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Which	mochi	are	you	more	likely	to	like?
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Four Prototypical TrajectoriesPhilosophical Ponderings:
You ask about the probability of rain tomorrow. 

Person A: My leg itches when it rains and its kind of 
itchy…. Uh, p = .80

Person B: I have done complex calculations and have 
seen 10,451 days like tomorrow… p = 0.80

What is the difference between the two estimates?



Four Prototypical Trajectories

“Those who are able to 
represent what they do not 
know make better decisions”

- CS109



Four Prototypical Trajectories

Today we are going to learn how to 
quantify uncertainty.



Four Prototypical Trajectories

Review



Inference	on	a	non-bernoulli random	variable	
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<latexit sha1_base64="tnIcD9zNLtM3av1uUDy7PbOFw6Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiVL14rGA/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6nfuuJKs2keDDjmPoRHggWMoKNlZr18vUVPu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3ldLtZssjjwcwTGUwYMLqMEd1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+ADXKjj8=</latexit>

P (A = a) Observation Y = 0
<latexit sha1_base64="NkGujl5qDW8JFF5mEzfXLxWpRcw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahXkoipXqwUPHisYL90DaUzXbTLt1swu5GKLH/wosHRbz6b7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8kbXU7/1SKViobjT44i6AR4I5jOCtZEe6sWrKn66r9qnvXzBLtkzoGXipKQAKeq9/Fe3H5I4oEITjpXqOHak3QRLzQink1w3VjTCZIQHtGOowAFVbjK7eIJOjNJHfihNCY1m6u+JBAdKjQPPdAZYD9WiNxX/8zqx9i/chIko1lSQ+SI/5kiHaPo+6jNJieZjQzCRzNyKyBBLTLQJKWdCcBZfXibNs5JTKZVvy4XaZRpHFo7gGIrgwDnU4Abq0AACAp7hFd4sZb1Y79bHvDVjpTOH8AfW5w+454+j</latexit>

P (A = a|Y = 0)

We can perform inference when there are two random 
variables using Bayes!



Inference?
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<latexit sha1_base64="Z2D6G8iwpw0NGTAAsYFmuvtnvXM=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARGpCSSFE3haoblxHsRdpQJtNJO3RyYWYilDQv4cZXceNCEbeCO9/GaZqFVg8M/PP95zBzfjdiVEjT/NIKS8srq2vF9dLG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3w189v3hAsaBrdyEhHHR8OAehQjqVBfP7YrF3U0vaubBqzDnscRTuyKuk4VNjLTSOfESPt62ayaWcG/wspFGeRl9/XP3iDEsU8CiRkSomuZkXQSxCXFjKSlXixIhPAYDUlXyQD5RDhJtlUKjxQZQC/k6gQSZvTnRIJ8ISa+qzp9JEdi0ZvB/7xuLL1zJ6FBFEsS4PlDXsygDOEsIjignGDJJkogzKn6K8QjpJKRKsiSCsFaXPmvaJ1UrdNq7aZWblzmcRTBATgEFWCBM9AA18AGTYDBA3gCL+BVe9SetTftfd5a0PKZffCrtI9vZaObPA==</latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

Belief(0.02) = 0.001

Updated Belief Belief

Value of a P(A=a)

Likelihood

Normalizer



Inference	on	a	non-bernoulli random	variable	
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<latexit sha1_base64="Z2D6G8iwpw0NGTAAsYFmuvtnvXM=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARGpCSSFE3haoblxHsRdpQJtNJO3RyYWYilDQv4cZXceNCEbeCO9/GaZqFVg8M/PP95zBzfjdiVEjT/NIKS8srq2vF9dLG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd3w189v3hAsaBrdyEhHHR8OAehQjqVBfP7YrF3U0vaubBqzDnscRTuyKuk4VNjLTSOfESPt62ayaWcG/wspFGeRl9/XP3iDEsU8CiRkSomuZkXQSxCXFjKSlXixIhPAYDUlXyQD5RDhJtlUKjxQZQC/k6gQSZvTnRIJ8ISa+qzp9JEdi0ZvB/7xuLL1zJ6FBFEsS4PlDXsygDOEsIjignGDJJkogzKn6K8QjpJKRKsiSCsFaXPmvaJ1UrdNq7aZWblzmcRTBATgEFWCBM9AA18AGTYDBA3gCL+BVe9SetTftfd5a0PKZffCrtI9vZaObPA==</latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

<latexit sha1_base64="aViI3CIIW4GfuE8Dl9bBuU/Hscs=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9Iagl5IUC8eMZEPhYZsly1s2G6b3a0JqfwLLx40xqv/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QVOFsSS0QUIeyraHFeVM0IZmmtN2JCkOPE5b3uh66rceqVQsFHd6HFE3wAPBfEawNtJDvXhZxU/3Vfu0ly/YJXsGtEyclBQgRb2X/+r2QxIHVGjCsVIdx460m2CpGeF0kuvGikaYjPCAdgwVOKDKTWYXT9CJUfrID6UpodFM/T2R4ECpceCZzgDroVr0puJ/XifW/oWbMBHFmgoyX+THHOkQTd9HfSYp0XxsCCaSmVsRGWKJiTYh5UwIzuLLy6R5VnIqpfJtuVC7SuPIwhEcQxEcOIca3EAdGkBAwDO8wpulrBfr3fqYt2asdOYQ/sD6/AG6tY+p</latexit>

P (A = a|Y = 0) # RV bayes as code
def update(belief, obs):

for a in support:
prior_a = belief[a]
likelihood = calc_likelihood(a, obs)
belief[a] = prior_a * likelihood

normalize(belief)

likelihood

In plain English: run bayes for each value of a



Normalize???
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# RV bayes as code
def update(belief, obs):

for a in support:
prior_a = belief[a]
likelihood = calc_likelihood(a, obs)
belief[a] = prior_a * likelihood

normalize(belief)

<latexit sha1_base64="XWplsb+TrETjffpLcGW100/xUNY="></latexit>

P (A = a|Y = 0) =
P (Y = 0|A = a)P (A = a)

P (Y = 0)

=
P (Y = 0|A = a)P (A = a)P

a P (Y = 0, A = a)

=
P (Y = 0|A = a)P (A = a)P
a P (Y = 0|A = a)P (A = a)

In plain English: this 
is the sum of all the 

things in belief



Four Prototypical Trajectories

End Review



Where	are	we	in	CS109?



Flip a plate 5 times. If you get heads 3 times you win 

Let's	play	a	game!

Credit: Rembrandt via Dall E

<latexit sha1_base64="YFHiJZdHAZnVu52614rCkKgesvE="></latexit>

P (X = 3) =

✓
5

3

◆
· 1
2

3

· 1
2

2

= 0.3125



What	if	you	don't	know	a	probability?



Four Prototypical Trajectories

What is your belief that you flip a heads 
on my coin?



The parameter p to a 
binomial can be a random 

variable



17

p =
9

10
<latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit><latexit sha1_base64="HdDXn4Xa9rKa3qig8ijZEYokvFM=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRFAXQtGNywr2Au1QMmmmDc1khiRTKGHexI0LRdz6Ju58G9N2Ftr6Q+DjP+dwTv4w5Uxpz/t2SmvrG5tb5e3Kzu7e/oF7eNRSSSYJbZKEJ7ITYkU5E7Spmea0k0qK45DTdji+n9XbEyoVS8STnqY0iPFQsIgRrK3Vd90U3aJeJDExN7nxvbzvVr2aNxdaBb+AKhRq9N2v3iAhWUyFJhwr1fW9VAcGS80Ip3mllymaYjLGQ9q1KHBMVWDml+fozDoDFCXSPqHR3P09YXCs1DQObWeM9Ugt12bmf7VupqPrwDCRZpoKslgUZRzpBM1iQAMmKdF8agETyeytiIywjUHbsCo2BH/5y6vQuqj5lh8vq/W7Io4ynMApnIMPV1CHB2hAEwhM4Ble4c0xzovz7nwsWktOMXMMf+R8/gA1zJK6</latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?
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Great!	We’re	done

Uncertainty
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

UniformBinomial

Let X be our belief about the probability of heads:
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

UniformBinomial

Let X be our belief about the probability of heads:
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

Let X be our belief about the probability of heads:

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?

UniformBinomial
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P (X = x|H = 9, T = 1)

=
P (H = 9, T = 1|X = x)f(X = x)

P (H = 9, T = 1)

=

�10
9

�
x
9(1� x)1

P (H = 9, T = 1)

= K · x9(1� x)1
<latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit><latexit sha1_base64="zXbV+ny73Lfd8URXSw4xW3F3azg="></latexit>

9	Heads	out	of	10	Flips.	What	is	your	Belief	in	p?



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up 

heads
Frequentist (never prior) Bayesian (prior is great)

X = lim
n+m!1

n

n+m

⇡ n

n+m

fX|N (x|n) =
P (N = n|X = x)fX(x)

P (N = n)

X is (often) a single value
X is a random variable. Leads to a belief 
distribution which captures confidence

Flip	a	coin	with	unknown	probability



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X)~Bin(n+m, x)

Bayesian
“posterior” 

probability distribution

Bayesian “prior”
probability distribution

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

Flip	a	coin	with	unknown	probability!



Flip a coin (n + m) times, comes up with n heads
§ We don’t know probability X that coin comes up heads
§ Our belief before flipping coins is that: X ~ Uni(0, 1)
§ Let N = number of heads
§ Given X = x, coin flips independent: (N | X)~Bin(n+m, x)

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

fX|N (x|n) = P (N = n|X = x)fX(x)

P (N = n)

=

�n+m
n

�
xn(1� x)m

P (N = n)

=

�n+m
n

�

P (N = n)
xn(1� x)m

=
1

c
· xn(1� x)m where c =

Z 1

0
xn(1� x)mdx

1

Binomial
Move terms around

Flip	a	coin	with	unknown	probability!



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 
n “successes” and 
m “failures”…

Your new belief about the probability is:

c =

Z 1

0
xn(1� x)m

<latexit sha1_base64="pBbe7mjSYmqT2IjkTRanHiOnDfk=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBeWiQi6EYpuXFawD2inQybNtKFJZkgy0lK68VfcuFDErZ/hzr8xbWeh1QMXDufcy733hAln2njel5NbWl5ZXcuvFzY2t7Z33N29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4GbqNx6o0iyW92aUUF/gnmQRI9hYKXAPCLyCbSZN4HUQHHZkCZ0OTzoicIte2ZsB/iUoI0WQoRq4n+1uTFJBpSEca91CXmL8MVaGEU4nhXaqaYLJAPdoy1KJBdX+ePbABB5bpQujWNmSBs7UnxNjLLQeidB2Cmz6etGbiv95rdREl/6YySQ1VJL5oijl0MRwmgbsMkWJ4SNLMFHM3gpJHytMjM2sYENAiy//JfWzMvLK6O68WLnO4siDQ3AESgCBC1ABt6AKaoCACXgCL+DVeXSenTfnfd6ac7KZffALzsc3t02UjA==</latexit><latexit sha1_base64="pBbe7mjSYmqT2IjkTRanHiOnDfk=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBeWiQi6EYpuXFawD2inQybNtKFJZkgy0lK68VfcuFDErZ/hzr8xbWeh1QMXDufcy733hAln2njel5NbWl5ZXcuvFzY2t7Z33N29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4GbqNx6o0iyW92aUUF/gnmQRI9hYKXAPCLyCbSZN4HUQHHZkCZ0OTzoicIte2ZsB/iUoI0WQoRq4n+1uTFJBpSEca91CXmL8MVaGEU4nhXaqaYLJAPdoy1KJBdX+ePbABB5bpQujWNmSBs7UnxNjLLQeidB2Cmz6etGbiv95rdREl/6YySQ1VJL5oijl0MRwmgbsMkWJ4SNLMFHM3gpJHytMjM2sYENAiy//JfWzMvLK6O68WLnO4siDQ3AESgCBC1ABt6AKaoCACXgCL+DVeXSenTfnfd6ac7KZffALzsc3t02UjA==</latexit><latexit sha1_base64="pBbe7mjSYmqT2IjkTRanHiOnDfk=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBeWiQi6EYpuXFawD2inQybNtKFJZkgy0lK68VfcuFDErZ/hzr8xbWeh1QMXDufcy733hAln2njel5NbWl5ZXcuvFzY2t7Z33N29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4GbqNx6o0iyW92aUUF/gnmQRI9hYKXAPCLyCbSZN4HUQHHZkCZ0OTzoicIte2ZsB/iUoI0WQoRq4n+1uTFJBpSEca91CXmL8MVaGEU4nhXaqaYLJAPdoy1KJBdX+ePbABB5bpQujWNmSBs7UnxNjLLQeidB2Cmz6etGbiv95rdREl/6YySQ1VJL5oijl0MRwmgbsMkWJ4SNLMFHM3gpJHytMjM2sYENAiy//JfWzMvLK6O68WLnO4siDQ3AESgCBC1ABt6AKaoCACXgCL+DVeXSenTfnfd6ac7KZffALzsc3t02UjA==</latexit><latexit sha1_base64="pBbe7mjSYmqT2IjkTRanHiOnDfk=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBeWiQi6EYpuXFawD2inQybNtKFJZkgy0lK68VfcuFDErZ/hzr8xbWeh1QMXDufcy733hAln2njel5NbWl5ZXcuvFzY2t7Z33N29uo5TRWiNxDxWzRBrypmkNcMMp81EUSxCThvh4GbqNx6o0iyW92aUUF/gnmQRI9hYKXAPCLyCbSZN4HUQHHZkCZ0OTzoicIte2ZsB/iUoI0WQoRq4n+1uTFJBpSEca91CXmL8MVaGEU4nhXaqaYLJAPdoy1KJBdX+ePbABB5bpQujWNmSBs7UnxNjLLQeidB2Cmz6etGbiv95rdREl/6YySQ1VJL5oijl0MRwmgbsMkWJ4SNLMFHM3gpJHytMjM2sYENAiy//JfWzMvLK6O68WLnO4siDQ3AESgCBC1ABt6AKaoCACXgCL+DVeXSenTfnfd6ac7KZffALzsc3t02UjA==</latexit>

fX(x) =
1

c
· xn(1� x)m

<latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit>

where

Flip	a	coin	with	unknown	probability!



n = 7
m = 1

fX(x) =
1

c
· xn(1� x)m

<latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit><latexit sha1_base64="Dbtph4HhFWCNF/y0dQp4useRZfg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTahSURQTdC0Y3LCvYBTRomk0k7dDIJMxNpCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vv8RNGpbKsb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTv/1AhKQxv1fjhLgR6nMaUoyUljyzHHqdyqgKr6ATCoQze5LhCXRwECs46vGKfTqq9iLPLFk1awa4TOyclECOhmd+OUGM04hwhRmSsmtbiXIzJBTFjEyKTipJgvAQ9UlXU44iIt1s9s4ElrUSwDAWuriCM/X3RIYiKceRrzsjpAZy0ZuK/3ndVIWXbkZ5kirC8XxRmDKoYjjNBgZUEKzYWBOEBdW3QjxAOhalEyzqEOzFl5dJ66xmWzX77rxUv87jKIBjcAIqwAYXoA5uQQM0AQaP4Bm8gjfjyXgx3o2PeeuKkc8cgT8wPn8Ad3+aeA==</latexit>

Belief	after	7	success	and	1	fail



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

where c =

Z 1

0
xa�1(1� x)b�1

<latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit><latexit sha1_base64="8YoBC0eGaCN9+OUajjST+XZCOIM=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIddEyEUE3QtGNywr2Au10yKSZNjSTGZKMtAxduvFV3LhQxK2P4M63MW1noa0/BD7+cw4n5/djzpR2nG9raXlldW09t5Hf3Nre2bX39usqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8Ac3k3rjgUrFInGvRzF1Q9wTLGAEa2N59hGBV7DNhPacDoLDTopLaFxEpeFpJ/UNenbBKTtTwUVAGRRApqpnf7W7EUlCKjThWKkWcmLtplhqRjgd59uJojEmA9yjLYMCh1S56fSQMTwxThcGkTRPaDh1f0+kOFRqFPqmM8S6r+ZrE/O/WivRwaWbMhEnmgoyWxQkHOoITlKBXSYp0XxkABPJzF8h6WOJiTbZ5U0IaP7kRaiflZFTRnfnhcp1FkcOHIJjUAQIXIAKuAVVUAMEPIJn8ArerCfrxXq3PmatS1Y2cwD+yPr8AQull3A=</latexit>

fX(x) =
1

c
· xa�1(1� x)b�1

<latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit><latexit sha1_base64="ukvbDQS41aXIQqDrEbpvFcnjvDk=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCu2iZiKAboejGZQV7gXY6ZDKZNjRzIclIyzBP4cZXceNCEbfizrcxbWehrT8EPv5zDifnd2POpLKsb2NldW19Y7OwVdze2d3bNw8OWzJKBKFNEvFIdFwsKWchbSqmOO3EguLA5bTtjm6m9fYDFZJF4b2axNQO8CBkPiNYacsxq77TKY8r8Ar2fIFJirKUZLBHvEjBcT/FVZSVUXVc6aeuRscsWTVrJrgMKIcSyNVwzK+eF5EkoKEiHEvZRVas7BQLxQinWbGXSBpjMsID2tUY4oBKO52dlcFT7XjQj4R+oYIz9/dEigMpJ4GrOwOshnKxNjX/q3UT5V/aKQvjRNGQzBf5CYcqgtOMoMcEJYpPNGAimP4rJEOs41E6yaIOAS2evAytsxqyaujuvFS/zuMogGNwAsoAgQtQB7egAZqAgEfwDF7Bm/FkvBjvxse8dcXIZ47AHxmfP/eonVw=</latexit>

Equivalently!



X is a Beta Random Variable: X ~ Beta(a, b)
§ Probability Density Function (PDF):      (where a, b > 0)

§ Symmetric when a = b
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Beta	Random	Variable



Beta is a distribution for 
probabilities. Its range is 
values between 0 and 1



Used to represent a distributed belief of a probability

Beta	is	the	Random	Variable	for	Probabilities

(Still an R.V tho :P)



Beta Parameters can
come from experiments:

a = “successes” + 1
b = “failures” + 1



Eh?	+1

If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

- Uniform prior means both 0 and 1 is possible. 
- How this is encoded is we hallucinate seeing a 0 and a 1 once each.

Concretely:

Proof:
Set up R.Vs.

Solve beta constant

PDF equality to show
X=Y



Prior:

Laplace	Smoothing

X ⇠ Beta(a = 2, b = 2)
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One imagined heads

One imagined tail

Fancy name. Simple prior



Think about the difference 
between a point estimate 

and a distribution

p = 0.75 p =



fX(x) =
1

B(a, b)
xa�1(1� x)b�1

If our prior belief about X was beta

What is our posterior belief about X after observing n heads 
(and m tails)?

f(X = x|N = n) = ???

f(X = x)

X is our random variable for probability

If	the	Prior	was	Beta?
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If	the	Prior	was	Beta? n heads, m tails, x is param



§ If “Prior” distribution of X (before seeing flips) is Beta

§ Then “Posterior” distribution of X (after flips) is Beta

Beta is a conjugate distribution for Bernoulli and Binomial
§ Practically, conjugate means easy update:
oAdd number of “heads” and “tails” seen to Beta parameters

A	beta	understanding



Can set X ~ Beta(a, b) as prior to reflect how biased you think 
coin is apriori
§ This is a subjective probability (aka Bayesian)!
§ Prior probability for X based on seeing (a + b – 2) “imaginary” 

trials, where 
(a – 1) of them were heads.
(b – 1) of them were tails.

Update to get posterior probability
§ X | (n heads and m tails) ~ Beta(a + n, b + m)

A	beta	understanding



Four Prototypical Trajectories

Examples!



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Frequentist:

p ⇡ 14

20
= 0.7
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A	beta	example



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Prior:

X ⇠ Beta(a = 81, b = 21)
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X ⇠ Beta(a = 9, b = 3)
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80 successes / 100 trials

Interpretation:

8 successes / 10 trials

4 successes / 5 trials

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

X ⇠ Beta(a = 5, b = 2)
<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

A	beta	example



Before being tested, a medicine is believed to “work” about 80% of the time. The 
medicine is tried on 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 

new belief that the drug works?

Bayesian: X ⇠ Beta
<latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit><latexit sha1_base64="9wLqzdSyc4L2WlRbJjgxSUX7cdA=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFMMegF48RzAOyS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e4KUik0Os63tbG5tb2zW9or7x8cHh3bJ5W2TjLFocUTmahuwDRIEUMLBUropgpYFEjoBOO7ud95AqVFEj/iNAU/YsNYhIIzNFLfrnSpp0VEPYQJ5reAbNa3q07NWYCuE7cgVVKg2be/vEHCswhi5JJp3XOdFP2cKRRcwqzsZRpSxsdsCD1DYxaB9vPF7TN6YZQBDRNlKka6UH9P5CzSehoFpjNiONKr3lz8z+tlGNb9XMRphhDz5aIwkxQTOg+CDoQCjnJqCONKmFspHzHFOJq4yiYEd/XlddK+qrlOzX24rjbqRRwlckbOySVxyQ1pkHvSJC3CyYQ8k1fyZs2sF+vd+li2bljFzCn5A+vzB6a6lCc=</latexit>

Prior:

Posterior:
X ⇠ Beta(a = 5, b = 2)

<latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit><latexit sha1_base64="/C4EdBjT+ksOyDc2tqATe+MyJaA=">AAACCHicbVDJSgNBEO2JW4zbqEcPNgYhgoSZoJiLEPTiMYJZIAmhp1NJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWgiQ+qeLxXRXc9L5JCo+N8W6ml5ZXVtfR6ZmNza3vH3t2r6jBWHCo8lKGqe0yDFAFUUKCEeqSA+Z6Emje4Hvu1e1BahMEdDiNo+awXiK7gDI3Utg/rtKmFT5sID5hcAbJRjtFLen7qmV44adtZJ+9MQBeJOyNZMkO5bX81OyGPfQiQS6Z1w3UibCVMoeASRplmrCFifMB60DA0YD7oVjI5ZESPjdKh3VCZCpBO1N8bCfO1HvqemfQZ9vW8Nxb/8xoxdoutRARRjBDw6UPdWFIM6TgV2hEKOMqhIYwrYf5KeZ8pxtFklzEhuPMnL5JqIe86eff2LFsqzuJIkwNyRHLEJRekRG5ImVQIJ4/kmbySN+vJerHerY/paMqa7eyTP7A+fwDvvZdK</latexit>

X ⇠ Beta(a = 5 + 14, b = 2 + 6)

⇠ Beta(a = 19, b = 8)
<latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit><latexit sha1_base64="oVcZQE/7OUCHJnbsQ1uZq66zWrA="></latexit>

Prior

Posterior

E[X] =
a

a+ b
=

19

19 + 8
⇡ 0.70

<latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit><latexit sha1_base64="Pm4n5EacaEa93mSDA2FWTlFwWFE=">AAACHHicbVDLSgMxFM34rPVVdekmWApCYZhRoXUhFERwWcE+oDOUO2mmDc08SDJiGeZD3Pgrblwo4saF4N+YPhBtPXDh5Jxc7r3HizmTyrK+jKXlldW19dxGfnNre2e3sLfflFEiCG2QiEei7YGknIW0oZjitB0LCoHHacsbXo791h0VkkXhrRrF1A2gHzKfEVBa6hZOrzptF19gxxdAUshSKHvZz9s+z3SVqxl2II5FdI8ts2J1C0XLtCbAi8SekSKaod4tfDi9iCQBDRXhIGXHtmLlpiAUI5xmeSeRNAYyhD7taBpCQKWbTo7LcEkrPexHQleo8ET93ZFCIOUo0FuXAlADOe+Nxf+8TqL8qpuyME4UDcl0kJ9wrCI8Tgr3mKBE8ZEmQATTu2IyAB2L0nnmdQj2/MmLpHli2pZp35wVa9VZHDl0iI7QMbJRBdXQNaqjBiLoAT2hF/RqPBrPxpvxPv26ZMx6DtAfGJ/fxQyfPw==</latexit>

mode(X) =
a� 1

a+ b� 2
=

19

18 + 7
⇡ 0.72
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A	beta	example



Which	video	are	you	more	likely	to	like?

44

10,000 50 10 0



Which	mochi	are	you	more	likely	to	like?

45

(Using Beta(2,2) prior) (Using Beta(2,2) prior)



Four Prototypical Trajectories

Next level?



Multi Armed Bandit



What	if	you	don't	know	a	probability?



Multi Armed Bandit

Drug A Drug B

Which one do you approve to give to a pharmacy?



Lets Play!

Drug A Drug B

𝑋! 𝑋"

Which one do you approve to give to a pharmacy?



You try drug B, 10 times. It is successful 7 times.
If you had a uniform prior, what is your posterior belief about the likelihood of 

success?

7 successes
3 failures

Optimal Decision Making

Drug A Drug B

𝑋!~𝐵𝑒𝑡𝑎 7 + 1, 3 + 1

What’s this R.V?



You try drug A, 2 times. It is successful 2 times.
If you had a uniform prior, what is your posterior belief about the likelihood of 

success?

2 successes
0 failures

Optimal Decision Making

Drug A Drug B

𝑋"~𝐵𝑒𝑡𝑎 2 + 1, 0 + 1
What’s this R.V?



You try drug B, 10 times. It is successful 7 times.
You try drug A, 2 times. It is successful 2 times.

Optimal Decision Making

What is expectation of the outcome of drug B?

𝐸 𝑋! =
𝑎

𝑎 + 𝑏 =
8

8 + 4 ≈ 0.66
What is expectation of the outcome of drug A?

𝐸 𝑋" =
3

3 + 1
= 0.75

𝑋"~𝐵𝑒𝑡𝑎 3, 1
𝑋!~𝐵𝑒𝑡𝑎 8, 4



You try drug B, 5 times. It is successful 2 times.
X is the probability of success.

Optimal Decision Making

stats.beta.cdf(x, a, b)
What is the probability that 𝑋! > 0.5

What is the probability that 𝑋" > 0.5

𝑃 𝑋" > 0.5 = 1 − 𝑃 𝑋" < 0.5 = 1 − 𝐹(! 0.5 = 0.886

𝑋!~𝐵𝑒𝑡𝑎 3, 1
𝑋"~𝐵𝑒𝑡𝑎 8, 4

𝑃 𝑋! > 0.5 = 1 − 𝑃 𝑋! < 0.5 = 1 − 𝐹(" 0.5 = 0.875

Wait… so, 𝑃 𝑋" > 0.5 is better but 𝐸 𝑋! is better?? What?

𝑃 𝑋! > 0.5 > 𝑃 𝑋" > 0.5
𝐸 𝑋! < 𝐸 𝑋"



So Why?

Confidence

𝑃 𝑋! > 0.5 > 𝑃 𝑋" > 0.5
𝐸 𝑋! < 𝐸 𝑋"

Drug A Drug B

𝑋!~𝐵𝑒𝑡𝑎 3, 1 𝑋"~𝐵𝑒𝑡𝑎 8, 4

We are more confident 
about drug B



Confidence
𝑋!~𝐵𝑒𝑡𝑎 3, 4

𝑋!~𝐵𝑒𝑡𝑎 3000, 4000

𝑋!~𝐵𝑒𝑡𝑎 30, 40
As we see more and 
more evidence, we 
start becoming more 
and more confident!!



So, which drug??

𝑃 𝑋! > 0.5 > 𝑃 𝑋" > 0.5
𝐸 𝑋! < 𝐸 𝑋"

Drug A Drug B

𝑋!~𝐵𝑒𝑡𝑎 3, 1 𝑋"~𝐵𝑒𝑡𝑎 8, 4

Test Drugs A and B some more!!
Drug C



Explore	something	new?	Or	go	for	what	looks	good	now?

58



Extension:	Upper	Confidence	Bound

59

Treatment = arg max
!∈{$,&}

𝑝! + 𝑐
𝑎 + 𝑏
ln(𝑑)

Beta Random Variable gives 
information on the confidence of the 
random variable. 



Four Prototypical Trajectories

Beta: 
The probability density 

for probabilities



Beta is a distribution for 
probabilities



If you start with a X ~ Uni(0, 1) prior 
over probability, and observe: 

let a = num “successes” + 1 
let b = num “failures” + 1

Your new belief about the probability is:

Beta Distribution

where c =

Z 1

0
xa�1(1� x)b�1
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fX(x) =
1

c
· xa�1(1� x)b�1
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Distributions
Binomial

Uniform

Normal

Exponential

Beta

Neg Binomial
Poisson

Geometric

Beta



Weights

Binomial 𝑛, 𝑝

Beta

Bernoulli 𝑝

𝑝 sampled from a Beta represents a tuneable parameter!



Think about the difference 
between a point estimate 

and a distribution

p = 0.75 p =



Four Prototypical TrajectoriesProblem with a  point estimate:

Person A: My leg itches when it rains and its kind of 
itchy…. Uh, p = .80

Person B: I have done complex calculations and have 
seen 10,451 days like tomorrow… p = 0.80

Give me the uncertainty!!!



Any parameter for a 
“parameterized” random 

variable can be thought of 
as a random variable.

Eg:

P (⇤ = �|N = 5)
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