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1906 Earthquake 
Magnitude 7.8



Four Prototypical Trajectories

Review



Random Variable Notation!
This part must be an

Event
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Binomial Random Variable

The number of successes, in n 
independent trials, where each trial
is a success with probability p:



Binomial Random Variable



Poisson Random Variable

Probability of k requests from this area in the next 1 min



Poisson Random Variable
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X is Geometric Random Variable:  X ~ Geo(p)
§ X is number of independent trials until first 

success
§ p is probability of success on each trial
§ X takes on values 1, 2, 3, …, with probability:

Geometric Random Variable

P (X = n) = (1� p)n�1p
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E[X] =
1

p
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Var(X) =
1� p

p2
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X is Negative Binomial RV:  X ~ NegBin(r, p)
§ X is number of independent trials until r successes
§ p is probability of success on each trial
§ X takes on values r, r + 1, r + 2…, with probability:

§ E[X] = r/p Var(X) = r(1 – p)/p2

Note: Geo(p) ~ NegBin(1, p)
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Negative Binomial Random Variable



Dating at Stanford
Each person you date has a 0.2 probability of being someone you spend your life 
with. What is the average number of people one will date? What is the standard 
deviation? Your meta goal: what steps would you take to answer this question?



SHA-256 Hash(       ,       )Data
Fixed

Salt 
Choice

Number that looks like random bits

You “mine a bitcoin” if, for given data D, you find a 
salt number N such that Hash(D, N) produces a string that 
starts with g zeroes. 

Bitcoin Mining



You “mine a bitcoin” if, for given data D, you find a number N 
such that Hash(D, N) produces a string that starts with g zeroes. 

(a) What is the probability that the first number you try will 
produce a bit string which starts with g zeroes (in other words 
you mine a bitcoin)? 

(b) What is the probability that you will need under 100 
attempts to mine 2 bit coins? (Feel free to leave in summation 
form) Let Y be the number of tries until you mine 2 bitcoins.  

Call this answer pa
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Y ⇠ NegBin(r = 2, p = pa)

Let X be the number of zeros in the first g bits.  
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X ⇠ Bin(n = g, p = 0.5)
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P (X = 0) =
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Call this answer pb



Geometric and Negative Binomial
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X∼ Geo( p)

number of 
successes

time to get 
successes

One
trial

Several
trials

Interval
of time

One
success

Several
successes

One 
success

X∼ NegBin (r , p)

X∼ Ber ( p)

X∼ Bin (n , p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

Last Class!!

??



X∼ Geo( p)

number of 
successes

time to get 
successes

One
trial

Several
trials

Interval
of time

X∼ Exp(λ )

One
success

Several
successes

One 
success

X∼ NegBin (r , p)

X∼ Ber ( p)

X∼ Bin (n , p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

What We Will Learn Today!

Motivation for Continuous RVs



Four Prototypical Trajectories

End of Review!



1. Comfort using Continuous Random Variables
2. Integrate a density function (PDF) to get a probability
3. Use a cumulative function (CDF) to get a probability 

Learning Goals



X∼ Geo( p)

number of 
successes

time to get 
successes

One
trial

Several
trials

Interval
of time

X∼ Exp(λ )

One
success

Several
successes

One 
success

X∼ NegBin (r , p)

X∼ Ber ( p)

X∼ Bin (n , p)

X∼ Poi (λ )

n = 1

One
success

One
success

r = 1

Random Variables!



Don’t have to derive all of the following distributions. 
We want you to get a sense of how random variables 

work.

Goal: Be Able to Use a New Random Variable



You are learning about 
servers…

You read about the MD1 
queue…

You find a paper that says the 
length of a server “busy 
period” is distributed as a Borel
with parameter μ = 0.2 …

Goal: Be Able to Use a New Random Variable



Abstractions 
More abstract

More Specific

Random Variable

Named Random 
Variables

R.Vs with Specific 
Parameters

Values

Is this quantity Random?

What kind of Random?

What do I need to parameterize 
this randomness?

What’s a specific event I care 
about? 

Binomial
Poisson

Geometric
Exponential

Die Rolls?
Random Process?



Bernoulli:
• indicator of coin flip X ~ Ber(p)

Binomial: 
• # successes in n coin flips X ~ Bin(n, p)

Poisson: 
• # successes in a fixed interval of time X ~ Poi(l)

Geometric: 
• # coin flips until success X ~ Geo(p)

Negative Binomial: 
• # trials until r successes X ~ NegBin(r, p)

Discrete Distributions

Why Named Discrete?

Because they all take 
on integer values.



Four Prototypical Trajectories

Big hole in our knowledge



Not all values are discrete



Four Prototypical Trajectories

random()?



Four Prototypical Trajectories



Poisson
Say the average rate of earthquakes is 1 every 100 years. 

We can talk about the probability distribution of different numbers of 
earthquakes next year. 

We can’t talk about the probability distribution of the amount of time until the 
next earthquake.

28



Riding the Marguerite



You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

What is the probability that the bus arrives at:
2:17pm and 12.12333911102389234 seconds?

Riding the Margueritte



2:00pm 20 30

wait <5 min

You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribuEon of probabiliEes.

You show up at 2:15pm.

What is P(wait < 5 minutes)?
P(

T 
= 

t)

Bus arrives (t) mins after 2:00pm

Riding the Margueritte
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You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribuEon of probabiliEes.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t)

P(15 < T ≤ 20)

Bus arrives (t) mins after 2:00pm

Riding the Margueritte

https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg
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Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribuEon of probabiliEes.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(
T 

= 
t)

P(15 < X ≤ 17.5)
+

P(17.5 < X ≤ 20)

Bus arrives (t) mins after 2:00pm

https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg
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Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability Density 
FuncGon

Bus arrives (t) mins after 2:00pm

f
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=
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P (a < X < b) =

bZ

x=a

f(X = x)dx
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The probability density function (PDF) of a 
continuous random variable represents the 
relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!

Probability Density Function



P (a < X < b) =

bZ

x=a

fX(x) dx

This is another way to write the PDF

Probability Density Function

The probability density function (PDF) of a 
continuous random variable represents the 
relative likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabilities!



P (a < X < b) =

bZ

x=a

f(X = x)dx
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Probability Density Function

The probability density func4on (PDF) of a 
con@nuous random variable represents the 
rela@ve likelihood of various values.

Units of probability divided by units of X. 
Integrate it to get probabili@es!



*loving, not scary

Integrals!



g(x)
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bZ

x=a

g(x)dx

<latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit> b

<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

Integrals



image: Haha169

Riding the Marguerite
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You have a 
distribution of probabilities.

You show up at 2:15pm.

What is P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

P(15 < T ≤ 20)

Probability 
Density Function

Bus arrives (t) mins after 2:00pm

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>

https://commons.wikimedia.org/wiki/File:Stanford_shuttle_caltrain.jpg


Properties of PDFs
The integral of a PDF gives a probability. Thus:

1Z

x=�1

f(X = x) dx = 1

<latexit sha1_base64="daABHIA+bTEhrHh1UGP1GMpwJro="></latexit><latexit sha1_base64="daABHIA+bTEhrHh1UGP1GMpwJro="></latexit><latexit sha1_base64="daABHIA+bTEhrHh1UGP1GMpwJro="></latexit><latexit sha1_base64="daABHIA+bTEhrHh1UGP1GMpwJro="></latexit>

0 
bZ

x=a

f(X = x) dx  1

<latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit><latexit sha1_base64="/WyOrcikSaSF8pt41xvEJtBNu7Y="></latexit>



A probability!

What do you get if you 
integrate over a 

probability density function?



Probability Density Function
Probability density functions articulate relative belief. 

Let X be a random  variable which is the # of minutes after 2pm that the bus arrives at the 
stop:

x

x

x

Which of these represent that you think the arrival is 
more likely to be close to 3:00pm

0 60

0 60

0 60

A

B

C

f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>

f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>
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=
x
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<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>



The ratio of probability 
densities is meaningful



Rather, it has “units” of:
probability divided by units of X.

2:00pm 2:20pm 2:30pm

2 min  × f(x) ≈
0.05 prob/min

= 0.1 prob

f(X = x) is Not a Probability

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>



Note: f(x) can be greater than 1!

2:00pm 2:20pm 2:30pm0.5 min

f(x) ≈
2.0 prob/min

×

= 1.0 prob

f
(T

=
t)

<latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit><latexit sha1_base64="raEmri2gddupYljiQQk3mofFSg4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMRAl48RsgLkiXMTmaTMbM7y0yvEEL+wYsHRbz6P978GyfJHjSxoKGo6qa7K0ikMOi6305uY3Nreye/W9jbPzg8Kh6ftIxKNeNNpqTSnYAaLkXMmyhQ8k6iOY0CydvB+G7ut5+4NkLFDZwk3I/oMBahYBSt1ArLjVu87BdLbsVdgKwTLyMlyFDvF796A8XSiMfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOedfSmEbc+NPFtTNyYZUBCZW2FSNZqL8npjQyZhIFtjOiODKr3lz8z+umGFb9qYiTFHnMlovCVBJUZP46GQjNGcqJJZRpYW8lbEQ1ZWgDKtgQvNWX10nrquK5Fe/hulSrZnHk4QzOoQwe3EAN7qEOTWDwCM/wCm+Ocl6cd+dj2ZpzsplT+APn8weLhI5o</latexit>

f(X = x) is Not a Probability



f(X = x) vs P(X = x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on the value little x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random variable X takes at 
the value little x.”

Aka the PMF

Aka the PDF

They are both measures of how likely X is to take on the value x. 
Sometimes called the distribution function. Sometimes called the likelihood functions. 
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P (X > 0) =?

xx

Theory Practice

Let X be a conGnuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

https://en.wikipedia.org/wiki/Wigner_semicircle_distribution

Rephrased	as	a	Standard	Continuous	Problem
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Approach #1: Integrate over the PDF

P (X > 0) =

100Z

0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>

P (X > 0) =

100Z

0

f(X = x) dx

<latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit><latexit sha1_base64="MhRsVA1dsYKEOFAlLICTNzax+AM="></latexit>

xx

Theory Practice

Let X be a continuous random variable1

From simulaGonsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple	Example	from	Quantum	Physics



Piech, CS109, Stanford University

Approach #2: Discrete Approximation

P (X > 0) ⇡
0X

i=�100

P (X = i)

100X

i=0

P (X = i)

xx

Theory Practice

Let X be a conGnuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple	Example	from	Quantum	Physics



Piech, CS109, Stanford University

Approach #3: Know Semi-Circles

P (X > 0) =
1

2

xx

Theory PracGce

Let X be a continuous random variable1

From simulationsf(X = x) =
1

15708

p
1002 � x2

<latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit><latexit sha1_base64="6+R2B9E9N4WKt9Vo55qudlhpRYc=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUwZIUpd0Uim5cVrAP6ItMmmlDMw+TjLQM8w9u/BU3LhRx68adf2P6WGjrgQuHc+7l3nvsQHClEfq2Eiura+sbyc3U1vbO7l56/6Cm/FBSVqW+8GXDJooJ7rGq5lqwRiAZcW3B6vbweuLXH5hU3Pfu9DhgbZf0Pe5wSrSRuukzJ9sojU5hCbYcSWiE4whfFlAxbql7qSOMUCcPz+Gok4+76QzKoSngMsFzkgFzVLrpr1bPp6HLPE0FUaqJUaDbEZGaU8HiVCtULCB0SPqsaahHXKba0fSnGJ4YpQcdX5ryNJyqvyci4io1dm3T6RI9UIveRPzPa4baKbYj7gWhZh6dLXJCAbUPJwHBHpeMajE2hFDJza2QDojJRpsYUyYEvPjyMqnlcxjl8O1Fpnw1jyMJjsAxyAIMCqAMbkAFVAEFj+AZvII368l6sd6tj1lrwprPHII/sD5/AHiCm2I=</latexit>

f
(X

=
x
)

<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit> P
(X

=
x
)

<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

Simple	Example	from	Quantum	Physics



A probability!

What do you get if you 
integrate over a 

probability density func6on?



A uniform random variable is equally likely to be any 
value in an interval.

Uniform Random Variable

⍺ β

x

E[X] =
� � ↵

2

Properties

Var(X) =
(� � ↵)2

12

Probability Density

f(X = x) =

(
1

��↵ ↵  x  �

0 otherwise
<latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit><latexit sha1_base64="RVERk7Z7fK1U4Xr+FMbyJI5khzE="></latexit>

f
(X

=
x
)

<latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit><latexit sha1_base64="JalfDQrNiZkL1t693zm1WF0P3MA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahXkoigr0IBS8eK5g20Iay2W7apZtN3N2IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeUHCmdK2/W2V1tY3NrfK25Wd3b39g+rhUUfFqSTUJTGPpRdgRTkT1NVMc+olkuIo4LQbTG5yv/tIpWKxuNfThPoRHgkWMoK1kbyw7l0/naPKoFqzG/YcaJU4BalBgfag+tUfxiSNqNCEY6V6jp1oP8NSM8LprNJPFU0wmeAR7RkqcESVn83vnaEzowxRGEtTQqO5+nsiw5FS0ygwnRHWY7Xs5eJ/Xi/VYdPPmEhSTQVZLApTjnSM8ufRkElKNJ8agolk5lZExlhiok1EeQjO8surpHPRcOyGc3dZazWLOMpwAqdQBweuoAW30AYXCHB4hld4sx6sF+vd+li0lqxi5hj+wPr8ASTxjq4=</latexit>

X ⇠ Uni(↵,�)
<latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit><latexit sha1_base64="5TC/2Lqzrkc02ovOjI8PDhVUajA=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAUJOyKoEfBi8cI5gHZEHonHTM4O7vM9IphydWLv+LFgyJe/QNv/o2Tx0GjBQ1FVTfdXVGqpCXf//Lm5hcWl5YLK8XVtfWNzdLWdt0mmRFYE4lKTDMCi0pqrJEkhc3UIMSRwkZ0ezHyG3dorEz0NQ1SbMdwo2VPCiAndUq8yUMrYx4S3lNe03J4EIJK+3DEwwgJDjulsl/xx+B/STAlZTZFtVP6DLuJyGLUJBRY2wr8lNo5GJJC4bAYZhZTELdwgy1HNcRo2/n4kyHfd0qX9xLjShMfqz8ncoitHcSR64yB+nbWG4n/ea2MemftXOo0I9RisqiXKU4JH8XCu9KgIDVwBISR7lYu+mBAkAuv6EIIZl/+S+rHlcCvBFcn5fOzaRwFtsv22AEL2Ck7Z5esympMsAf2xF7Yq/foPXtv3vukdc6bzuywX/A+vgE7jZla</latexit>



P (Wait < 5) =

20Z

15

1

� � ↵
dx

=
x

� � ↵

����
20

15

=
x

30� 0

����
20

15

=
5

30

Uniform Bus
You are running to the bus stop. 
You don’t know exactly when 
the bus arrives. You believe all 
times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is 
P(wait < 5 minutes)?

2:00pm 20 30

wait <5 min

Bus arrives (t) mins after 2:00pm

f T(
t)

T ⇠ Uni(↵ = 0,� = 30)
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Consider an experiment that lasts a duration of time until success occurs.
def An Exponential random variable 𝑋 is the amount of time until success.

Examples:
• Time until next earthquake
• Time for request to reach web server
• Time until end of cell phone contract

Exponential	Random	Variable

55

𝑓 𝑥 = %𝜆𝑒
!"# if 𝑥 ≥ 0

0 otherwise𝑋~Exp(𝜆)
Support: 0,∞

Variance

Expectation

PDF

𝐸 𝑋 =
1
𝜆

Var 𝑋 =
1
𝜆$
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𝑓 𝑥
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1906 Earthquake 
Magnitude 7.8
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

zero major earthquakes magnitude next year?

X = Number of major earthquakes next year 

X ⇠ Poi(� = 0.002)
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P (X = 0) =
�0e��

0!
=

0.0020e�0.002

0!
⇡ 0.998
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How	Many	Earthquakes

*In California, according to the USGS, 2015
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

= 0.002�0.002y

How	Long	Until	the	Next	Earthquake
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Z
ecx dx =

1

c
ecx

Integral	Review
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the probability of 

a major earthquake in the next 30 years?

Y = Years until the next earthquake of magnitude 8.0+
Y ⇠ Exp(� = 0.002) fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0) ⇡ 0.06

= 0.002�0.002y

How	Long	Until	the	Next	Earthquake
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the expected 

number of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

E[Y ] =
1

�
=

1

0.002
= 500
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Based on historical data, major earthquakes (magnitude 8.0+) 
happen at a rate of 0.002 per year*. What is the standard 

deviation of years until the next earthquake?

Y = Years until the next earthquake of magnitude 8.0+

Y ⇠ Exp(� = 0.002)

*In California, according to the USGS, 2015

Var(Y ) =
1

�2
=

1

0.0022
= 250, 000 years2
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Std(Y ) =
p
Var(X) = 500 years
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