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Announcements

• Change of Grading Basis Deadline!

• Pset 4 Due Monday!

• Pset 5 Released Later Today!



Four Prototypical Trajectories

Review
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Sum	of	dice	rolls

Roll 𝑛 independent dice. Let 𝑋! be the outcome of roll 𝑖. 𝑋" are i.i.d.
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How many ways
can you roll a total
of 3 vs 11?



Four Prototypical Trajectories

Sum of 50 dice?
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Central	Limit	Theorem
Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋!, 𝑋", … , 𝑋#
with 𝐸 𝑋$ = 𝜇 and Var 𝑋$ = 𝜎".
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𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎%)

The sum of 𝑛 i.i.d. random variables is normally distributed with mean 𝑛𝜇
and variance 𝑛𝜎#.
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As 𝑛 → ∞
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CLT	explains	a	lot
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𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

0 1 2 3 4 5

𝑛 = 5

Galton Board, by Sir Francis Galton
(1822-1911)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.
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CLT	explains	a	lot
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𝑋! ~𝒩(𝑛𝜇, 𝑛𝜎$)

Normal approximation of Binomial
Sum of i.i.d. Bernoulli RVs ≈ Normal

𝑋~Bin(𝑛, 𝑝)𝑋 =!
!"#

&

𝑋!

𝑋~𝒩 𝑛𝑝, 𝑛𝑝(1 − 𝑝)

New Explanation:

𝑋~𝒩 𝑛𝜇, 𝑛𝜎# CLT, as 𝑛 → ∞

(substitute mean,
variance of Bernoulli) 

Let 𝑋!~Ber(𝑝) for 𝑖 = 1,… , 𝑛, where 𝑋! are i.i.d.
𝐸 𝑋! = 𝑝, Var 𝑋! = 𝑝(1 − 𝑝)

As 𝑛 → ∞
The sum of 𝑛 i.i.d. random variables is normally 
distributed with mean 𝑛𝜇 and variance 𝑛𝜎$.
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• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10
§ Win if:  X £ 25  or  X ³ 45
§ Roll!

• And now the truth (according to the CLT)…

Sum of Dice



• You will roll 10 6-sided dice (X1, X2, …, X10)
§ X = total value of all 10 dice = X1 + X2 + … + X10
§ Win if:  X £ 25  or  X ³ 45

• Recall CLT:

§ Determine P(X £ 25 or X ³ 45) using CLT:
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Xi ! N(nE[Xi], nVar(Xi)) As n ! 1X =
nX
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Xi ! N(nµ, n�2)

X ⇡ N(35, 29.2)

1� P (25.5 < X < 44.5) = 1� P (
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44.5� 35p
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Example	CLT	problem
You encounter 10 traffic lights on your way to work. You don't know the full 
distribution of the wait time, but for each you observe the average wait time is 45 
seconds and the standard deviation is 5 seconds. You will be on time if your total wait 
time is less than 8 mins. What is the probability that you are on time? Assume the 
wait times are IID.

Answer: Let T be the total wait time. It is the sum of the 10 IID wait times. By the CLT

𝑇~𝒩 𝑛𝜇, 𝑛𝜎#

𝑇~𝒩 450, 250

𝑃 𝑇 ≤ 480 = Φ
480 − 450

15.8 ≈ 0.97
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The sum of independent, identically 
distributed variables:

Y ⇠ N(nµ, n�2)

Y =
nX

i=0

Xi
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where µ = E[Xi]
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�2 = Var(Xi)
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Is normally distributed:
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Average	of	IID	Variables?

Let 𝑋! be i.i.d. variables. There are n. Let      be the average X̄ ⇠ N(µ,
�2

n
)

å
=

=
n

i
iXn

X
1

1

Gaussian by CLT
Y ⇠ N(nµ, n�2)
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By the Central Limit 
Theorem, the mean of IID 
variables are distributed 
normally. As 𝑛 → ∞

X̄ ⇠ N(µ,
�2

n
)
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• Have new algorithm to test for running time
§ Mean (clock) running time: 𝜇 = 𝑡 𝑠𝑒𝑐
§ Variance of running time: 𝜎$ = 4 𝑠𝑒𝑐$

§ Run algorithm repeatedly (I.I.D. trials), measure time
oHow many trials s.t. estimated time = 𝑡 ± 0.5 with 95% 

certainty?
o𝑋𝑖 = running time of 𝑖-th run (for 1 £ 𝑖 £ 𝑛),      is the 

mean

Estimating Clock Running Time

X̄

X̄ ⇠ N(µ,
�2

n
) ⇠ N(t,

4

n
)
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0.95 = P (�0.5 < X̄ � t < 0.5) X̄ � t ⇠ N(0,
4

n
)

0.95 = �(

p
n

4
)� �(

p
n

4
)

= �(

p
n

4
)� (1� �(

p
n

4
))

= 2�(

p
n

4
)� 1

0.975 = �(

p
n

4
)

��1(0.975) =

p
n

4

1.96 =

p
n

4
n = 61.4

0.95 = FX̄�t(0.5)� FX̄�t(�0.5)
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Motivating	example
You want to know the true mean and 
variance of happiness in Bhutan.
• But you can’t ask everyone.
• You poll 200 random people.
• Your data looks like this:

Happiness = {72, 85, 79, 91, 68, …, 71}

• The mean of all these numbers is 83.
Is this the true mean happiness of 
Bhutanese people?

20
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Population
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Sample
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Collect one (or more) numbers from each person

Sample
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Sample
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A	sample,	mathematically
Consider 𝑛 random variables 𝑋-, 𝑋#, … , 𝑋..
The sequence 𝑋-, 𝑋#, … , 𝑋. is a sample from distribution 𝐹 if:
• 𝑋! are all independent and identically distributed (i.i.d.)
• 𝑋! all have same distribution function 𝐹 (the underlying distribution), 

where 𝐸 𝑋! = 𝜇, Var 𝑋! = 𝜎#

25
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A sample of sample size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A realization of a sample of size 8:
𝑋!, 𝑋", 𝑋#, 𝑋$, 𝑋%, 𝑋&, 𝑋', 𝑋(

A	sample,	mathematically

26
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

Today: If we only have a single sample,
• How do we report estimated statistics?
• How do we report estimated error of these 

estimates?
• How do we perform hypothesis testing?

A	single	sample

27
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Estimating	
Core	Statistics	
(Mean	+	Var)
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

So, these population statistics are unknown:
• 𝜇, the population mean
• 𝜎#, the population variance

A	single	sample

29
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

• From these 200 people, what is our
best estimate of population mean and 
population variance?

• How do we define best estimate?

A	single	sample

30

A happy
person
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Consider n random variables X1, X2, ... Xn
§ Xi are all independently and identically distributed (I.I.D.)
§ Have same distribution function F and E[Xi] = µ
§ We call sequence of Xi a sample from distribution F
§ How would you estimate the population mean??

Estimating	the	Mean

Estimate =
1

n

nX

i=0

Xi
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saying "your estimate of the mean"
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Consider n random variables X1, X2, ... Xn
§ Have same distribution function F and E[Xi] = µ
§ Is our estimate of mean any good??

Is	that	estimate	any	good? X̄ =
1

n

nX

i=0

Xi
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Estimating	the	population	mean

If we only have a sample, 𝑋-, 𝑋#, … , 𝑋. :

The best estimate of 𝜇 is the sample mean:

?𝑋 is an unbiased estimator of the population mean 𝜇. 𝐸 ?𝑋 = 𝜇

Intuition: By the CLT, 

33

?𝑋 =
1
𝑛
@
!/-

.

𝑋!

1. What is our best estimate of 𝜇, the mean
happiness of Bhutanese people?

@𝑋 ~𝒩(𝜇,
𝜎$

𝑛
) If we could take multiple samples of size 𝑛:

1. For each sample, compute sample mean
2. On average, we would get the population mean
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Sample	mean

34

Even if we can’t report 𝜇, we can report our 
sample mean 83.03, which is an unbiased 
estimate of 𝜇.

$𝑋 ~𝒩(𝜇,
𝜎)

𝑛 )
𝑋*~𝐹
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Estimating	the	population	variance

If we knew the entire population 𝑥-, 𝑥#, … , 𝑥0 :

𝜎$ = 𝐸 𝑋 − 𝜇 $ =
1
𝑁
!
!"#

+

𝑥! − 𝜇 $

If we only have a sample, 𝑋-, 𝑋#, … , 𝑋. :

37

2. What is 𝜎#, the variance of happiness of 
Bhutanese people?

population
variance

population mean

𝑆# =
1

𝑛 − 1
@
!/-

.

𝑋! − ?𝑋 #sample
variance

sample mean
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Calculating population statistics exactly 
requires us knowing all 𝑁 datapoints.

0
Happiness 𝜇

Intuition	about	the	sample	variance,	𝑆)

38

𝜎# =
1
𝑁
@
!/-

0

𝑥! − 𝜇 #population
variance

population mean

𝑥! − 𝜇

Actual, 𝜎#

150

Population size, 𝑁
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Intuition	about	the	sample	variance,	𝑆)

39

𝑆# =
1

𝑛 − 1
@
!/-

.

𝑋! − ?𝑋 #sample
variance

sample mean
Estimate, 𝑆#

𝜎# =
1
𝑁
@
!/-

0

𝑥! − 𝜇 #population
variance

population mean
Actual, 𝜎#

0
Happiness 𝜇

Population size, 𝑁

150
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Intuition	about	the	sample	variance,	𝑆)

40

𝑆# =
1

𝑛 − 1
@
!/-

.

𝑋! − ?𝑋 #𝜎# =
1
𝑁
@
!/-

0

𝑥! − 𝜇 #population
variance

sample
variance

population mean sample mean
Actual, 𝜎# Estimate, 𝑆#

0
Happiness 𝜇

Population size, 𝑁
$𝑋

150



Chris Piech, CS109

Sample variance is an estimate using an 
estimate, so it needs additional scaling.

Intuition	about	the	sample	variance,	𝑆)

41

𝑆# =
1

𝑛 − 1
@
!/-

.

𝑋! − ?𝑋 #

1500
Happiness 𝜇

𝜎# =
1
𝑁
@
!/-

0

𝑥! − 𝜇 #population
variance

sample
variance

population mean sample mean

Population size, 𝑁
$𝑋

𝑋# − @𝑋

Actual, 𝜎# Estimate, 𝑆#
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Proof	that	𝑆) is	unbiased

42

𝐸 𝑆# = 𝜎#(just for reference)

𝐸 𝑆! = 𝐸
1

𝑛 − 1
6
"#$

%

𝑋" − 7𝑋 ! ⇒ 𝑛 − 1 𝐸 𝑆! = 𝐸 6
"#$

%

𝑋" − 7𝑋 !

𝑛 − 1 𝐸 𝑆! = 𝐸 6
"#$

%

𝑋" − 𝜇 + 𝜇 − 7𝑋 !

= 𝐸 6
"#$

%

𝑋" − 𝜇 ! +6
"#$

%

𝜇 − 7𝑋 ! + 26
"#$

%

𝑋" − 𝜇 𝜇 − 7𝑋

(introduce 𝜇 − 𝜇)

= 𝐸 6
"#$

%

𝑋" − 𝜇 ! + 𝑛 𝜇 − 7𝑋 ! − 2𝑛 𝜇 − 7𝑋 !

2 𝜇 − %𝑋 '
!"#

$

𝑋! − 𝜇

2 𝜇 − %𝑋 '
!"#

$

𝑋! − 𝑛𝜇

2 𝜇 − .𝑋 𝑛 .𝑋 − 𝜇

−2𝑛 𝜇 − .𝑋 "

= 𝐸 6
"#$

%

𝑋" − 𝜇 ! − 𝑛 𝜇 − 7𝑋 ! =6
"#$

%

𝐸 𝑋" − 𝜇 ! − 𝑛𝐸 7𝑋 − 𝜇 !

= 𝑛𝜎! − 𝑛Var 7𝑋 = 𝑛𝜎! − 𝑛
𝜎!

𝑛
= 𝑛𝜎! − 𝜎! = 𝑛 − 1 𝜎! Therefore 𝐸 𝑆$ = 𝜎$
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Estimating	the	population	variance

If we only have a sample, 𝑋-, 𝑋#, … , 𝑋. :

The best estimate of 𝜎# is the sample variance:

𝑆# is an unbiased estimator of the population variance, 𝜎#. 𝐸 𝑆# = σ#

43

𝑆# =
1

𝑛 − 1
@
!/-

.

𝑋! − ?𝑋 #

2. What is 𝜎#, the variance of happiness of 
Bhutanese people?
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Average Happiness
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Our	Report	to	Bhutan	Government



Sample Variance: Sample mean

Makes it “unbiased”
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Four Prototypical Trajectories

No Error Bars L
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Quick	check		
1. 𝜇, the population mean 

2. 𝑋-, 𝑋#, 𝑋=, 𝑋>, 𝑋?, 𝑋@, 𝑋A, 𝑋B , a sample

3. 𝜎#, the population variance

4. ?𝑋, the sample mean

5. ?𝑋 = 83

6. (𝑋- = 59, 𝑋# = 87, 𝑋= = 94, 𝑋> = 99,
𝑋? = 87, 𝑋@ = 78, 𝑋A = 69, 𝑋B = 91)

47

A. Random variable(s)
B. Value
C. Event

🤔

Value!

RV!
Value!

R.V!

Event

Event
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Mean value

Pr
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0
83 10461

E[X̄] X̄ ⇠ N(µ,
�2

n
)

By central limit theorem:

Var(X̄) =
�2

n
<latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit><latexit sha1_base64="DU2k1MTPHWA9iYZoUGZ/X84Go+k=">AAACEXicbVA9SwNBEN3z2/gVtbRZDEJswp0IWigINpYRzAfkYpjb7CWLe3vH7pwYjvsLNv4VGwtFbO3s/DduPgpNfDDweG+GmXlBIoVB1/125uYXFpeWV1YLa+sbm1vF7Z26iVPNeI3FMtbNAAyXQvEaCpS8mWgOUSB5I7i7HPqNe66NiNUNDhLejqCnRCgYoJU6xbKP/AGzOui87Aegs2Z+SM+pH2pgmW9EL4LbozxTeadYcivuCHSWeBNSIhNUO8UvvxuzNOIKmQRjWp6bYDsDjYJJnhf81PAE2B30eMtSBRE37Wz0UU4PrNKlYaxtKaQj9fdEBpExgyiwnRFg30x7Q/E/r5VieNrOhEpS5IqNF4WppBjTYTy0KzRnKAeWANPC3kpZH2wYaEMs2BC86ZdnSf2o4rkV7/q4dHE2iWOF7JF9UiYeOSEX5IpUSY0w8kieySt5c56cF+fd+Ri3zjmTmV3yB87nD5tEnXk=</latexit>

Insight:	Sample	Mean	is	an	RV	with	known	Var	



Standard	error	
of	the	mean

49

19c_standard_error
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Sample	mean

50

$𝑋 ~𝒩(𝜇,
𝜎)

𝑛 )

• Var ?𝑋 is a measure of how “close” ?𝑋 is to 𝜇.
• How do we estimate Var ?𝑋 ?

𝑋*~𝐹
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def The standard error of the mean is an
estimate of the standard deviation of ?𝑋.

51

Var ?𝑋 =
𝜎#

𝑛
𝐸 $𝑋 = 𝜇

𝑆𝐸 =
𝑆#

𝑛
Intuition:
• 𝑆$ is an unbiased estimate of 𝜎$
• 𝑆$/𝑛 is an unbiased estimate of 𝜎$/𝑛 = Var @𝑋
• 𝑆$/𝑛 can estimate Var @𝑋

We want to
estimate this

More info on bias of 
standard error: wikipedia

Standard	Error	of	the	Mean

https://en.wikipedia.org/wiki/Unbiased_estimation_of_standard_deviation


Chris Piech, CS109

÷
ø

ö
ç
è

æ
÷
ø
ö

ç
è
æ=÷

ø

ö
ç
è

æ
= åå

==

n

i
i

n

i

i X
nn

XX
1

2

1
Var1Var)(Var

n

2s
=

Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
S2

n

=

r
450

200

= 1.5

Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
S2

n

=

r
450

200

= 1.5

Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
S2

n

=

r
450

200

= 1.5

Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
S2

n

=

r
450

200

= 1.5

Var(X̄) =
�2

n

=
S2

n

Std(X̄) =

r
S2

n

=

r
450

200

= 1.5

Since S2 is an 
unbiased 
estimate

Change variance to 
standard deviation

The numbers for our 
Bhutanese poll

Bhutanese standard 
error of the mean

Standard	Error	of	the	Mean
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Std(X̄)

Std(S2)?

Claim: The average happiness of Bhutan is 83 ± 2

Our	Report	to	Bhutan	Government



Chris Piech, CS109

Passwords
How many tries to guess a len 10 password (each letter has 256 
options)?

How many tries if you can test 1 char at a time?

256#0 = 𝐻𝑈𝐺𝐸

256 ∗ 10 = 𝑆𝑚𝑎𝑙𝑙𝑒𝑟

This reduction in difficulty can be a vulnerability.
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Passwords

We have this interesting password checker. It’s kinda flawed.

Here’s a potential fix (find the flaw) – Hint should take appx 30*10*256 by CLT

Slightly Better (but still can have issues)
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Passwords

Better (not perfect)


