
Continuous Random Variables
CS109



PSet 1
- Solutions are out, grades out today; 1 week to request a regrade

- Your “Create A Problem” answers were awesome!!
- Feel free to share with the class on Ed J

PSet2 - Due today

Pset 3 (Random Variable Practice)
- Released today, due next Sunday @ 2 pm
- Slightly longer than Psets 1 and 2: recommend starting early
- Extension deadline is shorter (until Monday) due to the midterm

Announcements



Piech & Cain, CS109, Stanford University



1906 Earthquake 
Magnitude 7.8

Piech & Cain, CS109, Stanford University



1906 Earthquake 
Magnitude 7.8

How long until the next “big one”?
Piech & Cain, CS109, Stanford University



Review



(The Last Discrete Random Variable)



It’s	Time
To	Talk	About	Time



In each bucket, you either get a request or don’t.

Idea: we can break a minute down into infinitely small buckets

Probability	of	k	Requests	From	This	Area	Each	Minute

1

too small to draw L

1
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Piech & Cain, CS109, Stanford University



In each bucket, you either get a request or don’t.
Let X be the number of requests in a minute.

Idea: we can break a minute down into infinitely small buckets

Probability	of	k	Requests	From	This	Area	Each	Minute

On average, λ = 5 
requests per minute

1

P (X = k) =

✓
n

k

◆
(�/n)k(1� �/n)n�k
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too small to draw L
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Is this impossible to work with? No?! Time for cool math!
Piech & Cain, CS109, Stanford University



A Poisson random variable models the number of 
occurrences that happen in a fixed interval of 4me. 

PMF:

X ⇠ Poi(�)

P (X = k) = e���
k

k!

The	Poisson	Random	Variable

The events you’re modeling must follow a Poisson Process:

   1.  Events happen independently of one another

   2.  Events arrive at a fixed rate: l events per interval of Bme
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Bin(10, 0.3)

Bin(100, 0.03)

Poi(3)

P(
X

 =
 k

)

k

Poisson	Approximates	Binomial,	With	Extreme	n	and	p

Piech & Cain, CS109, Stanford University



Variance is a formal definition of the spread of a random variable. 

If X is a random variable with mean μ = E[X], then the variance of 
X, denoted Var(X), is:

Var(X) = E[(X – μ)2]

In practice, it is usually easier to calculate this equivalent:

Var(X) = E[X2] - E[X]2

Variance

How to calculate E[X2]? Law of the Unconscious Statistician!
Piech & Cain, CS109, Stanford University



Variance	of	Classic	Random	Variables

X ~ Geo(p) 

Y ~ NegBin(r, p) 

X ~ Bern(p) 

Y ~ Bin(n, p) 

Piech & Cain, CS109, Stanford University



Time to patch the big hole in our knowledge



random()?



The	random()	Function

-  Outputs values between 0 and 1

- All possible values are equally likely

- This is a continuous random variable!



X ~ Uniform(0,1): A	Continuous	Random	Variable



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

?



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

Probability of the whole 
sample space must equal 1

(Axiom 2)



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

?



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

Half of all possible outcomes 
are between 0.5 and 1



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

?



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

1/10 of all possible outcomes 
are between 0.5 and 0.6

So far, the pattern looks like:
P(start ≤ X ≤ end) = end - start



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

As we get more precise, 
probabilities keep shrinking…

0.0001



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

0.0001

?



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

0.0001

0

The probability of any exact outcome, 
with infinite precision…is zero



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

0.0001

0

The probability of any exact outcome, 
with infinite precision…is zero

The probability of any continuous random variable 
being exactly equal to any value is 0.



X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

0.0001

0

The probability of any exact outcome, 
with infinite precision…is zero

The probability of any continuous random variable 
being exactly equal to any value is 0.

No PMFs!



0

The probability of any exact outcome, 
with infinite precision…is zero

X ~ Uniform(0,1): A	Continuous	Random	Variable

0 1
x

How likely?

Possible values are 
between 0 and 1

All values are 
equally likely

1

0.5

0.1

0.0001

The only way to talk about probabilities of 
outcomes for continuous random variables is 

using ranges of possible values. 



X ~ Uniform(⍺, β): More	General	Case
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Possible values are 
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equally likely
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X ~ Uniform(⍺, β): More	General	Case

⍺=5 β=7
x

How likely?

Possible values are 
now between ⍺ and β

All values are 
equally likely

Does that still work?

For Uniform(0,1):

P(start ≤ X ≤ end) = end - start

start end



X ~ Uniform(⍺, β): More	General	Case

⍺=5 β=7
x

How likely?

Possible values are 
now between ⍺ and β

All values are 
equally likely

For Uniform(0,1):

P(start ≤ X ≤ end) = end - start

Does that still work? No!

Need to divide by 2?

start end



X ~ Uniform(⍺, β): More	General	Case

⍺=5 β=7
x

How likely?

Possible values are 
now between ⍺ and β

All values are 
equally likely

For Uniform(⍺, β):1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

start end



X ~ Uniform(⍺, β): More	General	Case

⍺=5 β=7
x

How likely?

Possible values are 
now between ⍺ and β

All values are 
equally likely

For Uniform(⍺, β):

If we set y = 1/2 between ⍺ 
and β, then probabilities are     

“slices of the whole box”

1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

Area = 0.05

start end



Time	For	Integrals!!!!

Piech & Cain, CS109, Stanford University



g(x)
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x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

bZ

x=a

g(x)dx

<latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit><latexit sha1_base64="g/d1fZZDkf6YdFSVbEztlMv1OLM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQNyURQTdC0Y3LCvYBbQyTybQdOpmEmRtpCd278VfcuFDErT/gzr9x+lho64ELh3Pu5d57gkRwDY7zbeVWVtfWN/Kbha3tnd09e/+goeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMYXE/85gNTmsfyDkYJ8yLSk7zLKQEj+XaxwyV0Qq4TQUaCRxy0nw0vyfg+wL3y8ASHQ98uORVnCrxM3DkpoTlqvv3VCWOaRkwCFUTrtusk4GVEAaeCjQudVLOE0AHpsbahkkRMe9n0lzE+NkqIu7EyJQFP1d8TGYm0HkWB6YwI9PWiNxH/89opdC+8jMskBSbpbFE3FRhiPAkGh1wxCmJkCKGKm1sx7RNFKJj4CiYEd/HlZdI4rbhOxb09K1Wv5nHk0REqojJy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362PWmrPmM4foD6zPHw7NmwM=</latexit>

a
<latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit><latexit sha1_base64="b7/vCs5ze5KtVd66W3yyALYBfbk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipSQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/DXYzl</latexit> b

<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

(Definite)	Integrals	For	Any	Curve

Step 1: find the anB-derivaBve for g(x), the 
funcBon inside the integral.

Step 2: plug in b for x, plug in a for x, subtract.

Piech & Cain, CS109, Stanford University



Integrals:	The	Area	Under	A	Curve

⍺=5 β=7
x

How likely? For Uniform(⍺, β):
1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

Area = 0.05

start end
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⍺=5 β=7
x

How likely? For Uniform(⍺, β):
1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

Area = 0.05

start end

The range of values we want 
the probability of… …are the bounds 

of the integral



Integrals:	The	Area	Under	A	Curve

⍺=5 β=7
x

How likely? For Uniform(⍺, β):
1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

Area = 0.05

start end

This function is the blue box:     
it represents how likely 
different outcomes are



Integrals:	The	Area	Under	A	Curve

⍺=5 β=7
x

How likely? For Uniform(⍺, β):
1/2

P(start ≤ X ≤ end) = 
end - start
β - ⍺

Area = 0.05

start end

This function is the blue box:     
it represents how likely 
different outcomes are

For continuous random variables, instead of a PMF, 
we have a Probability Density Function (PDF).



P (a < X < b) =

bZ

x=a

f(X = x)dx

<latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit><latexit sha1_base64="Dk8+4Zq1Xf0rCQ551zW4mTj512U=">AAACGHicbVDLSgNBEJyN7/iKevQyGIR4ibsi6MGA6MVjBPOAJIbe2dlkyOzsMtMrCUs+w4u/4sWDIl69+TdOYg6+ChqKqm66u/xECoOu++Hk5uYXFpeWV/Kra+sbm4Wt7bqJU814jcUy1k0fDJdC8RoKlLyZaA6RL3nDH1xO/MYd10bE6gZHCe9E0FMiFAzQSt3CYbUEZ80z/4BWaFsobAfCJBJGUkQCTTcbVmB869Ow1KwMD2gw7BaKbtmdgv4l3owUyQzVbuG9HcQsjbhCJsGYlucm2MlAo2CSj/Pt1PAE2AB6vGWpgoibTjZ9bEz3rRLQMNa2FNKp+n0ig8iYUeTbzgiwb357E/E/r5VieNrJhEpS5Ip9LQpTSTGmk5RoIDRnKEeWANPC3kpZHzQwtFnmbQje75f/kvpR2XPL3vVx8fxiFscy2SV7pEQ8ckLOyRWpkhph5J48kmfy4jw4T86r8/bVmnNmMzvkB5z3T3LCnso=</latexit>

The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units: probability divided by units of X, or 
the derivative of the probability of x.
Integrate it to get probabilities!

Probability	Density	Functions
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P (a < X < b) =

bZ

x=a

f(X = x)dx
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Probability	Density	Functions:	Uniform
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f(X = x) =
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0 otherwise
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For Uniform(⍺, β):

The probability density function (PDF) of 
a continuous random variable represents 
the relative likelihood of various values.

Units: probability divided by units of X, or 
the derivative of the probability of x.
Integrate it to get probabilities!



Riding	the	Marguerite



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You believe all times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is P(wait < 5 min)?

Marguerite	Arrival	Times

Piech & Cain, CS109, Stanford University



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You believe all times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is P(wait < 5 min)?

2:00pm 20 30

wait <5 min

Bus arrives T mins after 2:00pm

f(T
=
t)

T ⇠ Uni(↵ = 0,� = 30)

Marguerite	Arrival	Times
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Want: P(15 ≤ T ≤ 20)

Piech & Cain, CS109, Stanford University
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You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You believe all times between 2 and 2:30 are 
equally likely.

You show up at 2:15pm. What is P(wait < 5 min)?

2:00pm 20 30

wait <5 min

Bus arrives T mins after 2:00pm

f(T
=
t)

T ⇠ Uni(↵ = 0,� = 30)

Marguerite	Arrival	Times
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Uniform	Random	Variable

• We have a PDF instead of a PMF, like all 
continuous random variables

• We compute probabilities of a continuous 
RV being within a range (6 < X < 7), rather 
than an exact value (X = k), using integrals 
of the PDF

• For the uniform, the integral is chill, 
because the PDF is flat

• Continuous RVs have expectation and 
variance just like discrete RVs



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You have a probability distribution for bus arrival 
times -- some times are more likely than others. 

You show up at 2:15pm. What is P(wait < 5 min)?

Marguerite	Arrival	Times:	Not	Uniform

Piech & Cain, CS109, Stanford University



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You have a probability distribuBon for bus arrival 
Bmes -- some Bmes are more likely than others. 

You show up at 2:15pm. What is P(wait < 5 min)?

2:00pm 20 30

wait <5 min

Bus arrives T mins after 2:00pm

P(
T=
t)

Marguerite	Arrival	Times:	Not	Uniform

10

If time was discrete: a PMF could look like this.

Piech & Cain, CS109, Stanford University



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You have a probability distribution for bus arrival 
times -- some times are more likely than others. 

You show up at 2:15pm. What is P(wait < 5 min)?

2:00pm 20 30

wait <5 min

Bus arrives T mins a2er 2:00pm

P(
T=
t)

Marguerite	Arrival	Times:	Not	Uniform

10

But in order to talk about more precise time 
intervals, we would need to keep making bins 
smaller and smaller, adding up probabilities 
for all of bins in the interval we care about…

If time was discrete: a PMF could look like this.

Piech & Cain, CS109, Stanford University



You’re running to the bus stop. You don’t know 
exactly when the bus arrives.

You have a probability distribution for bus arrival 
times -- some times are more likely than others. 

You show up at 2:15pm. What is P(wait < 5 min)?

2:00pm 20 30

wait <5 min

Bus arrives T mins after 2:00pm

f(T
=
t)

Marguerite	Arrival	Times:	Not	Uniform

10

If Bme was discrete: a PMF could look like this.

The integral of the PDF is this idea, 
taken to the limit. 

Piech & Cain, CS109, Stanford University



PDFs	-	f(X	=	x)		vs.		PMFs	-	P(X	=	x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on 
the value x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random 
variable X takes at the value x.”

Piech & Cain, CS109, Stanford University



PDFs	-	f(X	=	x)		vs.		PMFs	-	P(X	=	x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on 
the value x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random 
variable X takes at the value x.”

What do you get if you integrate over 
a probability density func5on?

Piech & Cain, CS109, Stanford University



PDFs	-	f(X	=	x)		vs.		PMFs	-	P(X	=	x)

P (X = x)
<latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit><latexit sha1_base64="PBMYZY863y2C1CVaAqo/DsdsCTQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48rmA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlZp+tX31dNorV9yaOwNaJl5OKpDD75W/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14mzbOa59a8u/NK/TqPowhHcAxV8OAC6nALPjSAwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fePCOZA==</latexit>

“The probability that a discrete random variable X takes on 
the value x.”

f(X = x)
<latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit><latexit sha1_base64="FJdYlQMNtsqs4a0DXMnTTHMB6aE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCHoRil48VrDbQruUbJptY7PJkmTFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+ga9lqghtEsmlaodYU84EbRpmOG0niuI45LQVjm6mfuuRKs2kuDfjhAYxHggWMYKNlfyo2r56Ou2VK27NnQEtEy8nFcjR6JW/un1J0pgKQzjWuuO5iQkyrAwjnE5K3VTTBJMRHtCOpQLHVAfZ7NoJOrFKH0VS2RIGzdTfExmOtR7Hoe2MsRnqRW8q/ud1UhNdBhkTSWqoIPNFUcqRkWj6OuozRYnhY0swUczeisgQK0yMDahkQ/AWX14m/lnNc2ve3Xmlfp3HUYQjOIYqeHABdbiFBjSBwAM8wyu8OdJ5cd6dj3lrwclnDuEPnM8fmraOeg==</latexit>

“The derivative of the probability that a continuous random 
variable X takes at the value x.”

They are both measures of how likely X is to take on the value x. 

What do you get if you integrate over 
a probability density func5on? A probability!

Piech & Cain, CS109, Stanford University



The	Relative	Values	of	PDFs	Are	Meaningful

Probability density functions are derivatives that articulate relative belief.
 

Let X be the # of minutes after 2pm that the bus arrives at a stop.

x x x

Which of these represent that the bus’s arrival
is more likely to be close to 3:00pm?

0 60 0 60 0 60

A B C

f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit> f
(X

=
x
)

<latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit><latexit sha1_base64="n61+4ZPE7uBWd1PeGYsmDNJ4jfA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquCPYiFLx4rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVvLRBHaIpJL1Q2wppwJ2jLMcNqNFcVRwGknmNxkfueRKs2kuDfTmPoRHgkWMoKNldphtXv9dD4oV9yaOwdaJV5OKpCjOSh/9YeSJBEVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SwWOqPbT+bUzdGaVIQqlsiUMmqu/J1IcaT2NAtsZYTPWy14m/uf1EhPW/ZSJODFUkMWiMOHISJS9joZMUWL41BJMFLO3IjLGChNjAyrZELzll1dJ+6LmuTXv7rLSqOdxFOEETqEKHlxBA26hCS0g8ADP8ApvjnRenHfnY9FacPKZY/gD5/MHl7SOcA==</latexit>
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The	Relative	Values	of	PDFs	Are	Meaningful

x x x

Which of these represent that the bus’s arrival
is more likely to be close to 3:00pm?
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Piech & Cain, CS109, Stanford University

Probability density funcBons are derivaBves that arBculate rela)ve belief.
 

Let X be the # of minutes afer 2pm that the bus arrives at a stop.



Axioms	of	Probability	For	PDFs

Axiom 1: 0 
bZ

x=a

f(X = x) dx  1
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Piech & Cain, CS109, Stanford University
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Axiom 2:

Can a PDF ever have a value > 1?
Yes!
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It’s	Time
To	Talk	About	Time,	Again



1906 Earthquake 
Magnitude 7.8

How long until the next “big one”?



For any Poisson Process, the Exponential RV models time until an event:

Exponential	Random	Variable

𝑓 𝑥 = $𝜆𝑒
!"# 	 if 𝑥 ≥ 0

0	 otherwise

𝑋~Exp(𝜆)
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For any Poisson Process, the Exponen1al RV models +me un+l an event:

Exponential	Random	Variable

𝑓 𝑥 = $𝜆𝑒
!"# 	 if 𝑥 ≥ 0

0	 otherwise

𝑋~Exp(𝜆)

PDF:

Examples:
• Time until next earthquake
• Time until a ping reaches a web server
• Time until next Uber request

Piech & Cain, CS109, Stanford University



For any Poisson Process, the Exponential RV models time until an event:

Exponential	Random	Variable

𝑓 𝑥 = $𝜆𝑒
!"# 	 if 𝑥 ≥ 0

0	 otherwise

𝑋~Exp(𝜆)

PDF:

0
0.2
0.4
0.6
0.8
1

0 1 2 3 4 5

𝑓 𝑋 = 𝑥

𝑥

Examples:
• Time un4l next earthquake
• Time un4l a ping reaches a web server
• Time un4l a Uranium atom decays

like “exponential decay”
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

*In California, according to the USGS, 2015

How	Long	Until	the	Next	Big	Earthquake?
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

Let Y be years unBl the next earthquake of magnitude 8.0+.

*In California, according to the USGS, 2015

How	Long	Until	the	Next	Big	Earthquake?
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

Let Y be years until the next earthquake of magnitude 8.0+.

fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

How	Long	Until	the	Next	Big	Earthquake?

ExponenBal PDF:
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

Let Y be years until the next earthquake of magnitude 8.0+.

fY (y) = �e��y

= 0.002e0.002y

*In California, according to the USGS, 2015

P (Y < 30) =

30Z

0

0.002e�0.002y dy

= 0.002
h
� 500e�0.002y

i30
0

=
500

500
(�e�0.06 + e0)

How	Long	Until	the	Next	Big	Earthquake?

Z
ecx dx =

1

c
ecx

Integral Fun Fact: Exponential PDF:
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the expected number of years before the next major earthquake?

Let Y be years unBl the next earthquake of magnitude 8.0+.

*In California, according to the USGS, 2015

How	Long	Until	the	Next	Big	Earthquake?

Expectation of
an Exponential:

E[Y ] =
1

�
=

1

0.002
= 500
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E[Y ] =
1

�
=

1

0.002
= 500
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Is there a way to avoid integrals?

please?



A cumula*ve density func4on (CDF) is a “closed-form” 
equa4on for the probability that a con4nuous random 
variable is less than a given value.

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

Cumulative	Density	Functions

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x
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A cumulative density function (CDF) is a “closed-form” 
equation for the probability that a continuous random 
variable is less than a given value.

F (x) = P (X < x) =

xZ

y=�1

f(y) dy

Cumulative	Density	Functions

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x

For random variables that 

have cumulative density 

functions, we can avoid 

integrals!
For random variables that 

have cumulaOve density 

funcOons, we can avoid 

integrals!
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FX(x) = 1� e��x

CDF	For	an	Exponential

Piech & Cain, CS109, Stanford University



FX(x) = 1� e��x

P (X < x) =

xZ

y=�1

f(y) dy

=

xZ

y=0

�e��y dy

=
�

�

h
� e��y

ix
0

= [�e��x]� [�e�0]

= 1� e��x

CDF	For	an	Exponential
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Probability 
Density 

Function

Cumulative 
Density 

Function F (x) = 1� e��x

f(x) = �e��x

FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

x

x
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F (x) = 1� e��x

f(x) = �e��x

P(X < 2)

Probability 
Density 

Function

Cumulative 
Density 

Function
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

x
Piech & Cain, CS109, Stanford University

x



F (x) = 1� e��x

f(x) = �e��x

=

2Z

x=�1

f(x) dx

Probability 
Density 

Function

Cumulative 
Density 

Function
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	
P(X < 2)

x

x
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F (x) = 1� e��x

f(x) = �e��x

or

= F (2) = 1� e�2

⇡ 0.84

Probability 
Density 

Function

Cumulative 
Density 

Function
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

=

2Z

x=�1

f(x) dx

P(X < 2)

x

x
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F (x) = 1� e��x

f(x) = �e��x

P(X > 1)

Probability 
Density 

Function

Cumulative 
Density 

Function
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

x

x
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F (x) = 1� e��x

f(x) = �e��x

=

1Z

x=1

f(x) dx

Probability 
Density 

Function

Cumula*ve 
Density 

Func4on
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	
P(X > 1)

x

x
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F (x) = 1� e��x

f(x) = �e��x

or

= 1� F (1)= e�1

⇡ 0.37

Probability 
Density 

Function

Cumula*ve 
Density 

Func4on
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

=

1Z

x=1

f(x) dx

P(X > 1)

x

x
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F (x) = 1� e��x

f(x) = �e��x

P(1 < X < 2)

Probability 
Density 

Function

Cumula*ve 
Density 

Func4on
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

x

x
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x

F (x) = 1� e��x

f(x) = �e��x

=

2Z

x=1

f(x) dx

Probability 
Density 

Func4on

Cumulative 
Density 

Function
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	
P(1 < X < 2)

x
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F (x) = 1� e��x

f(x) = �e��x

or

= F (2)� F (1)=(1� e�2)

� (1� e�1)

⇡ 0.23

Probability 
Density 

Function

Cumula*ve 
Density 

Func4on
FX(x) = P (X < x)

=

xZ

y=�1

f(y) dy

Example:	X	~	Exp(l = 1)	

=

2Z

x=1

f(x) dx

P(1 < X < 2)

x

x
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

Let Y be years until the next earthquake of magnitude 8.0+.

*In California, according to the USGS, 2015

How	Long	Until	the	Next	Big	Earthquake?

ExponenBal CDF:
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Based on historical data, major earthquakes (with magnitude 8.0+) happen 
at a rate of 0.002 per year*.
What is the probability of a major earthquake in the next 30 years?

Let Y be years until the next earthquake of magnitude 8.0+.

*In California, according to the USGS, 2015

How	Long	Until	the	Next	Big	Earthquake?

ExponenBal CDF:
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Funnest	Fact:	Exponential	is	Memoryless!
<latexit sha1_base64="Eowwfz8ppsTBjuL0OwxfdYo395E=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmkaJcFEVxWsA9oQplMJu3QyYOZG2kJBTf+ihsXirj1J9z5N07bLLT1wMDhnHu4c4+XCK7Asr6NldW19Y3NwlZxe2d3b988OGypOJWUNWksYtnxiGKCR6wJHATrJJKR0BOs7Q2vp377gUnF4+gexglzQ9KPeMApAS31zOMOdhQPsQNsBNnNKJmUHaHjPjnvmSWrYs2Al4mdkxLK0eiZX44f0zRkEVBBlOraVgJuRiRwKtik6KSKJYQOSZ91NY1IyJSbzW6Y4DOt+DiIpX4R4Jn6O5GRUKlx6OnJkMBALXpT8T+vm0JQczMeJSmwiM4XBanAEONpIdjnklEQY00IlVz/FdMBkYSCrq2oS7AXT14mrYuKfVmp3lVL9VpeRwGdoFNURja6QnV0ixqoiSh6RM/oFb0ZT8aL8W58zEdXjDxzhP7A+PwBPYOXPw==</latexit>

X ⇠ Exp(�)

What if s time has passed?

CDF:

?

“How long until the next big earthquake, 
if it’s been 50 years since the last one?”
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Funnest	Fact:	Exponential	is	Memoryless!
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X ⇠ Exp(�)

What if s time has passed?

CDF:

“How long until the next big earthquake, 
if it’s been 50 years since the last one?”

Answer: It doesn’t matter how long it’s 
been. The Exponential will look the same!

Piech & Cain, CS109, Stanford University



Funnest	Fact:	Exponential	is	Memoryless!
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X ⇠ Exp(�)

What if s time has passed?

CDF:
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Funnest	Fact:	Exponential	is	Memoryless!
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X ⇠ Exp(�)

What if s time has passed?

CDF:

https://towardsdatascience.com/what-is-exponential-distribution-7bdd08590e2a



Have a Lovely Weekend!


