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Where are we in CS109?
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You are here
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Why Not Jump Straight to Deep Learning?



Four Prototypical Trajectories

Review



Our shorthand notation

Is shorthand for the event

Is shorthand for the event

Full Notation

Shorthand for Equality Events



Four Prototypical Trajectories

End Review



Remember This Problem?

A doctor on call can receive calls independently at all hours of the day.

The average rate of calls per day is 6.

What is the probability the doctor receives more than 8 calls today?
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Remember This Problem?

A doctor on call can receive calls independently at all hours of the day.

The average rate of calls per day is 6.

What is the probability the doctor receives more than 8 calls today?

Solution:

Let X be the number of calls the doctor receives today. X ~ Poi(λ = 6).

We chose the Poisson as 
our “model”

We also had to choose 
the right parameter (λ)



What If You Aren’t Given A Parameter?

A doctor on call can receive calls independently at all hours of the day.

The average rate of calls per day is 6.

What is the probability the doctor receives more than 8 calls today?



Four Prototypical Trajectories

Today, We Learn:



Four Prototypical Trajectories

Today, We Learn:

Where do parameters come from??? 



Four Prototypical Trajectories

At this point: if you have a model 

and all necessary parameters,

you can make predictions



Four Prototypical Trajectories

But what if you need to learn the 

parameters for the model?



Parameter Estimation Is The Foundation

X ~ Poi(λ = ???)

The strategy for solving this… …also works for more complex models

parameters



Deep Learning: Neurons With Parameters

+

Neural Networks get their 
intelligence from their parameters.



Parameter Estimation Is The Foundation

X ~ Poi(λ = ???)

The strategy for solving this… …is the same as “model training” for this



A doctor on call can receive calls independently at all hours of the day.

The average rate of calls per day is 6.

Each day last week, the doctor counted how many calls she received in a day.

Here is a list of the number of calls each day: [10, 4, 7, 6, 8, 4, 5].

What is the probability the doctor receives more than 8 calls today?

How Do We Estimate A Parameter From Data?



A doctor on call can receive calls independently at all hours of the day.

The average rate of calls per day is 6.

Each day last week, the doctor counted how many calls she received in a day.

Here is a list of the number of calls each day: [10, 4, 7, 6, 8, 4, 5].

What is the probability the doctor receives more than 8 calls today?

Let X be the number of calls the doctor receives today. X ~ Poi(λ = ???).

(We’ll assume the data comes from an actual Poisson process with some true λ)

How Do We Estimate A Parameter From Data?



To The Course Reader!



We want to choose the parameter value 

that maximizes the probability of the data.

How To Choose The “Best” Parameters: MLE



We want to choose the parameter value 

that maximizes the probability of the data.

How To Choose The “Best” Parameters: MLE

Maximum Likelihood Estimation!



We want to choose the parameter value 

that maximizes the probability of the data.

How To Choose The “Best” Parameters: MLE

Maximum Likelihood Estimation!

How do we quantify “probability of the data”?



The Likelihood Function

27

θ is shorthand for parameter(s)
(here, θ = λ)

Definition: The probability of our observed data.



The Likelihood Function

28

(in our example, this would just be the Poisson PMF)

Definition: The probability of our observed data.

If we had a single observation, X = x:



The Likelihood Function

29

Definition: The joint probability of our observed data.

For a list of observations, [x1, x2, …, xn]:



The Likelihood Function

30

If we assume independence
detween datapoints,

the joint becomes a product

Definition: The joint probability of our observed data.

For a list of observations, [x1, x2, …, xn]:

(still the Poisson 
PMF)



The Likelihood Function

31

Definition: The joint probability of our observed data, as a function of the model’s parameters.

For a list of observations, [x1, x2, …, xn]:

Generally, this could be a PMF, or 
PDF, or some joint distribution



We want to choose the parameter value 

that maximizes the probability of the data:

How To Choose The “Best” Parameters: MLE



We want to choose the parameter value 

that maximizes the probability of the data:

How To Choose The “Best” Parameters: MLE

To put words into math:

Our best estimate



Quick math review!



Argmax

= “the value of x that maximizes f(x)”



Argmax

= “the value of x that maximizes f(x)”

?



Argmax

= “the value of x that maximizes f(x)”

4

?



Argmax

Because at x = 0, f(x) is 
maximized!

= “the value of x that maximizes f(x)”

4

0



But how do we compute argmax?



Option #1: Take the derivative

(Option #2 is next Monday’s lecture)



Argmax

= “the value of x that maximizes f(x)”

https://www.mathsisfun.com/calculus/derivative-plotter.html

4

0

How to compute argmax? Take the derivative!

The derivative always equals 0 at the argmax.



Argmax

= “the value of x that maximizes f(x)”

https://www.mathsisfun.com/calculus/derivative-plotter.html
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0

How to compute argmax? Take the derivative!

The derivative always equals 0 at the argmax.



Argmax

= “the value of x that maximizes f(x)”

https://www.mathsisfun.com/calculus/derivative-plotter.html

4

0

How to compute argmax? Take the derivative!

The derivative always equals 0 at the argmax.

-2x = 0 when x = 0



Argmax

How to compute argmax? Take the derivative!

The derivative always equals 0 at the argmax.

(technically, we should check the 2nd derivative to make sure ො𝑥 is a maximum)

= “the value of x that maximizes f(x)”

https://www.mathsisfun.com/calculus/derivative-plotter.html

4

0

-2x = 0 when x = 0



Fun Facts About logs

We can break down log of a 
product into the sum of logs.



Fun Facts About logs

We can break down log of a 
product into the sum of logs.

a ≤ b  log(a) ≤ log(b) for all a, b > 0



Fun Facts About logs

We can take the log of what we want 
the argmax of,

and find the argmax of that instead

We can break down log of a 
product into the sum of logs.

a ≤ b  log(a) ≤ log(b) for all a, b > 0



We Always Use Natural Log



49

Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  

Maximum Likelihood with Poisson

Goal: Estimate λ by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. parameter.

3. Set equal to 0 and solve.

Step 0: Write out the likelihood of the data: L(λ)

Then, find the value of λ which maximizes L(λ)



50

Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  

Maximum Likelihood with Poisson

Goal: Estimate λ by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. parameter.

3. Set equal to 0 and solve.
Then, find the value of λ which maximizes L(λ)



51

Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  

Maximum Likelihood with Poisson

Goal: Estimate λ by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. λ.

3. Set equal to 0 and solve for λ.
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Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  
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Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  

Maximum Likelihood with Poisson

Goal: Estimate λ by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. λ.

3. Set equal to 0 and solve for λ.



54

Data: We have IID observations [X1= x1, X2 = x2, ..., Xn = xn].      Model:  

Maximum Likelihood with Poisson

Goal: Estimate λ by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. λ.

3. Set equal to 0 and solve for λ.



MLE problems all follow this same formula



56

MLE of the Wind

On pset 7!



MLE Is Guaranteed on the Final Exam

57

You’ll get to practice in section too



4. Find the argmax.

1. Decide on a model for the distribution of your data. 
Identify the PMF / PDF.

2. Write out the likelihood function.

3. State that the optimal parameters are 
the argmax of the likelihood function.

MLE Plotline

4a. Take log

4b. Take derivative w.r.t. the parameter

4c. Set derivative equal to 0 and solve



Let’s Practice on the Pareto

59

We know sand is distributed as a pareto with PDF:

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/mle_pareto/



MLE for Bernoulli

60



MLE for Bernoulli

61

A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6.
What is your best estimate of the probability the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

Goal: Estimate p by MLE

Step 0: Write out the likelihood of the data: L(λ)



MLE for Bernoulli

62

A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6.
What is your best estimate of the probability the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

Goal: Estimate p by MLE

PMF:



MLE for Bernoulli
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A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6.
What is your best estimate of the probability the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

Goal: Estimate p by MLE

PMF: ???



MLE for Bernoulli

64

A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6.
What is your best estimate of the probability the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

Goal: Estimate p by MLE

PMF: ???



PMF of Bernoulli

We Need A New Bernoulli PMF…



PMF of Bernoulli

We Need A New Bernoulli PMF…



PMF of Bernoulli

We Need A New Bernoulli PMF…

PMF of Binomial, with n = 1 ?!



PMF of Bernoulli

We Need A New Bernoulli PMF…

PMF of Binomial, with n = 1 ?!

When we need to take the derivative, we use this “smooth” / “continuous” PMF for Bernoulli!



MLE for Bernoulli
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We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF: ???



MLE for Bernoulli
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We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:

“Smooth” Bernoulli PMF



MLE for Bernoulli
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We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:

To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. p.

3. Set equal to 0 and solve for p.



To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. p.

3. Set equal to 0 and solve for p.

MLE for Bernoulli
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We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:



Take Derivative:

Take the derivative w.r.t. p

Derivative of log(p) = 1/p

Derivative of a sum

Derivative of log(p) = -1/(1-p)



To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. p.

3. Set equal to 0 and solve for p.

MLE for Bernoulli
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We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:



To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. p.

3. Set equal to 0 and solve for p.

MLE for Bernoulli

75

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:



Solving for p: Full Walkthrough

Let 

And 

To make life easier



To compute                      :

1. Take log of likelihood.

2. Take derivative w.r.t. p.

3. Set equal to 0 and solve for p.

MLE for Bernoulli

77

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.

Goal: Estimate p by MLE

PMF:



Don’t we already have the Beta?

Yes! But this example is critical for developing 

towards deep learning.



MLE for Bernoulli vs. The Beta
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A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 
best estimate of the probability that the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

MLE estimate:



MLE for Bernoulli vs. The Beta
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A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 
best estimate of the probability that the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

MLE estimate: Posterior
mode

With a Beta(a = 14 + 1, b = 6 + 1):
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MLE for Bernoulli vs. The Beta
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A new drug is given to 20 patients. It “works” for 14 and “doesn’t work” for 6. What is your 
best estimate of the probability that the drug will work for the next patient? 

In other words:

We have 20 I.I.D. observations of Xi ~ Bern(p). We want to estimate p.
The data: [1,1,0,1,1,1,0,0,1,0,1,1,1,0,1,0,1,1,1,1]

MLE estimate: Posterior

With a Beta(a = 14 + 1, b = 6 + 1):

When do we want
a point estimate

vs. an entire distribution?
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mode



MLE for Gaussian
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[6.3 , 5.5 , 5.4, 7.1, 4.6, 6.7, 5.3 , 4.8, 5.6, 3.4, 5.4, 3.4, 4.8, 7.9, 4.6, 7.0, 2.9, 6.4, 
6.0 , 4.3]

Data:

What are the parameters?



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Step 0: Write out the likelihood: L(μ, σ2)

Then, find the values of μ and σ2 which maximize L(μ, σ2)



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

Then, find the values of μ and σ2 which maximize L(μ, σ2)



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.



Maximum Likelihood with Normal
Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.

First, estimate μ:



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.

First, estimate μ:



Maximum Likelihood with Normal
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Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.

Then, estimate σ2:



Maximum Likelihood with Normal

90

Consider a datset of 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.                            . Find    ,    2.

Write 𝐿 𝜃

To compute                          :

1. Take log of likelihood.

2. Take derivative w.r.t. each param.

3. Set equal to 0 and solve for each param.

Then, estimate σ2:



MLE gives a biased estimate for variance…



Consider a 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.  Xi ~ Uni(0, 1).

We observe [0.15, 0.31, 0.54, 0.62, 0.75].

What parameter values for Uni(α, β) will MLE choose?

MLE For Uniform
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MLE For Uniform
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Consider a 𝑛 i.i.d. random variables 𝑋1, 𝑋2, … , 𝑋𝑛.  Xi ~ Uni(0, 1).

We observe [0.15, 0.31, 0.54, 0.62, 0.75].

What parameter values for Uni(α, β) will MLE choose?

MLE overfits to the data!

MLE For Uniform

94
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True underlying 
Uni distribution

With MLE params:
Uni(0.15, 0.75)

We also have no way to incorporate a prior belief…



Pros and Cons of MLE

95

Pros:

1. We can understand reasoning behind some 

parameter estimates (often the mean)

2. Once we know MLE estimate formula, we 

can apply it over and over again

3. Asymptotically optimal: in the limit (with 

infinite data), we converge to the true value

4. You don’t need to think about what a good 

prior belief is for each parameter



Pros and Cons of MLE

96

Cons:

1. Biased estimates: no guarantee that we 

don’t tend to over- or under- estimate

2. Overfitting: doesn’t attempt to 

generalize to unseen data

3. ^ This is problematic for small n!

4. No option for a prior belief for params

Pros:

1. We can understand reasoning behind some 

parameter estimates (often the mean)

2. Once we know MLE estimate formula, we 

can apply it over and over again

3. Asymptotically optimal: in the limit (with 

infinite data), we converge to the true value

4. You don’t need to think about what a good 

prior belief is for each parameter



Machine Learning: 

Learn parameters (mostly with MLE) for 

probabilistic models.



4. Find the argmax.

1. Decide on a model for the distribution of your data. 
Identify the PMF / PDF.

2. Write out the likelihood function.

3. State that the optimal parameters are 
the argmax of the likelihood function.

MLE Plotline

4a. Take log

4b. Take derivative w.r.t. the parameter

4c. Set derivative equal to 0 and solve



4. Find the argmax.

1. Decide on a model for the distribution of your data. 
Identify the PMF / PDF.

2. Write out the likelihood function.

3. State that the optimal parameters are 
the argmax of the likelihood function.

MLE Plotline

Next lecture:

can we make computers do this for us?



Next Week: Full Machine Learning Workflow

Real World Problem

Formal Model 𝜃

Prediction 

Function 𝜃* 

Model the problem

Learning Algorithm

Testing

Data

Training 

Data

Evaluation

score

What we did today 
is here



Our Path

Parameter Estimation

Core ML Algorithms
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