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Four Prototypical Trajectories

Finishing Up
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Who	wrote	Federalist	Paper	53?
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madison.txt hamilton.txt unknown.txt



Chris Piech, CS109, 2022

What	we	want	to	calculate
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Document

Probability Hamilton 
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Use	logs	when	probabilities	become	too	small!
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Hamilton Term    -12925
Madison Term     -11581

<latexit sha1_base64="H0NY50JY40z+GinEdGcDJBMeOp8=">AAACBnicbVC7SgNBFL3rM8bXqqUIg0GITdiVoBYWQS3SCBHMA5IlzE5mkyGzD2ZmhbCmsvFXbCwUsfUb7PwbZ5MtNPHAcA/n3Mude9yIM6ks69tYWFxaXlnNreXXNza3ts2d3YYMY0FonYQ8FC0XS8pZQOuKKU5bkaDYdzltusOr1G/eUyFZGNypUUQdH/cD5jGClZa65oGFLlDHE5gktWL14fp4rOtNWrVud82CVbImQPPEzkgBMtS65lenF5LYp4EiHEvZtq1IOQkWihFOx/lOLGmEyRD3aVvTAPtUOsnkjDE60koPeaHQL1Boov6eSLAv5ch3daeP1UDOeqn4n9eOlXfuJCyIYkUDMl3kxRypEKWZoB4TlCg+0gQTwfRfERlgnYnSyeV1CPbsyfOkcVKyT0vl23KhcpnFkYN9OIQi2HAGFahCDepA4BGe4RXejCfjxXg3PqatC0Y2swd/YHz+ADrjlm4=</latexit>

0 <
P (H|D)

P (M |D)
< 1

<latexit sha1_base64="47IAiaArOBatGtTkt1JeGJQLVR4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2VXF/UiFL14rGA/oF1KNs22odlsSLJCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x/0NRJqghtkIQnqh1iTTkTtGGY4bQtFcVxyGkrHN1N/dYTVZol4tGMJQ1iPBAsYgQbK7Vu0Jl34fu9csWtujOgZeLlpAI56r3yV7efkDSmwhCOte54rjRBhpVhhNNJqZtqKjEZ4QHtWCpwTHWQzc6doBOr9FGUKFvCoJn6eyLDsdbjOLSdMTZDvehNxf+8Tmqi6yBjQqaGCjJfFKUcmQRNf0d9pigxfGwJJorZWxEZYoWJsQmVbAje4svLpHle9S6r/oNfqd3mcRThCI7hFDy4ghrcQx0aQGAEz/AKb450Xpx352PeWnDymUP4A+fzBxsxjh8=</latexit>

= �1344



Four Prototypical Trajectories

Madison wrote it!
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Where	are	we	in	CS109?
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Belief	in	Vision	Given	User	Responses
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P(Ability to See | Observed Responses)
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Belief	in	Age	Given	Observed	C14
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P(Age| Observed C14)
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Belief	in	Age	Given	Name
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P(Age| Name)
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Four Prototypical Trajectories

Review
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Joint Probability Table
Roommates 2RoomDbl

Shared 
Partner Single

Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05

5+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00

Pr
ob
ab
ili
ty
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Last	Week

Joint Distribution noun

The probability of a simultaneous assignment to all the 
random variables in a probabilistic model.

Eg:
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Notation:	These	are	all	the	same
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x 

f(x)

Time to finish pset 3

How much more likely are you 
to complete in 10 hours than in 

5?

X = time to finish pset 3
X ~ N(µ = 10, σ2 = 2) P (X = 10)
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Relative	Probability	of	Continuous	Variables
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Epsilon:	Useful	perspective



probability 
density at x

the distance to the 
mean

f(x) =
1
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a constant

“exponential”

sigma shows up twice

N (µ,�2)

Normal Probability Density Function
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Four Prototypical Trajectories

Get Ready…
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1. Update a Random Variable Belief given evidence
2. Apply Bayes Theorem with Discrete and Continuous variables

Learning Goals
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Today:	Inference

Inference noun

Updating one’s belief about a random variable (or 
multiple) based on conditional knowledge regarding 
another random variable (or multiple) in a probabilistic 
model. 

TLDR: conditional probability with random variables.
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P(B|E)   = 
P(E|B) P(B)

P(E)

Poste
rior 

belie
f Prior belief

Likelihood of 
evidence

Normalization constant

Bayes	Theorem
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Let M be a discrete random variable
Let N be a discrete random variable

<latexit sha1_base64="laabqjYommq51xnyou2ee9+BeZM=">AAACFXicbZDLSgMxFIYzXmu9jbp0EyxCB6TM1KLdFApu3Cgj2Au0Q8mkmTY0cyHJCGXal3Djq7hxoYhbwZ1vYzqdhbYeCPz5/nNIzu9GjAppmt/ayura+sZmbiu/vbO7t68fHDZFGHNMGjhkIW+7SBBGA9KQVDLSjjhBvstIyx1dzfzWA+GChsG9HEfE8dEgoB7FSCrU08/s4k2tPLmtnRuwBrseRzixi+o6UdhITWM6J8a0pxfMkpkWXBZWJgogK7unf3X7IY59EkjMkBAdy4ykkyAuKWZkmu/GgkQIj9CAdJQMkE+Ek6RbTeGpIn3ohVydQMKU/p5IkC/E2HdVp4/kUCx6M/if14mlV3USGkSxJAGeP+TFDMoQziKCfcoJlmysBMKcqr9CPEQqGamCzKsQrMWVl0WzXLIuSpW7SqFezeLIgWNwAorAApegDq6BDRoAg0fwDF7Bm/akvWjv2se8dUXLZo7An9I+fwCUaZqx</latexit>

P (M = 2|N = 3) =
P (N = 3|M = 2)P (M = 2)

P (N = 3)

<latexit sha1_base64="2MBBzT0gInPS+rqLE6tzIn0yNpE=">AAACFXicbZDLSgMxFIYzXmu9VV26CRahA1JmpGg3hYIbN8oI9gLtUDJppg1NMkOSEcq0L+HGV3HjQhG3gjvfxvSy0NYDgT/ffw7J+YOYUaUd59taWV1b39jMbGW3d3b39nMHh3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gsHVxG88EKloJO71MCY+Rz1BQ4qRNqiTO/MKNxU+uq0IG1ZgO5QIp17BXEcG21PTHs+IPe7k8k7RmRZcFu5c5MG8vE7uq92NcMKJ0JghpVquE2s/RVJTzMg4204UiREeoB5pGSkQJ8pPp1uN4akhXRhG0hyh4ZT+nkgRV2rIA9PJke6rRW8C//NaiQ7LfkpFnGgi8OyhMGFQR3ASEexSSbBmQyMQltT8FeI+MsloE2TWhOAurrws6udF96JYuivlq+V5HBlwDE5AAbjgElTBNfBADWDwCJ7BK3iznqwX6936mLWuWPOZI/CnrM8fyS2cEw==</latexit>

P (M = m|N = n) =
P (N = n|M = m)P (M = m)

P (N = n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

More 
generally

Shorthand
notation

Bayes	with	Discrete	Random	Variables
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Roommates 2RoomDbl
Shared 
Partner Single

Frosh 0.30 0.07 0.00 0.00 0.37
Soph 0.12 0.18 0.00 0.03 0.32
Junior 0.04 0.01 0.00 0.10 0.15
Senior 0.01 0.02 0.02 0.01 0.05

5+ 0.02 0.00 0.05 0.04 0.11
0.49 0.27 0.07 0.18 1.00

Pr
ob

ab
ili
ty

What is the probability distribution of rooms | student is a senior? 

Joint

Marg
inals
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<latexit sha1_base64="h3LWKfxa3xJQWsSE1aF2Q62bjXY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGI/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2keDDjmPoRHggWMoKNlZr18v2VOu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3lVLtessjjwcwTGUwYMLqMEt1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+AGmWjmE=</latexit>

P (R = r)
<latexit sha1_base64="qDZtAXmbQ7huDYAJDVglE7WRbHU=">AAAB/3icbVBNS8NAEN34WetXVPDiJViEeimJFPVSKHrxWMV+SBvKZrtp1242YXcilrQH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnRZwpsO1vY2FxaXllNbOWXd/Y3No2d3ZrKowloVUS8lA2PKwoZ4JWgQGnjUhSHHic1r3+5divP1CpWChuYRBRN8BdwXxGMGipbe5X8jclObwrtYA+QnIfCxbK0XHbzNkFewJrnjgpyaEUlbb51eqEJA6oAMKxUk3HjsBNsARGOB1lW7GiESZ93KVNTQUOqHKTyf0j60grHcsPpS4B1kT9PZHgQKlB4OnOAENPzXpj8T+vGYN/7iZMRDFQQaaL/JhbEFrjMKwOk5QAH2iCiWT6Vov0sMQEdGRZHYIz+/I8qZ0UnNNC8bqYK1+kcWTQATpEeeSgM1RGV6iCqoigIXpGr+jNeDJejHfjY9q6YKQze+gPjM8fv8eV9A==</latexit>

P (R = r|Y = junior)

Inference

What is the probability distribution of rooms | student is a senior? 
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Four Prototypical Trajectories

Inference is hard for two reasons:
1. Mix continuous and Discrete
2. Result can be a PMF or PDF
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Four Prototypical Trajectories

Inference is hard for two reasons:
1. Mix continuous and Discrete

2. Result can be a PMF
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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I	Heard	That

31

Let X be the change in gaze (measured in degrees) over 3 seconds after a sound is played

You observe X = 0. What is the probability the 
baby can hear the sound?
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Question:	Have	I	Been	Given	the	Joint?

32

Let X be the change in gaze (measured in degrees) over 3 seconds after a sound is played

You observe X = 0. What is the probability the 
baby can hear the sound?
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<latexit sha1_base64="pD0e0LnybqpghuGApQATeqEBmEI=">AAACK3icbVDLTgIxFO34RHyhLt00EhOICZkxRNmQENm4xERegZF0Oh1o6HQmbceEDPyPG3/FhS58xK3/YYFZCHiTNudxb9p7nJBRqUzz01hb39jc2k7tpHf39g8OM0fHDRlEApM6DlggWg6ShFFO6ooqRlqhIMh3GGk6w+rUbz4SIWnA79UoJLaP+px6FCOlpV7mppZrl61xq2zmYRl2XU8gHNdymo/bee3lJwsMXsCEPlSngr4nvUzWLJizgqvASkAWJFXrZV67boAjn3CFGZKyY5mhsmMkFMWMTNLdSJIQ4SHqk46GHPlE2vFs1wk814oLvUDowxWcqX8nYuRLOfId3ekjNZDL3lT8z+tEyivZMeVhpAjH84e8iEEVwGlw0KWCYMVGGiAsqP4rxAOk41I63rQOwVpeeRU0LgvWVaF4V8xWSkkcKXAKzkAOWOAaVMAtqIE6wOAJvIB38GE8G2/Gl/E9b10zkpkTsFDGzy/shKH8</latexit>

P (Y = 1|X = 0) =
P (X = 0|Y )P (Y )

P (X = 0|Y )P (Y ) + P (X = 0|Y C)P (Y C)

You observe X = 0. What is the 
probability the baby can hear the sound?

I	Heard	That

<latexit sha1_base64="PcjaQjJbou8zOo7l6PDiCV4a0Hc="></latexit>

P (Y = 1|X = 0) =
0.08 ⇤ 0.75

0.08 ⇤ 0.75 + 0.40 ⇤ 0.25 =
3

8

<latexit sha1_base64="24GvXRfLJ9+Ny4AZJZSRQq7nrn0=">AAACJnicbZDLSgMxFIYz9VbHW9Wlm2ARWoSSkaLdDBTcuBzB3mhLyaSZNjRzIckIZdqnceOruHFREXHno5i2I2jrgYSf7z+H5PxuxJlUCH0amY3Nre2d7K65t39weJQ7PqnLMBaE1kjIQ9F0saScBbSmmOK0GQmKfZfThju6nfuNRyokC4MHNY5o18eDgHmMYKVRL2d3PIGJmTiFpg0RnMAWtKFVnC4JmrRsq+gU5je8hD8ILRAqTnu5PCqhRcF1YaUiD9JyerlZpx+S2KeBIhxL2bZQpLoJFooRTqdmJ5Y0wmSEB7StZYB9KrvJYs0pvNCkD71Q6BMouKC/JxLsSzn2Xd3pYzWUq94c/ue1Y+VVugkLoljRgCwf8mIOVQjnmcE+E5QoPtYCE8H0XyEZYp2b0smaOgRrdeV1Ub8qWdel8n05X62kcWTBGTgHBWCBG1AFd8ABNUDAE3gBM/BmPBuvxrvxsWzNGOnMKfhTxtc3Q/ie3A==</latexit>

P (X = 0|Y = 1)

P (X = 0|Y = 1)P (Y = 1) + P (X = 0|Y = 0)P (Y = 0)

Y = 1 means the child can hear the sound
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I	Heard	That	with	Continuous

34

Normal Assumption: 

For babies who can hear sounds, we approximate their gaze 
movement after the sound is played as: N(µ = 15, σ2 = 25). 

For babies who can not hear sounds, we approximate gaze 
movement as N(µ = 8, σ2 = 25). 

For a new baby we observe a 14 degree movement after the sound is 
played. What is your belief that a baby can hear, under The Normal 
Assumption? 
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Equivalently

35

def sample (): 
   # bernoulli sample   
   can_hear = rand_bern(0.75)
   if can_hear == 0: 
       # gaussian sample 
       return rand_gauss (mu = 15 , std = 5) 
   else:
       # gaussian sample
       return rand_gauss (mu = 8, std = 5)

The function sample returned the value 14. 
What is the probability that can_hear was 1? 

Normal Assumption: For babies who 
can hear sounds, we approximate their 
gaze movement after the sound is 
played as: N(µ = 15, σ2 = 25). 

For babies who can not hear sounds, 
we approximate gaze movement as 
N(µ = 8, σ2 = 25). 

For a new baby we observe a 14 
degree movement after the sound is 
played. What is your belief that a baby 
can hear, under The Normal 
Assumption? 
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Four Prototypical Trajectories

Aside: Models with continuous RVs
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Epsilon:	Useful	perspective
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Mixing Discrete and Continuous
Let X be a continuous random variable

Let N be a discrete random variable
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Mixing Discrete and Continuous

P (X = x|N = n) =
P (N = n|X = x)P (X = x)

P (N = n)

P
X|N (x|n) =

P
N|X (n|x)PX (x)

PN (n)

f
X|N (x|n) · ✏x =

P
N|X (n|x)fX (x) · ✏x

PN (n)

f
X|N (x|n) =

P
N|X (n|x)fX (x)

PN (n)

<latexit sha1_base64="838kWCToJttdwhkd1/T5JNexsX4=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxGcFeoA1lMp20QyeTMDORlrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ8/sxo1LZ9rextr6xubVd2Cnu7u0fHJpHx00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+aObrN56IELSiN+rSUy8EA04DShGSls9E7rl8ZRb8Bp2A4Fw6pb5dGxp05plbM16Zsmu2HPBVXByKIFcbs/86vYjnISEK8yQlB3HjpWXIqEoZmRW7CaSxAiP0IB0NHIUEuml80tm8Fw7fRhEQj+u4Nz9PZGiUMpJ6OvOEKmhXK5l5n+1TqKCmpdSHieKcLxYFCQMqghmscA+FQQrNtGAsKD6rxAPkU5E6fCKOgRn+eRVaF5UnMtK9a5aqtfyOArgFJyBMnDAFaiDW+CCBsDgETyDV/BmPBkvxrvxsWhdM/KZE/BHxucPzliYfQ==</latexit>

P (x|n) = P (n|x)P (x)

P (n)

<latexit sha1_base64="xy1Nbt2Kc6fXbDqCRKT6cJcnf+E=">AAACKnicbVDLTsJAFJ3iC/FVdelmIjGBDWkNUTYmGDcuMZFHQhsyHaYwYTptZqYGUvgeN/6KGxYa4tYPcQpdKHiSSU7OOTd37vEiRqWyrIWR29re2d3L7xcODo+OT8zTs5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vdFD6rdfiJA05M9qEhE3QANOfYqR0lLPvPdL4ykvQwf3QwUdEknKtD6Gd9DxBcJJo8Sn47JOldcjs9Qrz3pm0apYS8BNYmekCDI0eubc6Yc4DghXmCEpu7YVKTdBQlHMyKzgxJJECI/QgHQ15Sgg0k2Wp87glVb60A+FflzBpfp7IkGBlJPA08kAqaFc91LxP68bK7/mJpRHsSIcrxb5MYMqhGlvsE8FwYpNNEFYUP1XiIdIN6R0uwVdgr1+8iZpXVfsm0r1qVqs17I68uACXIISsMEtqINH0ABNgMEreAcf4NN4M+bGwvhaRXNGNnMO/sD4/gGDsqa5</latexit>

f(x|n) · ✏x =
P (n|x)f(x) · ✏x

P (n)

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

Change 
notation

Let X be a continuous random variable
Let N be a discrete random variable
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All	the	Bayes	Belong	to	Us
M,N are discrete. X, Y are continuous

OG Bay
es

Mix B
ayes

 #1

Mix B
ayes

 #2

<latexit sha1_base64="09Pf32ryuumjWkoTlozhMnEYrf8=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR2k1JpGg3QsGNywr2Am0ok+mkHTqZhJmJtKRZu/FV3LhQxK1P4M63cdJmoa0/DHz85xzOnN8NGZXKsr6N3Nr6xuZWfruws7u3f2AeHrVkEAlMmjhggei4SBJGOWkqqhjphIIg32Wk7Y5v0nr7gQhJA36vpiFxfDTk1KMYKW31zVOvNJnxMoTXsOcJhONGic8mZe2Wk5TLSd8sWhVrLrgKdgZFkKnRN796gwBHPuEKMyRl17ZC5cRIKIoZSQq9SJIQ4TEakq5GjnwinXh+SgLPtTOAXiD04wrO3d8TMfKlnPqu7vSRGsnlWmr+V+tGyqs5MeVhpAjHi0VexKAKYJoLHFBBsGJTDQgLqv8K8QjpRJROr6BDsJdPXoXWRcW+rFTvqsV6LYsjD07AGSgBG1yBOrgFDdAEGDyCZ/AK3own48V4Nz4WrTkjmzkGf2R8/gBvt5jT</latexit>

f(x|n) = P (n|x)f(x)
P (n)

<latexit sha1_base64="rPnbmRJ8bRJcdHYIIVo1xSEDbFA=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCZ1NmpGg3QsGNywr2Au1QMmmmDU0yQ5IRynS2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+YOYUaVd99taW9/Y3Nou7BR39/YPDu2j45aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawfhmVm8/EKloJO71JCY+R0NBQ4qRNlbfho0ynwoHXsNeKBFOG2Ux5Y4xnWzGTta3S27FnQuugpdDCeRq9O2v3iDCCSdCY4aU6npurP0USU0xI1mxlygSIzxGQ9I1KBAnyk/nl2Tw3DgDGEbSPKHh3P09kSKu1IQHppMjPVLLtZn5X62b6LDmp1TEiSYCLxaFCYM6grNY4IBKgjWbGEBYUvNXiEfIJKJNeEUTgrd88iq0LireZaV6Vy3Va3kcBXAKzkAZeOAK1MEtaIAmwOARPINX8GY9WS/Wu/WxaF2z8pkT8EfW5w+aOZhc</latexit>

P (m|n) = P (n|m)P (m)

P (n)

<latexit sha1_base64="HNkP3x2XKFPLnqYa99kbKcdcXFY=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORljRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+raUTcAA059SlGSlt9EzbKfDax4DXs+QLhxC9PZtzSppVmbKV9s2RX7LngKjg5lECuRt/86g1CHAeEK8yQlF3HjpSbIKEoZiQt9mJJIoTHaEi6GjkKiHST+SUpPNfOAPqh0I8rOHd/TyQokHIaeLozQGokl2uZ+V+tGyu/5iaUR7EiHC8W+TGDKoRZLHBABcGKTTUgLKj+K8QjpBNROryiDsFZPnkVWhcV57JSvauW6rU8jgI4BWegDBxwBergFjRAE2DwCJ7BK3gznowX4934WLSuGfnMCfgj4/MHEpOYqQ==</latexit>

P (n|x) = f(x|n)P (n)

f(x)

<latexit sha1_base64="koNz8eQYLfneAZ5bmtA+0Tc7G7A=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJFO1GKLhxWcFeoA1lMp20QyeTMDORhrRbN76KGxeKuPUN3Pk2TtostPWHgY//nMOZ83sRo1LZ9rextr6xubVd2Cnu7u0fHJpHxy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe+ObrN5+IELSkN+rJCJugIac+hQjpa2+Cf3yZJpY8Br2fIFw6peT6cTSpjXL2Jr1zZJdseeCq+DkUAK5Gn3zqzcIcRwQrjBDUnYdO1JuioSimJFZsRdLEiE8RkPS1chRQKSbzi+ZwXPtDKAfCv24gnP390SKAimTwNOdAVIjuVzLzP9q3Vj5NTelPIoV4XixyI8ZVCHMYoEDKghWLNGAsKD6rxCPkE5E6fCKOgRn+eRVaF1UnMtK9a5aqtfyOArgFJyBMnDAFaiDW9AATYDBI3gGr+DNeDJejHfjY9G6ZuQzJ+CPjM8fjOKY9g==</latexit>

f(x|y) = f(y|x)f(x)
f(y)
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N is discrete. X is continuous

LOTP?	Chain	Rule?	You	can	play	too!

Law of total probability

Chain Rule
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Four Prototypical Trajectories

End Aside
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How	can	We	Solve	This	Problem?

43

def sample (): 
   # bernoulli sample   
   can_hear = rand_bern(0.75)
   if can_hear == 0: 
       # gaussian sample 
       return rand_gauss (mu = 15 , std = 5) 
   else:
       # gaussian sample
       return rand_gauss (mu = 8, std = 5)

The function sample returned the value 14. 
What is the probability that can_hear was 1? 

Normal Assumption: For babies who 
can hear sounds, we approximate their 
gaze movement after the sound is 
played as: N(µ = 15, σ2 = 25). 

For babies who can not hear sounds, 
we approximate gaze movement as 
N(µ = 8, σ2 = 25). 

For a new baby we observe a 14 
degree movement after the sound is 
played. What is your belief that a baby 
can hear, under The Normal 
Assumption? 
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Inference	with	Continuous

Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl? 
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Q: At birth, girl elephant weights are distributed as a Gaussian with mean = 160kg, std  = 
7kg. At birth, boy elephant weights are distributed as a Gaussian with mean = 165kg, std = 
3kg. All you know about a newborn elephant is that it is 163kg. What is the probability that 
it is a girl?

Model: 
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Q: What is P(G = 1 | X = 163)
Let G be an indicator that the elephant is a girl. G is Bern(p = 0.5)
Let X be the distribution of weight of the elephant. 
X | G = 1 is N(μ = 160, σ2 = 72)
X | G = 0 is N(μ = 165, σ2 = 32)

Inference	with	Continuous
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Four Prototypical Trajectories

Pedagogical Pause
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Four Prototypical Trajectories

Inference is hard for two reasons:
1. Mix continuous and Discrete

2. Result can be a PMF
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Four Prototypical Trajectories

Inference is hard for two reasons:
1. Mix continuous and Discrete

2. Result can be a PMF
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<latexit sha1_base64="h3LWKfxa3xJQWsSE1aF2Q62bjXY=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGI/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2keDDjmPoRHggWMoKNlZr18v2VOu0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3lVLtessjjwcwTGUwYMLqMEt1KEBBB7hGV7hzZHOi/PufMxbc042cwh/4Hz+AGmWjmE=</latexit>

P (R = r)
<latexit sha1_base64="qDZtAXmbQ7huDYAJDVglE7WRbHU=">AAAB/3icbVBNS8NAEN34WetXVPDiJViEeimJFPVSKHrxWMV+SBvKZrtp1242YXcilrQH/4oXD4p49W9489+4bXPQ1gcDj/dmmJnnRZwpsO1vY2FxaXllNbOWXd/Y3No2d3ZrKowloVUS8lA2PKwoZ4JWgQGnjUhSHHic1r3+5divP1CpWChuYRBRN8BdwXxGMGipbe5X8jclObwrtYA+QnIfCxbK0XHbzNkFewJrnjgpyaEUlbb51eqEJA6oAMKxUk3HjsBNsARGOB1lW7GiESZ93KVNTQUOqHKTyf0j60grHcsPpS4B1kT9PZHgQKlB4OnOAENPzXpj8T+vGYN/7iZMRDFQQaaL/JhbEFrjMKwOk5QAH2iCiWT6Vov0sMQEdGRZHYIz+/I8qZ0UnNNC8bqYK1+kcWTQATpEeeSgM1RGV6iCqoigIXpGr+jNeDJejHfjY9q6YKQze+gPjM8fv8eV9A==</latexit>

P (R = r|Y = junior)

Inference

What is the probability distribution of rooms | student is a senior? 
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Goal:	Inference

51

Change your belief 
distribution 

(Joint, PMF, or PDF) 
of random variables, 

based on 
observations

*Note in the earlier examples, we were updating Bernoulli Random Variables
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Four Prototypical Trajectories

Lets Play Number of Function!
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P (X = 2|Y = 5)
<latexit sha1_base64="X29QD+lH5aG/u/UnZvXRgW0EtQw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGRS+BgBePCZiHJkuYncwmQ2ZnlplZIawBP8KLB0W8+jfe/Bsnj4MmFjQUVd10dwUxZ9q47rezsrq2vrGZ2cpu7+zu7ecODhtaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jcfqNJMilsziqkf4b5gISPYWOm+WmiVS4935Yuzbi7vFt0p0DLx5iQPc1S7ua9OT5IkosIQjrVue25s/BQrwwin42wn0TTGZIj7tG2pwBHVfjq9eIxOrdJDoVS2hEFT9fdEiiOtR1FgOyNsBnrRm4j/ee3EhFd+ykScGCrIbFGYcGQkmryPekxRYvjIEkwUs7ciMsAKE2NDytoQvMWXl0mjVPTcolc7z1dqT7M4MnAMJ1AADy6hAjdQhToQEPAMr/DmaOfFeXc+Zq0rzjzCI/gD5/MHxTmQHA==</latexit><latexit sha1_base64="X29QD+lH5aG/u/UnZvXRgW0EtQw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGRS+BgBePCZiHJkuYncwmQ2ZnlplZIawBP8KLB0W8+jfe/Bsnj4MmFjQUVd10dwUxZ9q47rezsrq2vrGZ2cpu7+zu7ecODhtaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jcfqNJMilsziqkf4b5gISPYWOm+WmiVS4935Yuzbi7vFt0p0DLx5iQPc1S7ua9OT5IkosIQjrVue25s/BQrwwin42wn0TTGZIj7tG2pwBHVfjq9eIxOrdJDoVS2hEFT9fdEiiOtR1FgOyNsBnrRm4j/ee3EhFd+ykScGCrIbFGYcGQkmryPekxRYvjIEkwUs7ciMsAKE2NDytoQvMWXl0mjVPTcolc7z1dqT7M4MnAMJ1AADy6hAjdQhToQEPAMr/DmaOfFeXc+Zq0rzjzCI/gD5/MHxTmQHA==</latexit><latexit sha1_base64="X29QD+lH5aG/u/UnZvXRgW0EtQw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGRS+BgBePCZiHJkuYncwmQ2ZnlplZIawBP8KLB0W8+jfe/Bsnj4MmFjQUVd10dwUxZ9q47rezsrq2vrGZ2cpu7+zu7ecODhtaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jcfqNJMilsziqkf4b5gISPYWOm+WmiVS4935Yuzbi7vFt0p0DLx5iQPc1S7ua9OT5IkosIQjrVue25s/BQrwwin42wn0TTGZIj7tG2pwBHVfjq9eIxOrdJDoVS2hEFT9fdEiiOtR1FgOyNsBnrRm4j/ee3EhFd+ykScGCrIbFGYcGQkmryPekxRYvjIEkwUs7ciMsAKE2NDytoQvMWXl0mjVPTcolc7z1dqT7M4MnAMJ1AADy6hAjdQhToQEPAMr/DmaOfFeXc+Zq0rzjzCI/gD5/MHxTmQHA==</latexit><latexit sha1_base64="X29QD+lH5aG/u/UnZvXRgW0EtQw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJewGRS+BgBePCZiHJkuYncwmQ2ZnlplZIawBP8KLB0W8+jfe/Bsnj4MmFjQUVd10dwUxZ9q47rezsrq2vrGZ2cpu7+zu7ecODhtaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfB64jcfqNJMilsziqkf4b5gISPYWOm+WmiVS4935Yuzbi7vFt0p0DLx5iQPc1S7ua9OT5IkosIQjrVue25s/BQrwwin42wn0TTGZIj7tG2pwBHVfjq9eIxOrdJDoVS2hEFT9fdEiiOtR1FgOyNsBnrRm4j/ee3EhFd+ykScGCrIbFGYcGQkmryPekxRYvjIEkwUs7ciMsAKE2NDytoQvMWXl0mjVPTcolc7z1dqT7M4MnAMJ1AADy6hAjdQhToQEPAMr/DmaOfFeXc+Zq0rzjzCI/gD5/MHxTmQHA==</latexit>

Number

Number	or	Function?
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Random Variable
(also a function or 1D table)

Number	or	Function?
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P (X = x|Y = y)
<latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit><latexit sha1_base64="uIJAN6Q1siFJ7g0JWN+eLqzrlng=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQNyURQTeFghuXKdiHtqFMppN26GQSZiZiiAU/wo0LRdz6N+78G6ePhbYeuHA4517uvcePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9dTfzWPZWKReJGpzH1QjwQLGAEayPdueV29eHxtpqe9oolu2JPgZaJMyclmMPtFb+6/YgkIRWacKxUx7Fj7WVYakY4HRe6iaIxJiM8oB1DBQ6p8rLpxWN0YpQ+CiJpSmg0VX9PZDhUKg190xliPVSL3kT8z+skOrj0MibiRFNBZouChCMdocn7qM8kJZqnhmAimbkVkSGWmGgTUsGE4Cy+vEyaZxXHrjj181Kt/jSLIw9HcAxlcOACanANLjSAgIBneIU3S1kv1rv1MWvNWfMID+EPrM8fmBKQpg==</latexit>

2D Function
(or 2D table)

Number	or	Function?
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Popularized in 2009:
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Update	Belief	PMF
Before observation

After

Observation
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Bayesian	Carbon	Dating:	Inference	Overview

58

<latexit sha1_base64="jAYXSQ4oQda8AGZtsfSZQ9RgiE4="></latexit>

P (A = i|M = 900) =
P (M = 900|A = i)P (A = i)

P (M = 900)

= P (M = 900|A = i) · P (A = i)

P (M = 900)

= P (M = 900|A = i) · P (A = i) ·K

Let A be how many years old the sample is (A = 100 means the sample is 100 years old)
Let M be the observed amount of C14 left in the sample
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Understanding	Through	Code
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def update_belief(m = 900):
   """
   Returns a dictionary A, where A[i] contains the 
   corresponding probability, P(A = i| M = 900).
   m is the number of C14 molecules remaining and i 
   is age in years. i is in the range 100 to 10000
   """
   A = {}
   n_years = 9901
   for i in range(100,10000+1):
      prior = 1 / n_years # P(A = i)
      likelihood = calc_likelihood(m, i) # P(M=m | A=i)
      A[i] = prior * likelihood
   # implicitly computes the normalization constant
   normalize(A)
   return A

<latexit sha1_base64="aoY4XXyC4qFGo7TRK8aTwXFk39A=">AAACJXicbVBbSwJBGJ3tanbb6rGXIQn0RXZDukALWi9BCAZ5ARWZnR11cHZnmZkNRP0zvfRXeukhiaCn/kqjrlDagYEz55yPme+4IaNSWdaXsbK6tr6xmdhKbu/s7u2bB4cVySOBSRlzxkXNRZIwGpCyooqRWigI8l1Gqm7vduJXn4iQlAePqh+Spo86AW1TjJSWWuZ1EmqU0gXoQAqHsOjAK8vKOFoqOpoNCw7NwAb2uJqn5tf7ZMtMWVlrCrhM7JikQIxSyxw3PI4jnwQKMyRl3bZC1RwgoShmZJRsRJKECPdQh9Q1DZBPZHMw3XIET7XiwTYX+gQKTtXfEwPkS9n3XZ30kerKRW8i/ufVI9W+bA5oEEaKBHj2UDtiUHE4qQx6VBCsWF8ThAXVf4W4iwTCShc7KcFeXHmZVM6y9nk295BL5W/iOhLgGJyANLDBBciDO1ACZYDBM3gF72BsvBhvxofxOYuuGPHMEfgD4/sHvYCdig==</latexit>

P (A = i|M = 900) = P (M = 900|A = i) · P (A = i) ·K
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Four Prototypical Trajectories

Carbon Dating Specific Math
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Probability	of	Having	900	Remain

61

<latexit sha1_base64="rQ65i4HJuEYw6yNoQwjtGIf5S9U=">AAAB+HicbVDJSgNBEK1xjeOSUY9eGoMQL2FGgsshEPXiRYhgFkiG0NPpSZr0LHT3CHHMl3jxoIhXP8Wbf2MnmYMmPih4vFdFVT0v5kwq2/42lpZXVtfWcxvm5tb2Tt7a3WvIKBGE1knEI9HysKSchbSumOK0FQuKA4/Tpje8nvjNByoki8J7NYqpG+B+yHxGsNJS18qbCNWKt5UL2366rLDjrlWwS/YUaJE4GSlAhlrX+ur0IpIENFSEYynbjh0rN8VCMcLp2OwkksaYDHGftjUNcUClm04PH6MjrfSQHwldoUJT9fdEigMpR4GnOwOsBnLem4j/ee1E+eduysI4UTQks0V+wpGK0CQF1GOCEsVHmmAimL4VkQEWmCidlalDcOZfXiSNk5JzWirflQvVqyyOHBzAIRTBgTOowg3UoA4EEniGV3gzHo0X4934mLUuGdnMPvyB8fkD/FWQuw==</latexit>

P (M = 900|A = i)
There were originally 1000 C14 molecules. 
Each molecule remains independently with equal probability pi
What is the probability that 900 remain?

<latexit sha1_base64="6bUCjD8g/9KVKgrhAN4dYHP4ovA=">AAACDXicbVBLS0JBGJ1rL7OX1bLNkAW2sXtF1E0gRdDSwBd4ReaOow7OfTDz3VAu/oE2/ZU2LYpo275d/6a56qK0AwOHc77DN99xAsEVmOa3kVhb39jcSm6ndnb39g/Sh0cN5YeSsjr1hS9bDlFMcI/VgYNgrUAy4jqCNZ3RTew3H5hU3PdqMAlYxyUDj/c5JaClbvqshm3FXWwDG0N0Ow6mWVvoeI/gK2xdlvPF0kWqm86YOXMGvEqsBcmgBard9Jfd82noMg+oIEq1LTOATkQkcCrYNGWHigWEjsiAtTX1iMtUJ5pdM8XnWunhvi/18wDP1N+JiLhKTVxHT7oEhmrZi8X/vHYI/XIn4l4QAvPofFE/FBh8HFeDe1wyCmKiCaGS679iOiSSUNAFxiVYyyevkkY+ZxVzhftCpnK9qCOJTtApyiILlVAF3aEqqiOKHtEzekVvxpPxYrwbH/PRhLHIHKM/MD5/ALqImWc=</latexit>

T ⇠ Exp(� = 1/8267)
Let T be the time to decay for any one molecule
Each molecules’ time to live is exponential with λ = 1/8267

<latexit sha1_base64="V+KNT96fIUU4TusyJXGxxqBB9gU=">AAACHXicbVDLSgMxFM3UV62vUZdugkWoi5aZUtouVIpuXFboC9pxyKSZNjTzIMkIZZgfceOvuHGhiAs34t+YTrvQ1gOBc8+5l5t7nJBRIQ3jW8usrW9sbmW3czu7e/sH+uFRRwQRx6SNAxbwnoMEYdQnbUklI72QE+Q5jHSdyc3M7z4QLmjgt+Q0JJaHRj51KUZSSbZeCW0KL2Gz0IJXkJ4rasJiWl7MS3IfFwcuRzimSVwvV2tJkrP1vFEyUsBVYi5IHizQtPXPwTDAkUd8iRkSom8aobRixCXFjCS5QSRIiPAEjUhfUR95RFhxel0Cz5QyhG7A1fMlTNXfEzHyhJh6jur0kByLZW8m/uf1I+nWrZj6YSSJj+eL3IhBGcBZVHBIOcGSTRVBmFP1V4jHSEUhVaCzEMzlk1dJp1wyq6XKXSXfuF7EkQUn4BQUgAlqoAFuQRO0AQaP4Bm8gjftSXvR3rWPeWtGW8wcgz/Qvn4Awp2c2Q==</latexit>

pi = P (T > i) = 1� P (T < i) = e�
i

8267

<latexit sha1_base64="Ozb+cxtufXZQEg25C+MU+LU7vp4="></latexit>

P (M = 900|A = i) =

✓
1000

900

◆
(pi)

900 · (1� pi)
100

<latexit sha1_base64="I18LID5p8sdWBtpT24j/QyCRBIE=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKkiZkaJuhFI3boQK9gLtMGTStA3NZIbkjFiGvoAbX8WNC0Xcunfn25heFlr9IfDxn3M4OX8QC67Bcb6szMLi0vJKdjW3tr6xuWVv79R1lCjKajQSkWoGRDPBJasBB8GasWIkDARrBIPLcb1xx5TmkbyFYcy8kPQk73JKwFi+fXCN25qHuA3sHtIKl6OCxBfYdRznGMeGYp8f+XbeKToT4b/gziCPZqr69me7E9EkZBKoIFq3XCcGLyUKOBVslGsnmsWEDkiPtQxKEjLtpZNrRvjQOB3cjZR5EvDE/TmRklDrYRiYzpBAX8/XxuZ/tVYC3XMv5TJOgEk6XdRNBIYIj6PBHa4YBTE0QKji5q+Y9okiFEyAOROCO3/yX6ifFN3TYummlC9XZnFk0R7aRwXkojNURleoimqIogf0hF7Qq/VoPVtv1vu0NWPNZnbRL1kf3/IImO4=</latexit>

M ⇠ Bin(n = 1000, p = pi)
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def calc_likelihood(m = 900, age):
   """
   Computes P(M = m | A = age), the probability of
   having m molecules left given the sample is age
   years old. Uses the exponential decay of C14
   """
   n_original = 1000 
   p_remain = math.exp(-age/C14_MEAN_LIFE)
   return stats.binom.pmf(m, n_original, p_remain)

<latexit sha1_base64="rQ65i4HJuEYw6yNoQwjtGIf5S9U=">AAAB+HicbVDJSgNBEK1xjeOSUY9eGoMQL2FGgsshEPXiRYhgFkiG0NPpSZr0LHT3CHHMl3jxoIhXP8Wbf2MnmYMmPih4vFdFVT0v5kwq2/42lpZXVtfWcxvm5tb2Tt7a3WvIKBGE1knEI9HysKSchbSumOK0FQuKA4/Tpje8nvjNByoki8J7NYqpG+B+yHxGsNJS18qbCNWKt5UL2366rLDjrlWwS/YUaJE4GSlAhlrX+ur0IpIENFSEYynbjh0rN8VCMcLp2OwkksaYDHGftjUNcUClm04PH6MjrfSQHwldoUJT9fdEigMpR4GnOwOsBnLem4j/ee1E+eduysI4UTQks0V+wpGK0CQF1GOCEsVHmmAimL4VkQEWmCidlalDcOZfXiSNk5JzWirflQvVqyyOHBzAIRTBgTOowg3UoA4EEniGV3gzHo0X4934mLUuGdnMPvyB8fkD/FWQuw==</latexit>

P (M = 900|A = i)

Probability	of	Having	900	Remain
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def calc_likelihood(m = 900, age):
   """
   Computes P(M = m | A = age), the probability of
   having m molecules left given the sample is age
   years old. Uses the exponential decay of C14
   """
   n_original = 1000 + delta_start(age)
   p_remain = math.exp(-age/C14_MEAN_LIFE)
   return stats.binom.pmf(m, n_original, p_remain)

<latexit sha1_base64="rQ65i4HJuEYw6yNoQwjtGIf5S9U=">AAAB+HicbVDJSgNBEK1xjeOSUY9eGoMQL2FGgsshEPXiRYhgFkiG0NPpSZr0LHT3CHHMl3jxoIhXP8Wbf2MnmYMmPih4vFdFVT0v5kwq2/42lpZXVtfWcxvm5tb2Tt7a3WvIKBGE1knEI9HysKSchbSumOK0FQuKA4/Tpje8nvjNByoki8J7NYqpG+B+yHxGsNJS18qbCNWKt5UL2366rLDjrlWwS/YUaJE4GSlAhlrX+ur0IpIENFSEYynbjh0rN8VCMcLp2OwkksaYDHGftjUNcUClm04PH6MjrfSQHwldoUJT9fdEigMpR4GnOwOsBnLem4j/ee1E+eduysI4UTQks0V+wpGK0CQF1GOCEsVHmmAimL4VkQEWmCidlalDcOZfXiSNk5JzWirflQvVqyyOHBzAIRTBgTOowg3UoA4EEniGV3gzHo0X4934mLUuGdnMPvyB8fkD/FWQuw==</latexit>

P (M = 900|A = i)

Probability	of	Having	900	Remain
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Probability	of	Having	900	Remain
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Four Prototypical Trajectories

Come Back for More!
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Belief	in	Age	Given	Observed	C14

66

P(Age| Observed C14)
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Belief	in	Age	Given	Name

67

P(Age| Name)
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Belief	in	Vision	Given	User	Responses

68

P(Ability to See | Observed Responses)


