
Sampling
Chris Piech

CS109, Stanford University



MARCH 
10TH



Four Prototypical Trajectories

Review



Where are we in CS109?

4

You are here



Chris Piech, CS109

Uncertainty Theory

5

Beta 

Distributions

Adding 

Random Vars

Central Limit 

Theorem

Sampling
Algorithmic 

Analysis

Thompson 

Sampling

Bootstrapping
Information 

Theory +

Divergence

As requested by AI faculty



Chris Piech, CS109

What happens when you Add Two Random Variables?
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Sum of dice rolls

Roll 𝑛 independent dice. Let 𝑋𝑖 be the outcome of roll 𝑖. 𝑋i are i.i.d.
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Four Prototypical Trajectories

Sum of 50 dice?
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋1, 𝑋2, … , 𝑋𝑛 
with 𝐸 𝑋𝑖 = 𝜇 and Var 𝑋𝑖 = 𝜎2.

෍

𝑖=1

𝑛

𝑋𝑖 ~𝒩(𝑛𝜇, 𝑛𝜎2)

The sum of the variables is normally distributed

Central Limit Theorem (Summation)
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As 𝑛 → ∞
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Consider 𝑛 independent and identically distributed (i.i.d) variables 𝑋1, 𝑋2, … , 𝑋𝑛 
with 𝐸 𝑋𝑖 = 𝜇 and Var 𝑋𝑖 = 𝜎2.

1

𝑛
෍

𝑖=1

𝑛

𝑋𝑖 ~𝒩(𝜇,
𝜎2

𝑛
)

The average of the variables is normally distributed

Central Limit Theorem (Average)

13

As 𝑛 → ∞
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Average of IID Variables Demo

Demo

http://onlinestatbook.com/stat_sim/sampling_dist/

CLT.html
http://onlinestatbook.com/stat_sim/sampling_dist/
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True happiness

15
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Example CLT problem

You hit 10 traffic lights on your way to work. You don't know the full distribution of the 

wait time, but for each you observe the average wait time is 45 seconds and the 

standard deviation is 5 seconds. You will be on time if your total wait time is less than 

8 mins. What is the probability that you are on time? Assume the wait times are IID.

Answer: Let T be the total wait time. It is the sum of the 10 IID wait times. By the CLT

𝑇~𝒩 𝑛𝜇, 𝑛𝜎2

𝑇~𝒩 450, 250

𝑃 𝑇 ≤ 480 = Φ
480 − 450

15.8
≈ 0.97
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What about other functions?

Sum of iid? Normal

Average of iid? Normal 

Max of iid? Gumbel 

See Fisher Trippett Gnedenko Theorem
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• Have new algorithm to test for running time

▪ Mean (clock) running time:  = t sec.

▪ Variance of running time: 2 = 4 sec2.

▪ Run algorithm repeatedly (I.I.D. trials), measure time

oHow many trials do you need s.t. estimated time = t  

0.5 with 95% certainty?

oXi = running time of i-th run (for 1  i  n),      is the 

mean

Estimating Clock Running Time
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William Sealy Gosset
(aka Student)
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Uncertainty Theory
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Motivating example

You want to know the true mean and 
variance of happiness in Bhutan.

• But you can’t ask everyone.

• You poll 200 random people.

• Your data looks like this:

Happiness = {72, 85, 79, 91, 68, …, 71}

• The mean of all these numbers is 83.

Is this the true mean happiness of 
Bhutanese people?

25
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Population
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Sample
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Collect one (or more) numbers from each person

Sample
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Sample
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A sample, mathematically

Consider 𝑛 random variables 𝑋1, 𝑋2, … , 𝑋𝑛.

The sequence 𝑋1, 𝑋2, … , 𝑋𝑛 is a sample from distribution 𝐹 if:

• 𝑋𝑖 are all independent and identically distributed (i.i.d.)

• 𝑋𝑖 all have same distribution function 𝐹 (the underlying distribution), 
where 𝐸 𝑋𝑖 = 𝜇, Var 𝑋𝑖 = 𝜎2

30

𝜇

𝜎
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A sample of sample size 8:

𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6, 𝑋7, 𝑋8

A realization of a sample of size 8:

𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6, 𝑋7, 𝑋8

A sample, mathematically

31

59 87 94 99 87 78 69 91

2x
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

Today: If we only have a sample,

• How do we report estimated statistics?

• How do we report estimated error of these 
estimates?

• How do we perform hypothesis testing?

A single sample

32

A happy

person



Estimating 
Core Statistics 
(Mean + Var)

33

19b_sample_stats
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𝑆2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

𝑋𝑖 − ത𝑋 2

Equations we used to get those values

34

sample

variance

estimate

sample mean

ത𝑋 =
1

𝑛
෍

𝑖=1

𝑛

𝑋𝑖
sample

mean

estimate

Std( ത𝑋) =
𝑆2

𝑛

Std error of 

the mean

estimate

sample variance

Our best guess at 
the true mean

Our best guess at 
the true variance

How wrong do we 
think our mean 
estimate is?
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If we had a distribution 𝐹 of our entire 
population, we could compute exact statistics 
about about happiness.

But we only have 200 people (a sample).

• From these 200 people, what is our
best estimate of population mean and 
population variance?

• How good are those estimates?

A single sample

35

A happy

person
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Consider n random variables X1, X2, ... Xn

▪ Xi are all independently and identically distributed (I.I.D.)

▪ Have same distribution function F and E[Xi] = 

▪ We call sequence of Xi a sample from distribution F

▪ How would you estimate the population mean??

Estimating the Mean

Sample Mean: This is a fancy way of 
writing "your estimate of the mean"
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Consider n random variables X1, X2, ... Xn

▪ Have same distribution function F and E[Xi] = 

▪ Is our estimate of mean any good??

Is that estimate any good?
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Sample mean by the CLT

38

Even if we can’t report 𝜇, we can report our 

sample mean 83.03, which is an unbiased 

estimate of 𝜇.

ത𝑋 ~ 𝒩(𝜇,
𝜎2

𝑛
)𝑋𝑖~𝐹
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Our Report to Bhutan Government



Sample Mean:

Size of the sample
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Estimating the population variance

If we knew the entire population 𝑥1, 𝑥2, … , 𝑥𝑁 :

𝜎2 = 𝐸 𝑋 − 𝜇 2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2

If we only have a sample, 𝑋1, 𝑋2, … , 𝑋𝑛 :

41

2. What is 𝜎2, the variance of happiness of 

Bhutanese people?

population

variance

population mean

sample

variance

sample mean
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Calculating population statistics exactly 

requires us knowing all 𝑁 datapoints.

0

Happiness 𝜇

Intuition about the sample variance, 𝑆2

42

𝜎2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2population

variance

population mean

𝑥𝑖 − 𝜇

Actual, 𝜎2

150

Population size, 𝑁
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Intuition about the sample variance, 𝑆2

43

sample

variance

sample mean

Estimate, 𝑆2

𝜎2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2population

variance

population mean

Actual, 𝜎2

0

Happiness 𝜇
Population size, 𝑁

150
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Intuition about the sample variance, 𝑆2

44

𝜎2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2population

variance

sample

variance

population mean sample mean

Actual, 𝜎2 Estimate, 𝑆2

0

Happiness 𝜇
Population size, 𝑁

ത𝑋
150
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This formula will always underestimate the 

variance…

Intuition about the sample variance, 𝑆2

45

1500

Happiness 𝜇

𝜎2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2population

variance

sample

variance

population mean sample mean

Population size, 𝑁

ത𝑋

𝑋1 − ത𝑋

Actual, 𝜎2 Estimate, 𝑆2
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Four Prototypical Trajectories

Ahhh! We are always underestimating!

What should we do?
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If we knew the entire population 𝑥1, 𝑥2, … , 𝑥𝑁 :

𝜎2 = 𝐸 𝑋 − 𝜇 2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2

If we only have a sample, 𝑋1, 𝑋2, … , 𝑋𝑛 :

Estimating the population variance

47

2. What is 𝜎2, the variance of happiness of 

Bhutanese people?

population

variance

population mean

sample

variance

sample mean

Bug!
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Estimating the population variance

If we knew the entire population 𝑥1, 𝑥2, … , 𝑥𝑁 :

𝜎2 = 𝐸 𝑋 − 𝜇 2 =
1

𝑁
෍

𝑖=1

𝑁

𝑥𝑖 − 𝜇 2

If we only have a sample, 𝑋1, 𝑋2, … , 𝑋𝑛 :

48

2. What is 𝜎2, the variance of happiness of 

Bhutanese people?

population

variance

population mean

sample

variance

sample mean
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Proof that 𝑆2 is unbiased

49

𝐸 𝑆2 = 𝜎2(just for reference)

𝐸 𝑆2 = 𝐸
1

𝑛 − 1
෍

𝑖=1

𝑛

𝑋𝑖 − ത𝑋 2 ⇒ 𝑛 − 1 𝐸 𝑆2 = 𝐸 ෍

𝑖=1

𝑛

𝑋𝑖 − ത𝑋 2

𝑛 − 1 𝐸 𝑆2 = 𝐸 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇 + 𝜇 − ത𝑋
2

= 𝐸 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇 2 + ෍

𝑖=1

𝑛

𝜇 − ത𝑋 2 + 2 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇 𝜇 − ത𝑋

(introduce 𝜇 − 𝜇)

= 𝐸 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇 2 + 𝑛 𝜇 − ത𝑋 2 − 2𝑛 𝜇 − ത𝑋 2

2 𝜇 − ത𝑋  ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇

2 𝜇 − ത𝑋 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝑛𝜇 

2 𝜇 − ത𝑋 𝑛 ത𝑋 − 𝜇

−2𝑛 𝜇 − ത𝑋 2

= 𝐸 ෍

𝑖=1

𝑛

𝑋𝑖 − 𝜇 2 − 𝑛 𝜇 − ത𝑋 2 = ෍

𝑖=1

𝑛

𝐸 𝑋𝑖 − 𝜇 2 − 𝑛𝐸 ത𝑋 − 𝜇 2

= 𝑛𝜎2 − 𝑛Var ത𝑋 = 𝑛𝜎2 − 𝑛
𝜎2

𝑛
= 𝑛𝜎2 − 𝜎2 = 𝑛 − 1 𝜎2 Therefore 𝐸 𝑆2 = 𝜎2
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Estimating the population variance

If we only have a sample, 𝑋1, 𝑋2, … , 𝑋𝑛 :

The best estimate of 𝜎2 is the sample variance:

𝑆2 is an unbiased estimator of the population variance, 𝜎2. 𝐸 𝑆2 = σ2

50

𝑆2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

𝑋𝑖 − ത𝑋 2

2. What is 𝜎2, the variance of happiness of 

Bhutanese people?
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Our Report to Bhutan Government



Sample Variance:

Makes it “unbiased”
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Quick check  

1.  𝜇, the population mean 

2. 𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝑋5, 𝑋6, 𝑋7, 𝑋8 , a sample

3.  𝜎2, the population variance

4.  ത𝑋, the sample mean

5.  ത𝑋 = 83

6.  (𝑋1 = 59, 𝑋2 = 87, 𝑋3 = 94, 𝑋4 = 99,
   𝑋5 = 87, 𝑋6 = 78, 𝑋7 = 69, 𝑋8 = 91) 

53

A.  Random variable(s)

B.  Value

C.  Event
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Four Prototypical Trajectories

No Error Bars 
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By central limit theorem:

Insight: Sample Mean is an RV with known Var 



Standard error 
of the mean

56

19c_standard_error
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Sample mean

57

ത𝑋 ~ 𝒩(𝜇,
𝜎2

𝑛
)

• Var ത𝑋  is a measure of how “close” ത𝑋 is to 𝜇.

• How do we estimate Var ത𝑋 ?

𝑋𝑖~𝐹
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Since S2 is an 
unbiased estimate

Change variance to 
standard deviation

The numbers for our 
Bhutanese poll

Bhutanese standard 
error of the mean

Standard Error of the Mean

By the Central Limit 
Theorem
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Claim: The average happiness of Bhutan is 83 ± 2

Our Report to Bhutan Government
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𝑆2 =
1

𝑛 − 1
෍

𝑖=1

𝑛

𝑋𝑖 − ത𝑋 2

Equations we used to get those values

60

sample

variance

estimate

sample mean

ത𝑋 =
1

𝑛
෍

𝑖=1

𝑛

𝑋𝑖
sample

mean

estimate

Std( ത𝑋) =
𝑆2

𝑛

Std error of 

the mean

estimate

sample variance

Our best guess at 
the true mean

Our best guess at 
the true variance

How wrong do we 
think our mean 
estimate is?
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Where Should We Cut Off?
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Where Should We Cut Off?

Have 5 weeks left
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Great Practice

64



Bootstraping

65
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One of the Most Important Ideas in Modern Statistics!

Still a professor at Stanford

Won a National Science Medal

Invented bootstrapping in 1979
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Four Prototypical Trajectories

Bootstraping allows you to:

• Know the distribution of statistics

• Calculate p values

• Using computers

• You totally could have invented it
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Four Prototypical Trajectories

If we have extra time…
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Hypothetical – You have the underlying distribution!

Plot twist: I give you the entire underlying distribution

How wrong is an estimate of sample variance, calculated from 200 people?
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What is the std of the sample variance, calculated from 200 people?

Hypothetical – You have the underlying distribution!

Plot twist: I give you the entire underlying distribution

83
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Hypothetical – You have the underlying distribution!

What is the std of the sample variance, calculated from 200 people?

Plot twist: I give you the entire underlying distribution

83
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Four Prototypical Trajectories

Here comes the award winning idea….
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83

Happiness
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You can estimate the PMF of the underlying distribution, 

using your sample.*

* This is just a histogram of your data!!

But Wait – What If You Actually Have a Good Estimate?



Chris Piech, CS109

Four Prototypical Trajectories

To be continued!
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