcoIlm2iCMKf6VohHSCcidaBFHYK9/PIqaTtV26rat7VSo76IowBOwRkoAxtcgga4AU3QAhg8gmfwCt6MJ+PFeDc+5q1rxmLmBPyB8fUDpgSg9g==</latexit><latexit sha1_base64="4SnrN16Y+uPTmZpCJFAP6keLM0Q=">AAACHXicbVDLSsNAFJ34rPUVdelmsAh10ZKEgt0IBTcuK9gHNGmZTCbt0MnDmYlQhvyIG3/FjQtFXLgR/8bpY6GtBy4czrmXe+/xU0aFtKxvY219Y3Nru7BT3N3bPzg0j47bIsk4Ji2csIR3fSQIozFpSSoZ6aacoMhnpOOPr6d+54FwQZP4Tk5S4kVoGNOQYiS1NDBrV9ANOcLKzpUr7rlUDnRTmueQwL6aW5VyACvQjbKLvpMrJ88HZsmqWjPAVWIvSAks0ByYn26Q4CwiscQMCdGzrVR6CnFJMSN50c0ESREeoyHpaRqjiAhPzb7L4blWAhgmXFcs4Uz9PaFQJMQk8nVnhORILHtT8T+vl8mw7ikap5kkMZ4vCjMGZQKnUcGAcoIlm2iCMKf6VohHSCcidaBFHYK9/PIqaTtV26rat7VSo76IowBOwRkoAxtcgga4AU3QAhg8gmfwCt6MJ+PFeDc+5q1rxmLmBPyB8fUDpgSg9g==</latexit>

f(D = d|X = x, Y = y) =
1

�
p
2⇡

e
�(d�µ)2

2�2

<latexit sha1_base64="vSROJqGflsZ8+4lPVod8nZk6Tjw="></latexit><latexit sha1_base64="vSROJqGflsZ8+4lPVod8nZk6Tjw="></latexit><latexit sha1_base64="vSROJqGflsZ8+4lPVod8nZk6Tjw="></latexit><latexit sha1_base64="vSROJqGflsZ8+4lPVod8nZk6Tjw="></latexit>

= K2 · e
�(d�µ)2

2
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x2+y2)2

2
<latexit sha1_base64="Y9dwE6JscUnF9hp6E6AyGpr5Y68="></latexit><latexit sha1_base64="Y9dwE6JscUnF9hp6E6AyGpr5Y68="></latexit><latexit sha1_base64="Y9dwE6JscUnF9hp6E6AyGpr5Y68="></latexit><latexit sha1_base64="Y9dwE6JscUnF9hp6E6AyGpr5Y68="></latexit>



Chris Piech, CS109, 2022

p
x2 + y2 = 4

Tracking in 2D Space: New Belief

What is your new belief for the location of the object being tracked? 
Your joint probability density function can be expressed with a constant

µ = actual distance 

σ = 1

x

y

-5 53-5

5

3

(top view)

Prior

Observation

f(D = d|X = x, Y = y) = K · e�[d�
p

x2+y2]2

f(X = x, Y = y) = K · e�
[(x�3)2+(y�3)2]

8
1

2 2
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Prior Observation
f(D = d|X = x, Y = y) = K · e�[d�

p
x2+y2]2f(X = x, Y = y) = K · e�

[(x�3)2+(y�3)2]
8
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Tracking in 2D Space: New Belief

For your notes…

f(X = x, Y = y|D = 4) =
f(D = 4|X = x, Y = y) · f(X = x, Y = y)

f(D = 4)

=
K1 · e�

[4�
p

x2+y2)2]
2 ·K2 · e�

[(x�3)2+(y�3)2]
8

f(D = 4)

=
K3 · e�

⇥
[4�

p
x2+y2)2]
2 + [(x�3)2+(y�3)2]

8

⇤

f(D = 4)

= K4 · e�
⇥

(4�
p

x2+y2)2

2 + [(x�3)2+(y�3)2]
8

⇤
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Tracking in 2D Space: Posterior
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Tracking in 2D Space: CS221
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Joint Random Variables

Use a joint table, or joint function to solve probability 
question

Use and find independence of random variables

Think about conditional probabilities with joint variables 
(which might be continuous)

Use and find expectation of random variables


