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Review



Background: Sigmoid Function

X:-13.6444444  y:1.186567x10°
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Caution:
different use
of sigma than

normal std
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The sigmoid function squashes z to be a number between O and 1
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Background: Key Notation

O.(Z) — 1 Sigmoid function
1+e*
n
T Weighted sum
9 X = E 1925132 (aka dot product)
1=1

= tO1x1 + 0220 + -+ - 4+ Oy

1

T Sigmoid function of
o (9 X) — T weighted sum
14 e 0%
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Background: Chain Rule

Who knew calculus would be so useful?

Of(x) 0Of(z) 0z

Ox 0z  Ox

Aka decomposition of composed functions
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Machine Learning
(aka Applied Probability)



Machine Learning in CS109

Great Idea Neural Networks
4
[

(" - V
. X\C
Core \’0%\6‘5‘5‘\0(\
Algorithms ?\e%(e
z — N
h MLE Parameter Estimation
eory




MLE Idea: Chose params that make the data look likely

‘ Data=[6.3,5.5,5.4,7.1,4.6,6.7,53,48,5.6,3.4,54,3.4,48,7.9,4.6,7.0,2.9, 6.4, 6.0 , 4.3] ’

Estimate the Parameters

Parameter p: 5.6 Parameter o:| 1.4 2

Likelihood

Likelihood: 1.9542923784106326e-15
Log Likelihood: -301.9
Best Seen: -301.9
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Likelihood Definition

Wikipedia:
4 )
Likelihood function

Article Talk

From Wikipedia, the free encyclopedia

The likelihood function (often simply called the likelihood) is the joint probability (or probability density) of
observed data viewed as a function of the parameters of a statistical model.['] [2] [3]

NS /

A generalized term for “PDF / PMF / Joint”
of data as a function of parameters

Stanford University 11




That maximize likelihood

Maximum Likelihood y

éMLE — argimax f(x(l), c e ,x(”)|9)
0
< Chose the params

L(0)

independence.

n
H f(ﬂ?% ‘9) Define likelihood, use
1=1

LL(0#) = Z log f(x;|@) Define the loglikelihood

1=1

HMLE — argmax LL(H) Use LL to chose params
6



MLE for a Pareto

observations = [1.677, 3.812, 1.463, 2.641, 1.256, 1.678, 1.157, def estimate_alphaCobservations):

1.146, 1.323, 1.029, 1.238, 1.018, 1.171, 1.123, 1.074, 1.652, orint('your code here')
1.873, 1.314, 1.309, 3.325, 1.045, 2.271, 1.305, 1.277, 1.114,
1.391, 3.728, 1.405, 1.054, 2.789, 1.019, 1.218, 1.033, 1.362,
1.058, 2.037, 1.171, 1.457, 1.518, 1.117, 1.153, 2.257, 1.022,
1.839, 1.706, 1.139, 1.501, 1.238, 2.53 , 1.414, 1.064, 1.097,
1.261, 1.784, 1.196, 1.169, 2.101, 1.132, 1.193, 1.239, 1.518,
2.764, 1.053, 1.267, 1.015, 1.789, 1.099, 1.25 , 1.253, 1.418,
1.494, 1.015, 1.459, 2.175, 2.044, 1.551, 4.095, 1.396, 1.262,
1.351, 1.121, 1.196, 1.391, 1.305, 1.141, 1.157, 1.155, 1.103,
1.048, 1.918, 1.889, 1.068, 1.811, 1.198, 1.361, 1.261, 4.093,
2.925, 1.133, 1.573]

We know sand 1s distributed as a pareto with PDF

/A
Omle —
Zi log x;

Stanford University 13




MLE for a Pareto

Consider LI.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

n

1. What is the likelihood of all the data

2. What is the log-likelihood all the data

3. Find the value of a which maximizes log likelihood



MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= [ikelihood:

L(a) = H

n

o
a+1
Ly

2. What is the log-likelihood all the data

3. Find the value of a which maximizes log likelihood



MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= [ikelihood:

- 8%
L(&) — H a—+1
i—1 Li

n

= Log-likelihood:

LL(a) = Zloga — (a+1)logx; =nloga — (a+1) Zlogwi
i=1 i=1

3. Find the value of a which maximizes log likelihood




MLE for a Pareto

Consider L.I.D. random variables X, X, ..., X
= X, ~ Pareto(a)). Use Maximum Likelihood to estimate o.

= Likelihood:
112
=1 X i

= Log-likelihood:

n

LL(a) = Zloga — (a+1)logx; =nloga — (a+1) Zlogwi
i=1 i=1

= Chose a to be the argmax of LL:

(‘)LL Argmax Option #1: set the
- — = Z log z; derivative to 0, and solve

for alpha
Stanford University




End Review



Two Issues with MLE to resolve

4 A

We need a more general
argmax

Its not always possible to set a derivative

4 A

How can we incorporate prior
beliefs about our parameters?

Inference vs MLE

to 0 and solve

\_ /

Stanford University 19




MLE for Erlang

[3.002, 0.983, 2.186, 1.624, 3.997, 1.777,
2.809, 0.42, 0.515, 1.582, 0.948, 0.458, 1.
066, 0.8, 2.398, 0.794, 2.561, 2.61, 0.
595, 3.897, 1.852, 1.182, 3.043, 0.905, 1.
45, 0.405, 0.445, 2.103, 1.425, 3.12, 0.

973, 1.056, 3.715, 2.952, 1.817, 2.686, 4.
173, 0.358, 2.185, 2.581, 7.134, 0.206, 2.
049, 0.896, 2.095, 4.39, 2.199, 3.434, 5.
696, 0.819, 0.416, 1.571, 1.337, 2.79, 2.
701, 3.061, 4.677, 0.671, 1.594, 3.586, 2.
708, 1.417, 1.799, 1.137, 1.771, 2.12, O.

93, 6.835, 3.213, 2.541, 2.505, 1.257, 1.
99, 1.5, 0.014, 3.856, 0.979, 2.413, 2.
596, 1.653, 0.881, 4.457, 0.717, 3.305, 2.
456, 3.462, 1.737, 0.968, 0.528, 0.18, 1.
626, 2.224, 1.466, 1.6, 1.572, 0.12, 2.86,
1.062, 2.139, 1.217]

)\kmk—le—)\x

Count

40 -

30 A

20 A

104

1000 2000

Time to finish Medical

3000

)\kxk—le—)\a:

(k)

4000

5000

Diagnosis in Seconds

6000

7000
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Gradient Ascent

p(samples|d)

“ Especially good if
-.t"M O:O:Q::‘&\\ee\\\\‘\%,’,’:;:b;‘f’« function is convex
2 5 AN -

() =
’$$$“‘

NG

......

7 [' “““\
//’fof'"""“sr\

Walk uphill and you will find a local maxima
(if your step size is small enough)

Stanford University



Gradient Ascent

Repeat many times

OLL(O ')
39j01d

’L — Step size constant

This is some profound life philosophy

new __ p old

Walk uphill and you will find a local maxima

if your step size is small enough
(ify P gh) Stanford University




Gradient Ascent

7~

LInitialize: 0, = random for all 0 < j < m

\

4 )
Repeat many times:

4 N

Calculate all gradient[j]’s based on data

- J

[ 6; += m * gradient[j] for all 0 < j < m J

- _#ord University




MLE of Erlang

[3.002, 0.983, 2.186, 1.624, 3.997, 1.777,
2.809, 0.42, 0.515, 1.582, 0.948, 0.458, 1.
066, 0.8, 2.398, 0.794, 2.561, 2.61, 0.
595, 3.897, 1.852, 1.182, 3.043, 0.905, 1.
45, 0.405, 0.445, 2.103, 1.425, 3.12, 0.

973, 1.056, 3.715, 2.952, 1.817, 2.686, 4.
173, 0.358, 2.185, 2.581, 7.134, 0.206, 2.
049, 0.896, 2.095, 4.39, 2.199, 3.434, 5.
696, 0.819, 0.416, 1.571, 1.337, 2.79, 2.
701, 3.061, 4.677, 0.671, 1.594, 3.586, 2.
708, 1.417, 1.799, 1.137, 1.771, 2.12, O.

93, 6.835, 3.213, 2.541, 2.505, 1.257, 1.
99, 1.5, 0.014, 3.856, 0.979, 2.413, 2.
596, 1.653, 0.881, 4.457, 0.717, 3.305, 2.
456, 3.462, 1.737, 0.968, 0.528, 0.18, 1.
626, 2.224, 1.466, 1.6, 1.572, 0.12, 2.86,
1.062, 2.139, 1.217]

)\kmk—le—)\x

Count

40 -

30 A

20 A

104

1000 2000

Time to finish Medical

3000

)\kxk—le—)\a:

(k)

4000

5000

Diagnosis in Seconds

6000

7000
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To the code!



Gradient Ascent for MLE of Erlang

def fit_erlang(observations, n_iterations=10, initial_step_size=0.0001):
step_size = initial_step_size
k = 1.0 # Initial guess for shape parameter
lambda_ = 2.0 # Initial guess for rate parameter
n = len(observations)

for i in range(n_iterations): Derived these pa rtial
# To debug: Calculate log-likelihood derivatives Of |Og

# 11 = calc_log_likelihood_erlang(observations, k, lambda_)
# print(f"Log-Likelihood at iteration {k, lambda_}: {11}") ||ke||h00d

# Calculate gradients

radient_lambd

gradient_Llambda = 0

for x_i in observations:
gradient_lambda += k / lambda_ - x_i

gradient_k = n * math.log(lambda_) + sum(math.log(x) for x in observations) — n x digamma(k)

e

k / lambda_) - sum(observations)

I
# Update parameters

lambda_ += step_size x gradient_lambda
k += step_size % gradient_k

return k, lambda_

Stanford University



Two Issues with MLE to resolve

4 A

We need a more general
argmax

Its not always possible to set a derivative

4 A

How can we incorporate prior
beliefs about our parameters?

Inference vs MLE

to 0 and solve

\_ /

Stanford University 2s




Maximum A Posteriori (MAP)

@ Infer the posterior belief in params \/-\
4.0
3.5

3.0
Return the argmax
(aka the mode)

B
W

[a—
wn

Probability Density
o
)

o =
wn O

Values that X can take on



MLE vs MAP

Data: z,...,z™
Maximum Likelihood Estimation

Orirr = argmax f(z™M, ... 2(™9)
0

= arggnax (Z log f (2 |9)>

Maximum A Posteriori

This is your

prior on éMAP = arggnax f(‘9|~’5(1)7 Lo ,m(n))
params
— (2) — (9
~__ arglénax (log f(0) + ; log f(X T |9))

\_7\ Stanford University




In case you are curious:



MLE for a Pareto

observations = [1.677, 3.812, 1.463, 2.641, 1.256, 1.678, 1.157, def estimate_alphaCobservations):

1.146, 1.323, 1.029, 1.238, 1.018, 1.171, 1.123, 1.074, 1.652, orint('your code here"
1.873, 1.314, 1.309, 3.325, 1.045, 2.271, 1.305, 1.277, 1.114,
1.391, 3.728, 1.405, 1.054, 2.789, 1.019, 1.218, 1.033, 1.362,
1.058, 2.037, 1.171, 1.457, 1.518, 1.117, 1.153, 2.257, 1.022,
1.839, 1.706, 1.139, 1.501, 1.238, 2.53 , 1.414, 1.064, 1.097,
1.261, 1.784, 1.196, 1.169, 2.101, 1.132, 1.193, 1.239, 1.518,
2.764, 1.053, 1.267, 1.015, 1.789, 1.099, 1.25 , 1.253, 1.418,
1.494, 1.015, 1.459, 2.175, 2.044, 1.551, 4.095, 1.396, 1.262,
1.351, 1.121, 1.196, 1.391, 1.305, 1.141, 1.157, 1.155, 1.103,
1.048, 1.918, 1.889, 1.068, 1.811, 1.198, 1.361, 1.261, 4.093,
2.925, 1.133, 1.573]

We know sand 1s distributed as a pareto with PDF

g

__ =

prior: o« ~ N(u = 2.5,0° = 3)

P Stanford University 32




MAP for Pareto Prior. o~ N (= 2.5,0% =

= X, ~ Pareto(a). Use MAP to estimate a.
= MAP function:

= log g(a) + nloga — (a + I)ZIngi

i=1
Where g is the — log 1 6—(a6_2>2 +nloga — (o +1) Z log 2,
prior likelihood V327 —
—(a—2)°

+nloga — (a + 1)Zlogxi
i=1

— K +

6

* Choose a which 1s the argmax of this function
OMAP («)
oo

n -
= —2 4 ——§ 1 ;
Q + +a og T

1=1 Stanford University




You need to know MLE and Inference.
MAP Is something you should recognize!



Two Issues with MLE to resolve

4 A

We need a more general
argmax

Its not always possible to set a derivative

4 A

How can we incorporate prior
beliefs about our parameters?

Inference vs MLE

to 0 and solve

\_ /

Stanford University 35




It Is time....



Today a very special MLE problem



Classification



Example Datasets

Healrt Ancestry

Netflix

NETELIX

Stanford University




Training Data

Training Data: assignments all random variables Xand Y

Assume IID data: n trainjp,
Pointg

(xM, W), (x,y3), L (x)y)

m = |X(i)‘

Each datapoint has m features and a single output

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m Output
MEL.,G1BSON ¥ ‘\\\
' PATRIOT PULPFICTION. ML
- - ; P O T BENJAMIN BRAT &
| &= = \\p—.¥ o G, < Vi

canurt |

IMDEPERDENCEDAY

User 1 1 0 1 1
User 2 1 1 0 0
User n 0 0 1 1

(x(i),y(i)) such that 1 <7 <n

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m Output
Bl SANDRA BULLOGK
MICHAEL CAINE

M E L
THE
PALRIOTY
Ty Y ¢ BENJAMINBRATT AP
‘ \ CNDGEBERGEN )

TN,

Bulls-Eye"

IMDEPERDENCEDAY

User 1 1 0 1 1
User 2 1 1 0 0
User n 0 0 1 1

(x(i),y(i)) such that 1 <7 <n

Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m Output
Bl SANDRA BULLOGK
MICHAEL CAINE

M E L
THE
PALRIOTY
Ty Y ¢ BENJAMINBRATT AP
‘ \ CNDGEBERGEN )

TN,

Bulls-Eye"

User 1 1 0 1 1
User 2 1 1 0 0
User n 0 0 1 1

, y(z)) such that 1 << n Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m Output
Bl SANDRA BULLOGK
MICHAEL CAINE

M E L
THE
PALRIOTY
Ty Y ¢ BENJAMINBRATT AP
‘ \ CNDGEBERGEN )

e,

Bulls-Eye"

IMDEPERDENCEDAY

User 1 1 0 1 1
User 2 1 1 0 0
User n 1 1

0 0
(X(z) ) such that 1 S 2 S n Stanford University




Single Feature Value

Movie 1 Movie 2 Movie m Output

G 1 BS ON

FPATRIOTY

SANDRA BULLOCK
MICHAEL CAINE
BENJAMIN BRATT AP

G, & )

Bulls-Eye"

IMDEPERDENCEDAY

User 1 1 0 1 1
User 2 1 1 0 0
User n 0 0 1 1

In general: Xy) In this case: X,,(,,%) Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1 0 1 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1 0 1
Heart 2 [ 1 1
Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1 0 1 1 0
<2

Heart 2 [ 1 1 1 } 0

Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1

Heart 2

Heart n 0 0 0 1

Stanford University




Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

Heart 1 0 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University




Ancestry Classifier

SNP 1 SNP 2 SNP m Output

555555555555555555555555555

User 1 1 0 1 0
User 2 0 0 1 1
User n 1 1 0 1

Stanford University




Regression: Predicting Real Numbers

Opposing team Points in last At Home? Output
ELO game

EN s

2
ARRIO%
# Points
Game 1 84 105 1 120
Game 2 90 102 0 95
Game n 74 120 0 115

Stanford University



Training Data

Training Data: assignments all random variables Xand Y

N train:
Assume |ID data: tra'n’ng datap,,;
Oints

(xM, W), (x,y3), L (xy)

m =[x\

Each datapoint has m features and a single output

Stanford University



Classification



Healthy Heart Classifier

ROI 1 ROI 2 ROI m Output

n

Heart 1 0 1 1 0
Heart 2 1 1 1 0
Heart n 0 0 0 1

Stanford University



Classification is Building a Harry Potter Hat

N
|
-

Stanford University




Machine Learning for Classification

A

(inputs)

™y

N\

Y

(prediction)

(model)

Stanford University




Machine Learning for Classification

A

(inputs)

™y

N\

Y

(prediction)

(model)

Stanford University




Logistic Regression



Chapter 1: Big Picture



From Nalve Bayes to Logistic Regression

In classification we care about P(Y = 1|X = x)

Lets build a machine

that can you can put
X into, which then

spits out

P(Y =1|X = x)

Stanford University




Logistic Regression Assumption

Could we compute P(Y = 1|X = x)via a machine?
Welcome our friend: logistic regression!

P(Y = 1|x)

—~

{

@l

Sy

Stanford University



Logistic Regression Assumption

Could we compute P(Y = 1|X = x)via a machine?
Welcome our friend: logistic regression!

= 1|x)

0.81

pa

1'

9

PY=1X=x)= U(Zeixi)

Stanford University




Logistic Regression Assumption

Stanford University




Logistic Regression

oo
85 |

Stanford University




Logistic Regression
N

[
o
&l
o —— '

|

Stanford University



Logistic Regression Cartoon

Stanford University




Inputs x =10, 1, 1]

ob

Q@

= 1|x)

PY = 1X =x) =o( Y bia:)

Stanford University




Inputs

= 1|x)

Stanford University




Inputs + Output

PULP ﬂcﬂuﬁ;

= :<\ 

Stanford University




Inputs

ob

Q@

= 1|x)

PY = 1X =x) =o( Y bia:)

Stanford University
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Weighed Sum

Stanford University




Squashing Function

Stanford University




Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Parameters Affect Prediction

Stanford University




Different Predictions for Different Inputs

Stanford University




Different Predictions for Different Inputs

Stanford University




Different Predictions for Different Inputs

Stanford University




Handling the Intercept

Model conditional likelihood P(Y =1|X = x)
with logistic function:

P(Y = 1|X) = O'(Z) where z = 00 -+ Z@ZZBZ
1=1

* For simplicity define ;=1 so z=0"x

‘SinceP(Y:O|X:X)+P(Y:1|X:X):1: Recall:
Sigmoid function
PY =1|X =x) = 0(6'x)
o) = —

PY=0X=x)=1-0(8"x) lte

Stanford University




Big Assumption

Logistic Regression Assumption:

P(Y =1|X =x) = o(6'x)




The Sigmoid Function

[ (2) = 1+1e - //

/

/

V.

/ Want to distinguish 'y = 1 (blue)

/ points from y = 0 (red) points

e

.0 mm{ﬁmmm 7

S5 4 3 -2 A1 0 1 2 3 4 5

Note: inflection point at z = 0. f(0) =0.5

Stanford University



What is In a Name

Regression Algorithms Classification Algorithms

d

Linear Regression

Decision Tree Classifier ‘

Logistic Regression %

Awesome classifier, terrible
name

If Chris could rename it he would call it: Sigmoidal Classification
Stanford University




What makes for a “smart”
logistic regression algorithm?



Logistic regression gets its
intelligence from its
thetas (aka its parameters)




How Do We Learn Parameters?

Let’s say that:

x = [1,0,1,1]
y=1
-
D look likel
P(Y:1‘X:X):O—(Zezxz)zo4 ata looks unlikely
7 Stanford University




How Do We Learn Parameters?

Let’s say that:
x =[1,0,1,1]

y=1

Data looks unlikely

Stanford University




How Do We Learn Parameters?

Let’s say that:
x =[1,0,1,1]

y=1

Data is much more

PY =1 X=x) = O'(Z Hiacz-) = 0.9 likely!

Stanford University




Maximum Likelihood Estimation

Chose your parameter estimates

Parameter p: 5 Parameter o: | 1.1] %

Likelihood of the data given your params

Likelihood: 5.204152095194613e-16
Log Likelihood: -314.1
Best Seen: -311.2

Your Gaussian
- X ~N(p=5,0=1.1)

0.45
0.40
0.35 L~

0.30 / \
0.25
0.20 \

0.15 \
0.10 / N
0.05 N

0 / \._;
Q D Q Q N N Q QN O Q L D Q Q N NV Q D O
S S Q S S Q S Q Q N NN N S Q
SES NGNS qf’n; SN EIN PR IS S aS AT S cbch of’

Probability

Values that X can take on

Stanford University




Pedagogy: show you the big picture,
then we can derive It



Math for Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log likelihood for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=0

@ Get derivative of log likelihood with respect to thetas

PO S [0 — o (07x)] 2!
o, &
1= 1 Stanford University




Gradient Ascent

Logistic regression LL
function is convex

/ 'lr'aw\\\\i— 7 ’
7 “ AN
AS S
..;',’-",’0'0'0 0‘@‘\‘\\\\\\\‘.3::/’;/’,,"4,‘0;: ‘.
S 0’0’ ‘ ‘ “ SO ‘\\'l.//,,’lo OO
B NN
W7 2

6?.‘

K\
By NSO AO
\\.«.\ e\

v\
W\

......

Walk uphill and you will find a local maxima

if your step size is small enough
(ity P gh) Stanford University




Gradient Ascent Step

OLL(0) _ i [y(z') . U(HTX(Z'))} ﬂ?ﬁ-i)

00 —
OLL(6 °9) .
new __ p old Do this
Hj - ej T O old for all
J thetas!
R [y@) _ O-(QTX(’L'))} 29
1=0

Stanford University



What does this look like In code?

OLL(6 ©4)

new __ pn old
0,7 =07+ 89jold

- ejOId +7- Z [y(i) _ U(ng(i))} xg_’i)
i=0




Real Codel!!

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

1
gradient[j]—%zzwj(y-—:1%_6_9TX)

.

{6% += n * gradient[j] for all 0 < j < m:J
- J




Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-
Calculate all Oj




Logistic Regression Training

[Initialize: 0. = 0 for all 0 £ j < m

J

-

-

"

N
Repeat many times:
gradient[j] = 0 for all O S 5 < m
Calculate all gradient[j]’s based on data
{6% += n * gradient[j] for all 0 < j <
J




Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

Update gradient[j] for current training
example (X, y)

.

{6% += n * gradient[j] for all 0 < j < m:J
- J




Logistic Regression Training

[Initialize: 6, =0 for all 0 < j < m

-

4 )
Repeat many times:

-

gradient[j] = 0 for all O S 5 < m

For each training example (x, y):

For each parameter j:

1
gradient[j]—%zzwj(y-—:1%_6_9TX)

.

{6% += n * gradient[j] for all 0 < j < m:J
- J




Training

L3 03 Dataset likelihood:

Likelihood

Training iterations

Stanford University




Training

L3 03 Dataset likelihood:
c i)
o
S
E
= @)
X
T @)

Training iterations
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Training

L3 03 Dataset likelihood:
c i)
S O
=
= @)
X
]

Training iterations
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Training

L3 03 Dataset likelihood:
() . o @)
S O
—
= @)
=X
1

Training iterations

Stanford University




Training

43 03 Dataset likelihood:
(: g o ©

S O

=

= e

X

o | o )
Training iterations
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Training

”"3‘: 03 | Dataset likelihood:

= ® @ O

S O

=

= O

i

AR )
Training iterations

Stanford University




Don’t forget:

Xj is J-th input variable
and X, = 1.

Allows for @, to be an
Intercept.



Prediction

x 0 1 1

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

x 0 1 1

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

— X: 0] 1 1

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

x 0 1 1

P(Y =1|X =x) = 0(6'x)

Stanford University




Prediction

x 0 1 1

P(Y =1|X =x) = 0(6'x)

Stanford University




Live Demo!!

petal sepal petal sepal

Stanford University




Chapter 2: How Come?



Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log probability for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=0

@ Get derivative of log probability with respect to thetas

PO S [0 — o (07x)] 2!
o, &
1= 1 Stanford University




How did we get that LL function?



Recall: PMF of Bernoulli

Y ~ Bern(p)

Probability mass function: P(Y = y)

PMF of Bernoulli

1-p \

PMF of Bernoulli (p = 0.2)

\~
0.8

0.6+
0.4+

0.2+

P(Y =y) =0.2Y(0.8)' ¥

Stanford University



r

Recall: -
Y ~ Bern(p) P(Y =1|X =x) =0(0" x)

P(Y =y)=pY(1 —p)'™¥ PY =0|X =x)=1-0(6"x)

Ask Chris:
3ot Why not
\ - . . _ O x — g
1 L) =[] Py = 4@ x = x) P(Y =y, X =)
1=1
- : i : (1—9(”)
= H O'(QTX(Z))y( o1 J(HTX(”)}
1=1
‘\(\e\o%

LL(O) =) yPlogo(0"x) + (1 —yP)log[l — o(8"x")]

1= 1 Stanford University




How did we get that gradient?



Sigmoid has a Beautiful Slope

True fact about sigmoid
functions

9,
5,0(2) = 0(2)[1 —o(2)

Stanford University




Sigmoid has a Beautiful Slope

o 9,
00;

(07 2)? 5,0(2) = 0(2)[1 —o(2)]

where 2z = 01 ¢

o o 0 0z

Chain rule!

0 T . T r -
8_(930-((9 gj) = 0'(9 CIJ)[l —0'(9 x)]xj

Plug and chug

Sigmoid, you should be a ski hill

Stanford University



Sigmoid has a Beautiful Slope

Stanford University




[pedagogical pause]



ARE YOU READY?7??



| think I’'m Ready...

OLL(0)
00,

Where

LL(#) = Z y W log o (0% + (1 — ) 1og[l — (0T xD)]

1=1

Stanford University
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Think About Only One Training Instance

LL(O) = 3y log g + (1 - y) log[1 — 5]
1=1

We only need to calculate the gradient for one
training example!

s, . 0 .
%;f(i',l) :;%f(x,z)

We will pretend we only have one example

LL(0) =ylogy + (1 —y)log[l — 9]

We can sum up the gradients of each example to get the
correct answer

Stanford University




First, imagine only one example

LL(0) =ylogy + (1 —y)log[l — 7]

Where i = O(QTX)

8LL(‘9) _ 8LL(9) ag CHAIN RULZ!
00, 0y 00,
— 8LL(9) Already did that one

(1 — i)
o y( y)azj

— |:g . 1 — y:|g(1 L Z))'CCJ Derive this one

— (y — y)g;j Simplify
Stanford University




Now, all the data

LLO) = > yPlog gt + (1 —y')log[l — 51"
1=0
g = U(ng(i))

Derivative of sum...

OLL®) _ N~ O 59105 + (1 - y9) logl1 — 7]
00 ; — 0,
_ [y(z) B g(z)]xgz) See last slide
1=0
_ [y(z) o U(HTX(Z))]ZU§Z) Some per(]);otlzc.ilon’t like
1=0

Stanford University



Now, all the data

OLL(0)
00,

—Z[y“ o(67x)]a!”

Stanford University




Logistic Regression

@ Make logistic regression assumption

P(Y =1|X =x) = 0(6'x)
PY=0X=x)=1-0(6"x)

@ Calculate the log probability for all data

LL(0) = Z y D log o(0TxD) + (1 — ) 1og[l — (AT x V)]
i=1

@ Get derivative of log probability with respect to thetas

PO S [0 — o (07x)] 2!
o, &
1= 1 Stanford University




The Hard Way

LL(#) = ylogo(0'x) + (1 — y)log[l — o (0" x)]

OLL(O) 0 , 0 ;
— (1 — y) log|1l —
55 = gV 10807 + 5-(1—y)logll —o(07x
o y l—-y | 0 T
= o) 1—o(oTe)] 96,70 Y

- Y B l—y | 0 T
= o0  1=—o(oTe)| 96,70 Y
y — o(012)

= [o@Tan —o(eray 7 P o0 Bl

= [y —o(0"z)] z;

Stanford University




Phew!



Chapter 3: Philosophy
(If time)



Neuron

VAN 4. Dendrites

Stanford University




Neuron

T =Dendrites

i
i ’

Stanford University




Neuron

T =Dendrites

i
i ’
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Neuron

T =Dendrites

Stanford University




Neuron

T =Dendrites

Stanford University




Some inputs are more important

T =Dendrites

Myelin
sheath

Stanford University




Artificial Neurons

Stanford University




Biological Basis for Neural Networks

A neuron

Your brain

* Actually, it’s probably someone else’s brain

Xl Ve

X2 S >
S

X4 AN

X, <

Stanford University



(aka Neural Networks)

Deep learning is (at its
core) many logistic
regression pieces stacked
on top of each other.

Stanford University







Alpha GO




Revolution in Al




Computers Making Art
= f




Stanford University 150




Basically just many logistic regression cells
And lots of chain rule...



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10: MLE Idea: Chose params that make the data look likely  
	Slide 11: Likelihood Definition
	Slide 12
	Slide 13: MLE for a Pareto
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19: Two Issues with MLE to resolve
	Slide 20: MLE for Erlang
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25: MLE of Erlang
	Slide 26
	Slide 27: Gradient Ascent for MLE of Erlang
	Slide 28: Two Issues with MLE to resolve
	Slide 29
	Slide 30: MLE vs MAP
	Slide 31
	Slide 32: MLE for a Pareto
	Slide 33: MAP for Pareto
	Slide 34
	Slide 35: Two Issues with MLE to resolve
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57: Machine Learning for Classification
	Slide 58: Machine Learning for Classification
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98
	Slide 99
	Slide 100
	Slide 101
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107
	Slide 108
	Slide 109
	Slide 110
	Slide 111
	Slide 112
	Slide 113
	Slide 114
	Slide 115
	Slide 116
	Slide 117
	Slide 118
	Slide 119
	Slide 120
	Slide 121
	Slide 122
	Slide 123
	Slide 124
	Slide 125
	Slide 126
	Slide 127
	Slide 128
	Slide 129
	Slide 130
	Slide 131
	Slide 132
	Slide 133
	Slide 134
	Slide 135
	Slide 136
	Slide 137
	Slide 138
	Slide 139
	Slide 140
	Slide 141
	Slide 142
	Slide 143
	Slide 144
	Slide 145
	Slide 146
	Slide 147
	Slide 148
	Slide 149
	Slide 150
	Slide 151

