
Probability



Announcements

• We are going to make history today.

We are going to make history today



We are also going to learn about probability!



What is the Probability of a Six on This Dice?

I printed this last week



What is the Probability of a Six on This Dice?

I printed this last week



Great Start to Ed

Q: Can Students answer student questions?

A: Yes! Thank You!

Q: Do TAs work on the weekend?

A: Only on a voluntary basis. Especially great to help each other out over the 

weekends. 



PSet FAQ

Q: Can I check my answers (many) times? 

A: Yes. No penalty. We will know if you try all solutions.

Q: Will you just grade us on if the answers are correct?

A: No! You must explain your answer. Graded on style and correctness.

Q: How much explanation should we provide?

A: As detailed as the course reader worked examples 

Q: Must I do all my work on the app?

A: No

https://chrispiech.github.io/probabilityForComputerScientists/en/examples/enigma/


PSet Example Answer



PSet Status

0%

10%

Try and be here

About half the class has started



Piech, CS109, Stanford University

Python Review Session

Today right after class, here!

Find links, recordings, and setup here



Piech, CS109, Stanford University

Review



Counting Rules

Counting operations on n objects

Sort, order matters

{perms} Choose k 

{combinations}

Put in r buckets

Distinct
Some

Distinct

Distinct Distinct
None

Distinct



Counting operations on n objects

Sort, order matters

{perms} Choose k 

{combinations}

Put in r buckets

Distinct
Some

Distinct

Distinct Distinct
None

Distinct

Counting Rules



For a DNA tree we need to calculate the DNA distance between 

each pair of animals. How many calculations are needed?

Counting Review



Q: There are n animals. 

How many distinct pairs of animals are there?

Counting Review







Number of Rectangles in a 9x9 grid

https://probabilityforcs.firebaseapp.com/book/rectangles_in_a_grid

Why is the answer 2025? Hint:



Piech, CS109, Stanford University

End Review



• Sample space, S, is set of all possible outcomes 

of an experiment

▪ Coin flip:  S = {Head, Tails}

▪ Flipping two coins: S = {[H, H], [H, T], [T, H], [T, T]}

▪ Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}

▪ # emails in a day: S = {x | x  Z, x ≥ 0}  {non-neg. ints}

▪ YouTube hrs. in day: S = {x | x  R, 0  x  24}

Sample Space



• Event, E, is some subset of S {E  S}

▪ Coin flip is heads:  E = {Head}

▪ ≥ 1 head on 2 coin flips: E = {[H, H], [H, T], [T, H]}

▪ Roll of die is 3 or less: E = {1, 2, 3}

▪ # emails in a day  20: E = {x | x  Z, 0  x  20}

▪ Wasted day {≥ 5 YT hrs.}: E = {x | x  R, 5  x  24}

Note: When Ross uses:  , he really means:  

Event Space



Event Space



What is a probability?



[suspense]



Number between 0 and 1



* Our belief that an event E occurs

A number to which we ascribe meaning



* Our belief that an event E occurs

A number to which we ascribe meaning



What is a Probability?



Hit: 0

Thrown: 0

P(E) ≈  0.00

The “event” E 

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 0

Thrown: 1

P(E) ≈  0.00

The “event” E 

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 1

Thrown: 2

P(E) ≈  0.50

The “event” E 

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 2

Thrown: 3

P(E) ≈  0.75

The “event” E 

is that you hit 

the target

n is the number 

of trails

What is a Probability?



Hit: 11

Thrown: 24

P(E) ≈  0.46

The “event” E 

is that you hit 

the target

n is the number 

of trails

What is a Probability?



What is a Probability (in a Dataset)?

Trial Value
1 Rainy
2 Sunny
3 Rainy
4 Cloudy
5 Rainy
6 Sunny
7 Sunny
8 Sunny

…
10000 Cloudy

Let E be the event that it is SunnyDataset of weather





Probability from Analytic Solutions



Recall: S = all possible outcomes. E = the event.

• Axiom 1: 0  P(E)  1

• Axiom 2: P(S) = 1

• Axiom 3: If events E and F are mutually exclusive:

  

Axioms of Probability

Kolmogorov

Harrison Ford



Recall: S = all possible outcomes. E = the event.

• Axiom 1: 0  P(E)  1

• Axiom 2: P(S) = 1

• Identity 3: P(Ec) = 1 – P(E)  

Technically Identity 3 can be proved from the 3 axioms.

Core Rules of Probability



Special Case of 

Analytic Probability



Equally Likely 
Outcomes

40

03c_elo



Piech, CS109, 2021

Equally Likely Outcomes

Some sample spaces have equally likely outcomes.

• Coin flip:   S = {Head, Tails}

• Flipping two coins: S = {[H, H], [H, T], [T, H], [T, T]}

• Roll of 6-sided die: S = {1, 2, 3, 4, 5, 6}

If we have equally likely outcomes, then P(Each outcome)

Therefore

41

{by Axiom 3}



• Play lottery.  

▪ What is P(Win)?

• S = {Lose, Win}

• E = {Win}

• P(Win) = |E|/|S| = 1/2 = 50%

Not Everything is Equally Likely



Piech, CS109, 2021

Sum of Two Die = 7?

43

Roll two 6-sidex dice. What is P[sum = 7]?

Value 

dice 1 Value 

dice 2

Each outcome

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}



Piech, CS109, 2021

Sum of Two Die = 7?

44

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

Roll two 6-sidex dice. What is probability the sum = 7?

Let E be the event that the sum is 7

E = in blue

Value 

dice 1 Value 

dice 2

Each outcome



Is it correct?



Piech, CS109, 2021 46

Sum of Two Die = 7?



Piech, CS109, 2021

Sum of Two Die = 2?

47

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

E =

Value 

dice 1 Value 

dice 2

Each outcome
Roll two 6-sidex dice. What is probability the sum = 2?

Let E be the event that the sum is 2
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Sum of Two Die = 2?

48

[1,1] [1,2] [1,3] [1,4] [1,5] [1,6]

[2,1] [2,2] [2,3] [2,4] [2,5] [2,6]

[3,1] [3,2] [3,3] [3,4] [3,5] [3,6]

[4,1] [4,2] [4,3] [4,4] [4,5] [4,6]

[5,1] [5,2] [5,3] [5,4] [5,5] [5,6]

[6,1] [6,2] [6,3] [6,4] [6,5] [6,6]

S = {

}

E = in red

Value 

dice 1 Value 

dice 2

Each outcome
Roll two 6-sidex dice. What is probability the sum = 2?

Let E be the event that the sum is 2



Other ways to make a Sample Space?

Value 

dice 1 Value 

dice 2

Each outcome



Piech, CS109, 2021

Sum of Two Die: Three options for the sample space

50

Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10



Piech, CS109, 2021

Sum of Two Die = 7? Bug: Die are Indistinct

51

2 3 4 5 6

7 8 9 10 11 12

S = {

}

E = in red

Each outcome
Roll two 6-sidex dice. What is probability the sum = 7?

Let E be the event that the sum is 7
Just look at the sum



Piech, CS109, 2021

Sum of Two Die: Three options for the sample space

52

Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10
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Sum of Two Die = 7? Bug: Die are Indistinct

53

{1,1} {1,2} {1,3} {1,4} {1,5} {1,6}

{2,2} {2,3} {2,4} {2,5} {2,6}

{3,3} {3,4} {3,5} {3,6}

{4,4} {4,5} {4,6}

{5,5} {5,6}

{6,6}

S = {

}

Roll two 6-sidex dice. What is P(sum = 7)?

E = in blue

Value 

dice 1 Value 

dice 2

Each outcome
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Sum of Two Die: Three options for the sample space

54

Value 

dice 1

Value 

dice 2

Value 

dice 1 Value 

dice 2

Value of 

a dice Value of 

a dice

5 5 5 5

Think of the die as distinct Think of the die as indistinct Just look at the sum

10



• 4 bunnies and 3 foxes in a toy box.  3 drawn.

▪ What is P(1 bunny and 2 fox drawn)?

Equally likely sample space? Thought experiment

Bunnies and Foxes

3 foxes 4 bunnies



The Choice of Sample Space is Yours!

Ordered

Unordered

Distinct Indistinct

{F1, B2, B3}
{2 foxes, 1 bunny}

{3 foxes}
{F1, F2, F3}

[fox, bunny, fox]

[fox, fox, fox]

Which choice will lead to equally likely outcomes?

[F1, B2, B3]

[F1, F2, F3]

{3 bunnies}

[bunny, bunny, bunny]



• 4 bunnies and 3 foxes in a Bag.  3 drawn.

▪ What is P(1 bunny and 2 foxes drawn)?

• Ordered and Distinct:

▪ Pick 3 ordered items: |S| = 7 * 6 * 5 = 210  

▪ Pick bunny as either 1st, 2nd, or 3rd item:

  |E| = (4 * 3 * 2) + (3 * 4 * 2) + (3 * 2 * 4) = 72

▪ P(1 bunny, 2 foxes) = 72/210 = 12/35

• Unordered and Distinct:

▪ |S| =         = 35

▪ |E| =              = 12

▪ P(1 bunny, 2 foxes) = 12/35










3

7


















2

3

1

4

Bunnies and Foxes

3 foxes



Make indistinct items 

distinct to get equally 

likely sample space 

outcomes

*You will need to use this “trick” with high probability



• Consider 5 card poker hands.

▪ “straight” is 5 consecutive rank cards of any suit

▪ What is P(straight)?

Straight Poker Hand



• Consider 5 card poker hands.

▪ “straight” is 5 consecutive rank cards of any suit

▪ What is P(straight)?

Is each outcome 

equally likely?

What is an example 

of one outcome?

Straight Poker Hand



• Consider 5 card poker hands.

▪ “straight” is 5 consecutive rank cards of any suit

▪ “straight flush” is 5 consecutive rank cards of same suit

▪ What is P(straight, but not straight flush)?

Straight Poker Hand



When approaching an 

“equally likely probability” 

problem, start by defining 

sample spaces and 

event spaces. 



Challenge: how can you (efficiently) calculate the exact probability of winning? 

Lets discuss on ed!

Can enumerate all 
990 remaining pairs 
of cards

Can check which 
ones you beat

Useful reference:
Independent Sets



• n chips manufactured, 1 of which is defective.

• k chips randomly selected from n for testing.

▪ What is P(defective chip is in k selected chips)?

• |S| =

• |E| =

• P(defective chip is in k selected chips)

  










k

n










−

−









1

1

1

1

k

n

Chip Defect Detection



Screen size = 800x800

Radius of target = 200

The dart is equally likely 

to land anywhere on the 

screen.

What is the probability of 

hitting the target?

Target Revisited







• Say the population of Stanford is 17,000 people 

▪ You are friends with ?

▪ Walk into a room, see 450 random people.

▪ What is the probability that you see someone you know?

▪ Assume you are equally likely to see each person at 

Stanford

Serendipity



Many times it is easier to 

calculate              .



Back to Axiom 3



Recall: S = all possible outcomes. E = the event.

• Axiom 1: 0  P(E)  1

• Axiom 2: P(S) = 1

• Axiom 3: If events E and F are mutually exclusive:

  

Axioms of Probability



If events are mutually exclusive, probability of OR is simple:

7/50 4/50

Mutually Exclusive Events



If events are mutually exclusive, probability of OR is simple:

7/50 4/507/50 4/50

Mutually Exclusive Events



X1 X2

X3

Probability of "or"



If events are mutually 

exclusive probability of 

OR is easy!



P(Ec) = 1 – P(E)?

P(E or Ec) = P(E) + P(Ec) Axiom 3. Since E and Ec 

are mutually exclusive 

P(S) = P(E) + P(Ec) 
Since everything 

must either be in E 

or Ec 

1 = P(E) + P(Ec) 

P(Ec) = 1 – P(E) 

Axiom 2

Rearrange



Trailing the dovetail shuffle to it’s lair – Persi Diaconosis



Trailing the Dovetail Shuffle to Its Lair



• What is the probability that a single shuffle is 

different from yours?

▪ |S| = 52!

▪ |E| = 52! – 1

▪ P(different) = (52!-1)/52!

P(different) > 0.9999999999…

P(same) < 0.0000000…

Trailing the Dovetail Shuffle to Its Lair (Simple)

About 67 “9”s 



• What is the probability that 2 shuffles are different 

from yours?

▪ |S| = (52!)2

▪ |E| = (52! – 1)2

▪ P(no deck matching yours) = (52!-1)2/(52!)2

Trailing the Dovetail Shuffle to Its Lair (Medium)



• What is the probability that in the n shuffles seen 

since the start of time, yours is unique?

▪ |S| = (52!)n

▪ |E| = (52! – 1)n

▪ P(no deck matching yours) = (52!-1)n/(52!)n

▪ For n = 1020, 

▪ P(deck matching yours) < 0.000000001

* Assume 7 billion people have been shuffling cards once a second 

since 52 deck cards were invented (see Topkapı deck)

Trailing the Dovetail Shuffle to Its Lair (Full)



Trailing the Dovetail Shuffle to Its Lair (Full)
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