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Announcements

• Happy Wednesday



Probability for Extreme Weather?





Four Prototypical Trajectories

Review
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Exactly k heads in n coin flips

P (X = k) =

✓
n

k

◆
pk(1� p)n�k

Probability of exactly k heads, in 
n coin flips, where each flip is 
heads with probability p:
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Binomial Random Variable

P (X = k) =

✓
n

k

◆
pk(1� p)n�k

The number of successes, in n 
independent trials, where each trial
is a success with probability p:



X ⇠ Bin(n, p)

Our random 
variable

Is distributed 
as a

Binomial
With these 
parameters

Num
trials

Probability of 
success on each 

trial

Declare a Random Variable to be Binomial



P (X = k) =

✓
n

k

◆
pk(1� p)n�k

Probability that our 
variable takes on the 

value k

Probability Mass Function 
for a Binomial

Automatically Know the PMF

* This is also called 
the binomial term
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The PMF as a Graph: X ~ Bin(n = 20, p = 0.6)



You Get So Much For Free!



Four Prototypical Trajectories

So Where Are We?



So Many Random Variables?
Discrete Family!

(*) Note: Discrete means the random variables can only 
take on integer values



So Many Random Variables?

Main RV Properties!
(From last Lecture!)

Discrete Family!



So Many Random Variables?

Building Blocks!
(From last Lecture!)

Discrete Family!



So Many Random Variables?
Discrete Family!

Today!! Yay!



Family!!
Discrete Family!

A whole family!



Family!!
Discrete Family!

A whole family!



lim
n!1

⇣
1� �

n

⌘n
= e��
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Natural Exponent def:

Natural Exponent Definition



Four Prototypical Trajectories

End Review



Algorithmic Ride Sharing



Probability of k requests from this area in the next 1 min



Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

Probability of k requests from this area in the next 1 min



We can break the next minute down into seconds

…

1 2 3 4 5 6 60

On average λ = 5 requests per minute

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

…

At each second either get a request or you don’t.
Let X = Number of requests in the minute

1 2 3 4 5 6 60

We can break the next minute down into seconds

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

…

At each second either get a request or you don’t.
Let X = Number of requests in the minute

X ⇠ Bin(n = 60, p = 5/60)
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P (X = 3) =

✓
60

3

◆
(5/60)3(1� 5/60)57
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1 2 3 4 5 6 60

We can break the next minute down into seconds

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

…

At each second either get a request or you don’t.
Let X = Number of requests in the minute

X ⇠ Bin(n = 60, p = 5/60)
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<latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit><latexit sha1_base64="1Atp7crKha1hXJi/pyaO9oqccNo=">AAACD3icbVDLSgMxFM3UV62vqks3waJMFy0zIthNoeDGZQX7gHYsmTTThskkQ5IRytA/cOOvuHGhiFu37vwb03YW2nrgcg/n3Etyjx8zqrTjfFu5tfWNza38dmFnd2//oHh41FYikZi0sGBCdn2kCKOctDTVjHRjSVDkM9Lxw+uZ33kgUlHB7/QkJl6ERpwGFCNtpEHxvGl362EZ1mHKYR+PhVAEhlM7Lt+HtlsxLeWVcDoolpyqMwdcJW5GSiBDc1D86g8FTiLCNWZIqZ7rxNpLkdQUMzIt9BNFYoRDNCI9QzmKiPLS+T1TeGaUIQyENMU1nKu/N1IUKTWJfDMZIT1Wy95M/M/rJTqoeSnlcaIJx4uHgoRBLeAsHDikkmDNJoYgLKn5K8RjJBHWJsKCCcFdPnmVtC+qrlN1by9LjVoWRx6cgFNgAxdcgQa4AU3QAhg8gmfwCt6sJ+vFerc+FqM5K9s5Bn9gff4AImaaLg==</latexit>

But what if there are two requests in the same second?

1 2 3 4 5 6 60

We can break the next minute down into seconds

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

We can break that next minute down into milli-seconds

…

60,000

But what if there are two requests in the same second?

1

At each milli-second either get a request or you don’t.
Let X = Number of requests in the minute

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

…

X ⇠ Bin(n = 60000, p = �/n)
<latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit><latexit sha1_base64="98DSEarewvoWOPaXbteqpuPPT1o=">AAACE3icbVDLSgMxFM34rPVVdekmWIQqUmdEtJtC0Y3LCvYBnaFkMmkbmskMyR2xDP0HN/6KGxeKuHXjzr8xfSy09cCFwzn3JvcePxZcg21/WwuLS8srq5m17PrG5tZ2bme3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX4/8xj1TmkfyDgYx80LSlbzDKQEjtXPHTexqHmIX2AOkV1wOC7J8YRuc4LiMXWGeCgg+xfKoncvbRXsMPE+cKcmjKart3JcbRDQJmQQqiNYtx47BS4kCTgUbZt1Es5jQPumylqGShEx76fimIT40SoA7kTIlAY/V3xMpCbUehL7pDAn09Kw3Ev/zWgl0Sl7KZZwAk3TyUScRGCI8CggHXDEKYmAIoYqbXTHtEUUomBizJgRn9uR5Uj8rOnbRuT3PV0rTODJoHx2gAnLQJaqgG1RFNUTRI3pGr+jNerJerHfrY9K6YE1n9tAfWJ8/h+KbWQ==</latexit>

60,0001

P (X = k) =

✓
n

k

◆
(�/n)k(1� �/n)n�k

<latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit><latexit sha1_base64="3IjHzpgJpZG1jnGimB/tktYMON4=">AAACH3icbVDLTgIxFO3gC/E16tJNIzGBBThjjLIhIXHjEhN5JICkUwo002knbceETOZP3PgrblxojHHH31hgFgiepMnpOffe9h4vZFRpx5lamY3Nre2d7G5ub//g8Mg+PmkqEUlMGlgwIdseUoRRThqaakbaoSQo8Bhpef7dzG89E6mo4I96EpJegEacDilG2kh9+6ZeaFf9IqzCmMMuHguhCPSTQpeZGQN0yYtPfsEtLV1jXvKTvp13ys4ccJ24KcmDFPW+/dMdCBwFhGvMkFId1wl1L0ZSU8xIkutGioQI+2hEOoZyFBDVi+f7JfDCKAM4FNIcruFcXe6IUaDUJPBMZYD0WK16M/E/rxPpYaUXUx5GmnC8eGgYMagFnIUFB1QSrNnEEIQlNX+FeIwkwtpEmjMhuKsrr5PmVdl1yu7Ddb5WSePIgjNwDgrABbegBu5BHTQABi/gDXyAT+vVere+rO9FacZKe07BH1jTX0DsoKI=</latexit>

Can we do any better than milli-seconds?

At each milli-second either get a request or you don’t.
Let X = Number of requests in the minute

We can break that next minute down into milli-seconds

Probability of k requests from this area in the next 1 min



On average λ = 5 requests per minute

We can break that minute down into infinitely small buckets

1
<latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit><latexit sha1_base64="A04I5Eb8yKzMoGJpxklIYyl10zM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48V7Ae0oWy2m3btZhN2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2mt3O/+8S1EbF6wCzhfkTHSoSCUbRSZyBUiNmwWnPr7gJknXgFqUGB1rD6NRjFLI24QiapMX3PTdDPqUbBJJ9VBqnhCWVTOuZ9SxWNuPHzxbUzcmGVEQljbUshWai/J3IaGZNFge2MKE7MqjcX//P6KYYNPxcqSZErtlwUppJgTOavk5HQnKHMLKFMC3srYROqKUMbUMWG4K2+vE46V3XPrXv317Vmo4ijDGdwDpfgwQ004Q5a0AYGj/AMr/DmxM6L8+58LFtLTjFzCn/gfP4Avy2PMg==</latexit>

1

OMG so small

Let X = Number of requests in the minute

X ⇠ Bin(n, p = �/n)
<latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit><latexit sha1_base64="MEAGkCk3ViloC3SLx1V12sueUyA=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVpM6IYDdC0Y3LCvYBnaFk0rQNzWSG5I5Yhv6AG3/FjQtF3Lp359+YtrPQ1gMXDufcm9x7glhwDY7zbS0sLi2vrObW8usbm1vb9s5uXUeJoqxGIxGpZkA0E1yyGnAQrBkrRsJAsEYwuB77jXumNI/kHQxj5oekJ3mXUwJGatuHTexpHmIP2AOkV1yOivIEx5fYE+aRDsGnWB637YJTcibA88TNSAFlqLbtL68T0SRkEqggWrdcJwY/JQo4FWyU9xLNYkIHpMdahkoSMu2nk2tG+MgoHdyNlCkJeKL+nkhJqPUwDExnSKCvZ72x+J/XSqBb9lMu4wSYpNOPuonAEOFxNLjDFaMghoYQqrjZFdM+UYSCCTBvQnBnT54n9bOS65Tc2/NCpZzFkUP76AAVkYsuUAXdoCqqIYoe0TN6RW/Wk/VivVsf09YFK5vZQ39gff4AlOuZ6g==</latexit>

P (X = k) = lim
n!1

✓
n

k

◆
(�/n)k(1� �/n)n�k

<latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit><latexit sha1_base64="uTi43wEgly20QR+EZcfgoQoAtjU="></latexit>

Who wants to see some cool math?

Probability of k requests from this area in the next 1 min



P (X = k) = lim
n!1

✓
n

k

◆
(�/n)k(1� �/n)n�k

= lim
n!1

n!

(n� k)!k!
· �

k

nk
· (1� �/n)n

(1� �/n)k
By expanding each term

= lim
n!1

n!

(n� k)!k!
· �

k

nk
· e

��

1
By definition of natural exp

= lim
n!1

n!

(n� k)!nk
· �

k

k!
· e

��

1
Rearranging terms

= lim
n!1

nk

nk
· �

k

k!
· e

��

1
Limit analysis

= lim
n!1

�ke��

k!
Simplifying
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Probability of k requests from this area in the next 1 min



Probability of k requests from this area in the next 1 min



Simeon-Denis Poisson (1781-1840) was a prolific 
French mathematician

Published his first paper at 18, became professor at 21, 
and published over 300 papers in his life
§ He reportedly said “Life is good for only two things, 

discovering mathematics and teaching mathematics.”
I’m going with French Martin Freeman

Simeon-Denis Poisson



X is a Poisson Random Variable: the number of 
occurrences in a fixed interval of time. 

• λ is the “rate”
• X takes on values 0, 1, 2…
• has distribution (PMF):

X ⇠ Poi(�)

P (X = k) = e���
k

k!

Poisson Random Variable



Consider events that occur over time
§ Earthquakes, radioactive decay, hits to web server, 

etc.
§ Have time interval for events (1 year, 1 sec, 

whatever...)
§ Events arrive at rate: l events per interval of time

Split time interval into  n à ¥ sub-intervals
§ Assume at most one event per sub-interval
§ Event occurrences in sub-intervals are 

independent
§ With many sub-intervals, probability of event 

occurring  in any given sub-interval is small

Poisson Process



Poisson RV’s Score Card

37



Poisson is great when you 
have a rate!



Poisson is great when you 
have a rate and you care 
about # of occurrences!



Make sure that the time 
unit for “rate” matches 
those in the question



Average of 2.79 major earthquakes per year. 
What is the probability of 3 major earthquakes next year? 

Earthquakes



Let X = number of earthquakes next year

P(
X

= 
x)

Number of earthquakes (x)

X ⇠ Poi(2.79)
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P (X = 3) =
�ke��

k!
=

2.793e�2.79

3!
⇡ 0.23
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Earthquake Probability Mass Function



Earthquakes



Four Prototypical Trajectories

Poisson can approximate a Binomial!

Wait why would you want to do that? 
1) Binomial can be expensive to compute.
2) Connections help build math intuition.



All the movies, images, emails and other digital data from more than 600 smartphones 
(10,000 gigabytes) can be stored in the faint pink smear of DNA at the end of this test 

tube.

Storing Data in DNA



Will any base pair in the DNA storage become corrupt?
§ In DNA (and real networks) store large strings
§ Length n » 104

§ Probability of corruption of each base pair is very small 
p » 10-6

§ X ~ Bin(104, 10-6) is unwieldy to compute

Extreme n and p values arise in many cases
§ # bit errors in steam sent over a network
§ # of servers crashes in a day in giant data center

Storing Data in DNA



Will the DNA storage become corrupt?
§ In DNA (and real networks) store large strings
§ Length n » 104

§ Probability of corruption of each base pair is very 
small p » 10-6

§ X ~ Poi(l = 104 * 10-6 = 0.01)

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

P (X = k) = e���
k

k!

P (X = 0) = e�� 1

0!
= e�0.01 ⇡ 0.99

Storing Data in DNA



Poisson approximates Binomial where n is large, p
is small, and l = np is “moderate”
Different interpretations of "moderate" 
§ n > 20 and p < 0.05
§ n > 100 and p < 0.1

Really, Poisson is Binomial as
nà ¥ and pà 0, where np = l

Poisson is a Binomial in the Limit
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Bin(10,0.3) vs Bin(100,0.03) vs Poi(3)



Poisson can be used 
to approximate a 

Binomial where n is 
large and p is small.



Recall: Y ~ Bin(n, p)
• E[Y] = np
• Var(Y) = np(1 – p)

X ~ Poi(l) where l = np (nà ¥ and pà 0)
• E[X] = np = l
• Var(X) = np(1 – p) = l(1 – 0) = l
• Yes, expectation and variance of Poisson are 

same

Central Moments with Poisson



No, it’s not mine… 
but I kind of wish it was.

A Real License Plate Seen at Stanford



Poisson can still provide a good approximation even 
when assumptions are “mildly” violated
“Poisson Paradigm”
Can apply Poisson approximation when...
§ “Successes” in trials are not entirely independent
oExample: # entries in each bucket in large hash table

§ Probability of “Success” in each trial varies 
(slightly)
oSmall relative change in a very small p
oExample: average # requests to web server/sec. may fluctuate 

slightly due to load on network



Consider requests to a web server in 1 second
§ In past, server load averages 2 hits/second
§ X = # hits server receives in a second
§ What is P(X < 5)?

Solution
X ⇠ Poi(� = 2)
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P (X < 5) =
4X

i=0

P (X = i)

=
4X

i=0

e���
i

i!
Since X is Poisson

=
4X

i=0

e�2 2
i

i!
⇡ 0.95 Since � = 2
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Web Server Load



Probability for Extreme Weather?
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Until 1966, things look pretty Poisson

Lambda = 8.5

Historically ~ Poisson(8.5)



What is the probability of over 15 hurricanes in a 
season given that the distribution doesn’t change? 
• Let X = # hurricanes in a year. X ~ Poi(8.5)

Solution:
This is the pmf of a 
Poisson. Your favorite 
programming language 
has a function for it

P (X > 15) = 1� P (X  15)

= 1�
15X

i=0

P (X = i)

= 1� 0.98

= 0.02
= 0.0135

Improbability Drive



Four Prototypical Trajectories

Twice since 1966 there have been two 
years with over 30 hurricanes



Improbability Drive

What is the probability of over 30 hurricanes in a 
season given that the distribution doesn’t change? 
• Let X = # hurricanes in a year. X ~ Poi(8.5)

Solution:
P (X > 30) = 1� P (X  30)

= 1�
30X

i=0

P (X = i)

= 1� 0.999999997823

= 2.2e� 09

This is the pdf of a 
Poisson. Your favorite 
programming language 
has a function for it

* Challenge: Calculate the probability of two years with over 30 hurricanes
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Lambda = 16.6?

Since 1966, looks like the distribution has 
changed

The Distribution has Changed



What’s Up?



What’s Up?



What’s Up?



Function Description
X.pmf(k) P(X = k)
X.cdf(k) P(X ≤ k)
X.entropy() (Differential) entropy of X
X.mean() E[X]
X.var() Var(X)
X.std() Std(X)

Python Scipy RV Methods
from scipy import stats # great package
X = stats.poisson(2.5)  # X ~ Poi(λ = 2.5)
print(X.pmf(2))         # P(X = 2)



Bernoulli:
• indicator of coin flip X ~ Ber(p)

Binomial: 
• # successes in n coin flips X ~ Bin(n, p)

Poisson: 
• # successes in n coin flips X ~ Poi(l)

Geometric: 
• # coin flips until success X ~ Geo(p)

Negative Binomial: 
• # trials until r successes X ~ NegBin(r, p)

Discrete Distributions



Geometric Random Variable!
Poker! (non-gambling)

• At the beginning of each turn, the dealer shuffles the 
deck and deals you two cards

• Your Strategy: Fold until you are dealt two aces!

• How many turns until you see two aces?

Random Variable!!



X is Geometric Random Variable:  X ~ Geo(p)
§ X is number of independent trials until first 

success (E.g turns until 2 aces)
§ p is probability of success on each trial
§ X takes on values 1, 2, 3, …, with probability:

Geometric Random Variable

P (X = n) = (1� p)n�1p
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E[X] =
1

p
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Var(X) =
1� p

p2
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Geometric Random Variable!
Poker! (non-gambling)

• At the beginning of each turn, the dealer shuffles the 
deck and deals you two cards

• Your Strategy: Fold until you are dealt two aces!

• How many turns until you see two aces?

What’s the probability of being 
dealt pocket aces?



Geometric Random Variable!
Poker! (non-gambling)

• We can model number of turns it takes, what can we 
do with this? 

• Assume each turn takes 2 minutes to play (regardless 
of your action). How long do you expect to play until 
seeing two aces?

• If each turn costs you 0.01 and you win 1 whenever 
you get two aces. Is this profitable long term?

• Suppose you can only play for 5 turns, what’s the 
probability you see two aces at least once?



Negative Binomial Random Variable!
Poker! (non-gambling)

• At the beginning of each turn, the dealer shuffles the 
deck and deals you two cards

• Your Strategy: Fold until you are dealt two aces!

• How many turns until you see AA r times?

Random Variable!!



X is Negative Binomial RV:  X ~ NegBin(r, p)
§ X is number of independent trials until r successes
§ p is probability of success on each trial
§ X takes on values r, r + 1, r + 2…, with probability:

§ E[X] = r/p Var(X) = r(1 – p)/p2

Note: Geo(p) ~ NegBin(1, p)
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Negative Binomial Random Variable



Four Prototypical Trajectories

Voila!


