e
3 o T
Pt

o ‘\ngtt &
.

Sampling & Bootstrapping

CS109, Stanford University

LS TR

- o "-‘

.

> S

SEECR T TE T VGRS R e



Pset 6 is Out

Wordle

The goal of the game Wordle is to guess a five-letter secret wo
possible. Let's say we are playing a game of Wordle and we ha|

reign. Which word should we guess next?

We want to be strategic when deciding which word to guess! O
choose the best next guess is to select the guess which, in exp
posterior belief with the lowest uncertainty (entropy). In this cas
"girls".

Your Goal: Calculate the expected entropy after we guess '
answer to five decimal places.

the possible secret words to these seven: bring, girls, storm, tea

Better Peer Grading

Stanford's HCI class runs a massive online class that was ta
students. The class used peer assessment to evaluate studd
to use their data to learn more about peer graders. In the cl
their work evaluated by 5 peers and every student is asked
assignments: five peers and the control assignment (the gra
which assignment was the control). All 10,000 students eval
assignment and the scores they gave are in the file peerGra
data zip:

pset6.zip

Would you use the mean or the median of 5 peer grades to
online version of Stanford's HCI class? Explain why. You m
solve any part of this question. Hint: it might help to visualize
peerGrades.csv. In order to make your decision compute thd
b).

MLE of Truncated Normal

A normal distribution can allow negative values. A positive trucated nc
version of the normal distribution that only supports values of z that a
0. If X ~ PosTruncNorm(u) then it has the following PDF:

o2
1 _ 2#)
for z > 0.

Where @ is the Cumulative Distribution Function for the Standard Nor

You have 200 i.i.d. samples from a PosTruncNorm:

C

76, 2.48, 1.53, 1.21, 0.34, 0.34, 0.13, 1.97, 1.22, 1
05, 2.70, 1.84, ©.45, ©.39, 0.40, 0.63, 1.06, 0.87,
24, 0.31, 0.61, 0.75, 0.92, 1.68, 0.43, 1.04, 1.2, 0.
23, 0.37, 0.15, 2.47, 2.64, 1.76, 0.63, 0.22, 1.41, G
27, 1.00, 0.08, 2.19, 0.54, 1.36, 0.65, 1.05, 1.10, G
69, 1.65, 2.39, 2.11, 1.21, 2.26, 0.2, 0.42, 0.11, 0.
79, 0.57, 1.83, 0.73, 0.59, 1.09, 0.31, 1.74, 0.17, -
64, 0.43, 0.01, 1.78, 1.46, 1.52, 1.64, 0.17, 0.73, G
96, 1.27, 0.68, ©.15, ©.64, 0.67, 1.52, 1.3, 2.07, 0.
27, 1.48, 1.61, 1.13, 1.64, 1.0, 1.05, 0.87, 0.06, 0.

1.3, 0.65, 1.3, 2.18, ©.53, 0.83, 1.6, 0.49, 0.1

.6, 0. 35, 2.31, 1.76, 1.29, 2.0, 1.74, 0.4, 2.1, 1.09,
.75, 2.11, .66, ©.25, ©.48, 0.87, 1.79, 1.95, 0.02, !
.85, 0.47, 0.27, ©.69, 2.41, 0.67, 1.05, 1.46, 0.74, :
.6, 0.53, 1.0, ©.62, ©.59, 0.09, 1.24, 1.01, 0.12, 0.°
.18, 9.51, ©.32, ©.99, 2.99, 0.51, 1.38, 1.61, 0.5, 1.
.75, 1.29, 1.29, 1.08, ©.21, 1.85, 0.66, 0.4, 0.1, 1.
.39, 0.04, 1.03, 0.48, 1.32, 0.38, 1.42, 0.79, 2.36,
.7, 0.25, 2.28, 2.02, 9.54, 1.35, 1.79, 1.12, 1.07, O.
21.212.214.1.29. 0.7. @.72. 1.51. 2.12. 2.07. 1.
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Previously on CS109



Where are we in CS109°?

You are here

1 > X R-s § o]
13 ¥ 2 . Q
Counting Core Random Probabilistic Uncertainty Machine

Theory Probability Variables Models Theory Learning



Uncertainty Theory

Beta Adding Central Limit
Distributions Random Vars Theorem

Algorithmic Information
Analysis Theory




Beta is a distribution for
probabilities

Beta

Distributions

Think about the difference Any parameter for a

between a point estimate “pgrameterized” random
variable can be thought of

and a distribution '
k as a random variable.
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m
@
°
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Adding

Random Vars

The sum of two random
variables is another
random variable

Z=X+Y

Let X and Y be independent binomials with the
same value for p:

» X~Bin(n4, p)and Y ~ Bin(n,, p)

« X+Y ~Bin(ny +ny, p)

Let X and Y be independent random variables
= X~ Poi(A;) and Y ~ Poi(},)
L X + Y ~ P0|(7\.1 + AQ)

Let X and Y be independent random variables

= X~N(u;, 0,2 and Y ~ N(u,, 6,%)
« X+Y~N(y, +p,, 6,2+ 0,2

Discrete Vs Continuous

Discrete _
P(X+Y =a)= Y PX=a—y)P(Y =y)dy
Continuous -
FX+Y=a) = [ J0t=a-ypfy =y) dy
Yy=—00

Infinity is necessary when the values
can be negative



Central Limit Theorem (Summation) Central Limit Theorem (Average)

Consider n independent and identically distributed (i.i.d) variables X;, X5, ..., X, Consider n independent and identically distributed (i.i.d) variables Xy, X5, ..., X,
with E[X;] = pand Var(X;) = a?. with E[X;] = p and Var(X;) = 2.
n Asn — o n Asn — oo
2 1 o
X; ~N(nu,nc*) — ) Xi~N(u,—)
4 n 4 n
=1 i=1

Central Limit

Theorem

The sum of the variables is normally distributed The average of the variables is normally distributed

ede Figure 1

Distribution of the Average of 50 Dice Rolls

12000 4

10000 -

200 8000

Count
-
I
o
Count

6000 -
100

Repeat experiment 000
7 many many times
A€ $Q= x=156.7 y=62.3 ) ) " Average of 50 Dice Rolls ’
def run_experiment(): def run_experiment(): aAle T a=
total = @ total = 0
for i in range(50): for i in range(590):
sample = random_rol1l() sample = random_roll()
total += sample total += sample
return total return total /50



Algorithmic

Analysis

Expectation of a Sum

E[X + Y] =E[X] + E[Y]

Generalized: [ZX} ZE[X]

Holds regardless of dependency between X;’s

E[X] =) z-P(X =ux)

that X can take

The probability
that X takes on

that value L)

xr

g

All the values

on

Def: Conditional Expectation

E[X|Y =y = pr = 2|V =)

Def: Law of Total Expectation

Y

E[X] =) E[X|Y =y]P(Y =

y)




Information

Theory

Uncertainty of a Random Variable (Entropy)

Let X be any random variable. We can calculate a statistic, “Uncertainty” to express
how much we don’t know about X

Calculates expected surprise

My preferred name 1
for “entropy” aka H(X)

10



Beta
Distributions

Uncertainty Theory

Adding
Random Vars

Information

Theory

Central Limit
Theorem

Sampling

Algorithmic
Analysis

Bootstrapping

11



<end review>






Motivating example

You want to know the true mean and
variance of happiness in Bhutan.

* But you can’t ask everyone.
* You poll 200 random people.

Chris Piech, CS109

Stanford University 14



Stanford University

Chris Piech, CS109

Population




Stanford University

Chris Piech, CS109




Sample sample = [72, 85, 79, 91, 68, ..., 71]

o o
) P
85 i i rr
i 93 94 i i i
i i 70 68 71 30
72 79 -
. X o @& @
. ) 91 90
91 80

Collect one (or more) measurements from each person

Chris Piech, CS109

Sample Mean

_ 1 —
X:E;Xi

= 83

Is this the true mean happiness of
Bhutanese people?

Sample Variance
1 _
S? = X; — X)?
—— > [ )

1=1
= 40
Is this the true variance of happiness
of Bhutanese people?

Stanford University



Unknown

POPUlatiOI] (need to estimate)

Population Mean
true mean

2%

="

Population Variance
true variance

population mean

2 1 N ¢ 2
02 == (= p)
i=1

Population Distribution

aaaaaaaaaaaaaaaaaaa (N = 10000}

5 °2 = 2 2 o ¢
S 2 £ 858 £ B E B S
2 R E & 8 B K & =&

Happiness

..

L t
= i
i

t

i

S

S

Chris Piech, C$109 Stanford University



Population Statistics

Actual, o?

population mean

1< v
population 2 _ N2
variance ¢ T Nz :(xl u)

=1

Xi —H
<

) )
O—OO O—O0O O
(|.)| | 150
appiness
u

Calculating population statistics exactly
requires us knowing all N datapoints.

Chris Piech, C$109 Stanford University 19

OF

Population size, N




A single sample

If we had a distribution F of our entire population,

we could compute exact statistics about about
happiness.

But we only have 200 people (a sample).

So these population statistics are unknown:
* u, the population mean

. g2, the population variance

Chris Piech, C$109 Stanford University 2o



Estimating
Population

Statistics
(Mean + Var)




Stanford University

Chris Piech, CS109




A sample, mathematically

Consider n random variables X{, X, ..., X,,.

The sequence X4, X5, ..., X,, iIs @ sample from distribution F if:
* X; are all independent and identically distributed (i.i.d.)

« X; all have same distribution function F (the underlying distribution),
where E[Xl] = U, Var(Xl') = 0'2 Population Happiness (N = 10000)

0016 A

0.014 A

0.012 4

0.010 A

PMF

0.008 4

0.006 -

0.004

0.002 1

0.000 -

Chris Piech, CS109

o 4w e 80 e dthiveddly 2

Happiness



A sample, mathematically

A sample of sample size 8:
(Xll XZI X3; X4; XS) X6) X71 X8)

A realization of a sample of size 8:

(59,87,94,99,87,78,69,91)

Chris

0016 A

0.014 A

0.012 4

0.010 A

PMF

0.006 -

0.004

0.002 1

0.000 -

iech, CS109

Population Happiness (N = 10000)

0.008 4

0 20 40 B0 B0 S}gﬂford]%}]niver]sai?y 24

Happiness



sample =[72, 85, 79, 91, 68, ..., 71]

86

Chris Piech, CS109

Sample Mean

[ ]
' Unbiased estimator
77 of population mean, u

Sample Variance

i Unbiased estimator
of population variance, 02

90 .o
52 = D (X - X)?

n—1
i=1

= 40

Stanford University



Sample Mean




[s that estimate any good? Biased vs Unbiased Estimators

Suppose that we knew the population mean happiness in Bhutan. How can
we evaluate whether the sample mean estimates the population mean well

enough?
u =80

Test the estimator and keep track of the sample means:
; i ; i L

N} - SRR ] Vot R O )

” ” Take many, many

more samples and
compute the

sample means

Chris Piech, CS109

Stanford University



Sample mean is an unbiased estimator of population mean

If we take many samples of size n, the average of the sample
means will be the population mean.

E[X]=E iXi g in- E[X]=u

=1 N n i=1

Chris Piech, /’l Stanford University




Insight: Sample Mean is an RV with known Distribution

By central limit theorem:

2

% _ o
: ElX] X ~ N(u|—)
o Y/
- T
@
o
% -2
- Var(X) = —
2 n
>
2
(D)
©
=
5
©
O
O
* 0

61 83 104 Mean value

Chris Piech, CS109 Stanford University




Sample mean is an unbiased estimator of population mean

If we only have a sample, (X1, X5, ..., X,,):

n
=22,

=1

:Ir—\

The best estimate of u is the sample mean:

X is an unbiased estimator of the population mean p. E[X]=u
2
0)
Intuition: By the CLT, X ~ V(g _) If we could take multiple samples of size n:
2" 1 Foreach sample, compute sample mean
2. 0On average, we would get the population mean

Chris Piech, CS109 Stanford University



Size of the sample



Sample
Variance




sample =[72, 85, 79, 91, 68, ..., 71]

86

Chris Piech, CS109

Sample Mean

[ ]
' Unbiased estimator
7 of population mean, u

Sample Variance
i Unbiased estimator
of population variance, 02

90 .o
52 = D (X - X)?

n—1
i=1

= 40

Stanford University



[s that estimate any good? Biased vs Unbiased Estimators

Suppose that we knew the population variance. How can we evaluate
whether the sample variance estimates the population variance well

enough?

02 =45

Test the estimator and keep track of the sample variances:

§ 8 §
B T LR T T S N TR Take many, many
L A L more samples and
S B i 7o 44 i o 4!
¢! 4 " S compute the , ,
- 2 — 2 — . —
$2=40 =2 . =67 sample variances..  ElS*] =0
- Py S " o P
S e T e
e T4 ..+ 7+ . Theaverage of the sample
* ‘ i i oo w0 i i oo w0 ) i
bl oo oo variances wil be the
2 — 2 = 2 = . .
T =43 > 3> > 30 pODUIatlon VarlanCeStanford University

Chris Piech, CS109



Proof that S# is unbiased (ust for reference)

E[S?] =

(n — 1)E[S?]

= (n-1DE[S

Z(X %)’

o[ S

(introduce u — u)

= F Z((Xi ~1)+@-0)’

=F Z(Xz - w2 +nlu—X)? - 2n(u - )?)2}

f n

Li=1

0.2

= no? —nVar(X) = no? — n— = noe? —o?=mn-1)c?

Chris Piech, CS109

=E :Z(Xi —)? + Z(u - X)* + ZZ(XL- — ) (u — )?)}

=E Z(Xi —w)? —n(u —X)Z]: ZE[(Xi —w]? —nE[(X — w)?]

2(u—X) Z(Xi — 1)
i=1

2(u — X) (in —Tlﬂ>
i=1

2(p = X)n(X —
—2n(u — X)*

Therefore|E[S?] = o*

Stanford University 35



Biased sample variance

If we only have a sample, (X1, X5, ...,X,):  sample mean

n v

sample 5 1 — 9
variance 5% = n Z(X“ - X)
i=1

Chris Piech, CS109 Stanford University ze




Intuition about the sample variance, S*

Actual, g* Estimate, S
population mean sample mean
population 1 - v sample 1 — v
2 _ )2 2 _ 1) 2
variance ¢ Nz(xl W) variance  © = n Z(Xz —@)
i=1 i=1

M M M M)
0 | 150
Happiness

Population size, N

Chris Piech, CS109 Stanford University 37




Intuition about the sample variance, S*

Actual, g* Estimate, S
population mean sample mean
population 1 - v sample 1 — '
2 _ )2 2 _ ") 2
variance ¢ Nz(xl W) variance  © = n Z(Xz - X)
i=1 i=1

M M M M)
0 | 150
Happiness

><|
=

Population size, N

Chris Piech, CS109 Stanford University 3s




Intuition about the sample variance, S*

Actual, o? Estimate, S*
population mean sample mean
population 1 . * sample 1 < *
2 _ N2 2 _ . Y2
variance ¢ T Nz(xl W) variance 5 nz(lX@ )f)
=1 1=1 Y
- X1 — X ) ' >
<
M M M M)
0 150

Happiness @

Population size, N This formula will always underestimate the
variance...

Chris Piech, CS109 Stanford University 39




Ahhh! We are always underestimating!
What should we do?



Estimating the population variance

If we knew the entire population (x1, x5, ..., Xn): |
populat|on mean

population 2 ,
variance E[(X — n)?] Z(xl M)

If we only have a sample, (X1, X;,...,X;,):  sample mean
| v
sample g2 _ __— X. — X)?
variance z;( ; )
1=

Chris Piech, CS109 Stanford University 41




Sample Variance:

Makes it “unbiased”



Quick check

_ A. Random variable(s)
1. u,the population mean & 5. Value

C. Event
2. (X11X21X3;X41 X51X6) X7) X8)7 d Sample A.

3. o?, the population variance B

4. X, the sample mean *

5. X=83 ¢
6. (X, =59,X,=87X,=94X,=99, -
XS — 87,X6 — 78,X7 — 69,X8 — 91) F

Chris Piech, CS109 Stanford University 43




Sample sample = [72, 85, 79, 91, 68, ..., 71]

PY P Sample Mean
' ' B 1 n
85 s 3 7 X==-> X
n -
93 94 1=0
’ §F ¥ - 83
i i 70 68 71 30
79
2 i Sample Variance
Today: If we only have a sample, i 2 _ 1 Zn:(X- _ x)2
- How do we report estimated statistics? 90 on—1&=
- How do we report estimated error of these =40
estimates?

* How do we perform hypothesis testing?

Chris Piech, CS109 Stanford University



Reporting
estimates




Sample mean

Population Happiness (N = 10000} Distribution of sample means
0.016 ' ean
0.200 - - PoP H
0014 === gur mean, 33.03
0175
D012 -
0150 2
D010 -
= 0.125 - 0-
W —_
= 0.008 - S
a 0100 1 X ~ N l/l —
0006 - )
0.075 - n
0004 - 0.050 - i
0002 1 0,025 - :
: 1
0.000 - 1
0 20 40 60 80 100 120 140 0.000 T - - :

I I
70 75 80 85 20

Happiness _
Sample mean of happiness (n =200)

Even if we can’t report u, we can report our
sample mean 83.03, which is an unbiased
estimate of u.

Chris Piech, CS109 Stanford University 46




Our Report to Bhutan Government (after talking to 200 ppl)

Average Happiness

00
w

Average Happiness

N

Bhutan

Chris Piech, CS109

Variance of Happiness

Happiness?

450

Bhutan

Stanford University



No Error Bars ®



19c¢_standard_error

Standard error
of the mean




Sample mean

PMF

0.016 1

0014 -

0012 -

0010 -

0.008 -

0006 -

0.004 -

0.002 -

0.000 -

Population Happiness (N = 10000}

PMF

0 20 40 &0 80 1040 120 140
Happiness

0.200 A

0175

0.150 1

0.125 -

0.100 A

0.075 1

0.050 A

0.025 1

0.000

Distribution of sample means

— pOp mean, u
=== gur mean, $3.03

Sample mean of happiness (n =200)

- Var(X) is a measure of how “close” X is to u.
* How do we estimate Var(X)?

Chris Piech, CS109

Stanford University so



Standard Error of the Mean

_ 2
E[X] =u Var(X) =% We want to

estimate this

def The standard error of the meanisan ,
estimate of the standard deviation of X. CF — 5°
L

Intuition:

»  S?is an unbiased estimate of ¢?
- S%/nis an unbiased estimate of 6% /n = Var(X)

- \/S2/n can estimate /Var(X) More info on bias of
standard error: wikipedia

Chris Piech, CS109 Stanford University s1



https://en.wikipedia.org/wiki/Unbiased_estimation_of_standard_deviation

- 0

But what about error bars??? By CLT: X ~ N (p, —)

Average Happiness Variance of Happiness

L Std(X) = %2 )

1

<

00
w

Happiness?
i
—_

=1 450

Average Happiness
<
|
S|~
3
e

Bhutan Bhutan

Chris Piech, CS109 Stanford University



Equations we used to get those values

sample — 1 - Our best guess at
X == X; the true mean
mean n
estimate =1

sample mean

/

n
1 — Our best guess at
sample G2 — z(Xi _ %) g
n—1¢« ;
1=

the true variance

variance
estimate
[ H 4
Std error of _ C2 «— _ Ow wrong do we
the mean Std(X) = [— sample variance  think our mean
1 n estimate is?
estimate

Chris Piech, C$109 Stanford University 53




- 0

But what about error bars??? By CLT: X ~ N(, —)
Average Happiness 52 Variance of Happiness
Std(X) =4/ —
L " 1 n
‘0 2 S\ 2
83 1 2 S_n—lz(Xz_ )
o 1=1
I§ X==-> X )
o n i—=1 450 Std(S )?
E
0 0
Bhutan Bhutan

Claim: The average happiness of Bhutan is 83 + 1.5

Chris Piech, CS109 Stanford University




Hypothetical

How wrong is an estimate of sample variance, calculated from 200 people?

Plot twist: | give you the entire underlying distribution

> 83
)
<
o)
()]
by
E
©
o
o
a
0
61 83 104

Ha pglrirs] geschg' CS109 Stanford University




Hypothetical

What is the std of the sample variance, calculated from 200 people?

Plot twist: | give you the entire underlying distribution

> 83
(%)
c
)
a
=
5
©
o
o
o

o)

61 83 104
Happiness Stanford University




Hypothetical

What is the std of the sample variance, calculated from 200 people?

Plot twist: | give you the entire underlying distribution

Probability Density

Ha PRINESS cs100 Stanford University




Hypothetical

What is the std of the sample variance, calculated from 200 people?

brute force algorithm() :

# Estimate distribution of Sample Var with
# infinite resources

sample vars = [] sample vars [(472.7, 478.4,
Repeat 10,000 times: 469.2, .., 476.2]

new samples = collect new samples (n=200)
sample var = calculate sample var (new samples)
sample vars.append (sample var)

Std(S?) = 46.9

# You now have a distribution of sample vars

Probability mass of variances (S2)

500 1000 Variance values (S2)

Chris Piech, CS109 Stanford University




[suspense]



Bootstrap:
Probability for Computer Scientists



Bootstrapping allows you to:

 Know the distribution of statisfics
« Calculate p values

 Using computers

* You totally could have invented it



But what about error bars???

— 0

By CLT: X ~ N(u, —)

Average Happiness

L Std(X) =

00
w

Average Happiness

1

<

Bhutan

SZ

n

N

Chris

Variance of Happiness

N 1 i _
2 e X, — X)?
J R e
3
I
2
250 Std(S?)?
0
Bhutan

iech, CS109

Stanford University



Hypothetical - You have the underlying distribution!

What is the std of the sample variance, calculated from 200 people?

brute force algorithm() :

# Estimate distribution of Sample Var with
# infinite resources

sample vars = [] sample vars = [472.7, 478.4,
Repeat 10,000 times: 469.2, .., 476.2]

new samples = collect new samples (n=200)
sample var = calculate sample var (new samples)
sample vars.append (sample var)

Std(S?) = 46.9

# You now have a distribution of sample vars

Probability mass of variances (S2)

500 1000 Variance values (S2)

Chris Piech, CS109 Stanford University



Here comes the award winning idea....



But Wait — What If You Actually Have a Good Estimate?

You can estimate the PMF of the underlying distribution,
using your sample.”

o0
w

Probability Density

61 83 104
Happiness

* This is just a histogram of your data!! o
Chris Piech, CS109 Stanford University




Key Insight

IID Samples Sample Distribution

k)

90,
92,
92,
93,
04,
94,
94,
95,

0.5 count(X = k)

n

0.3

Probability Mass, P(X

0.1

i

90 91 92 93 94 95

Chris Piech, CS109 Stanford University




Bootstrapping Assumption

Fa~F
A N\

The underlying The sample distribution
distribution

(aka the histogram of your
data)

Chris Piech, CS109 Stanford University




Algorithm

Bootstrap Algorithm (sample):
Estimate the PMF using the sample
Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the stat on the resample
You now have a distribution of your stat

Chris Piech, CS109

Stanford University



Bootstrapping of Variance

Bootstrap Algorithm (sample):
Estimate the PMF using the sample
Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the variance on the resample
You now have a distribution of your variances

Chris Piech, CS109

Stanford University



To the code!



The Distribution of the Sampling Variance

700

600

500 A

400 -

300 A

200 A

100 A

2 4 6 8

A € > "I" Q = x=6.03351  y=345.239

Chris Piech, CS109 Stanford University 71




Bootstrapping of Variance

Sample Vars = [472.7, 478.4, 469.2, ..., 476.2] Aside: the distribution of
variance depends on the
underlying distribution

NV

If the underlying distribution
Std(SQ) — 46.9 is Gaussian, variance is “chi-
squared”

J

Bootstrapping doesn’t need to knc
that...

Probability mass of variances (S2)

o

—_——

500 1000 Variance values (S2)

Chris Piech, CS109 Stanford University




Our Report to Bhutan Government

Std(X) .

83 == 2
It é
z &
&, = Std(S?) = 46.9
E’ q5450
S S
L ©
> :
< 0 ~ 0

Bhutan Bhutan

Claim: The average happiness of Bhutanis 83 + 2 Sanford Universic




Validation with Sample Mean



Bootstrapping of Means (we could do this with CLT)

Bootstrap Algorithm (sample):
Estimate the PMF using the sample
Repeat 10,000 times:
a. Draw len(sample) new samples from PMF
b. Recalculate the mean on the resample
You now have a distribution of your means

Chris Piech, CS109 Stanford University




Bootstrapping of Means

Means = [82.7, 83.4, 82.9,91.4, 79.3, 82.1, ..., 81.7]

200

o

Probability of mean from sample of size

61 83 104 Mean value

Chris Piech, CS109 Stanford University




Bootstrapping of Means

Means = [82.7, 83.4, 82.9,91.4, 79.3, 82.1, ..., 81.7]

() _
5 E[X]
s

Q

o

-

©

o

-

o

< Q

©

((b]

-

ke

n

z

(qv)

S

= 0

(a

61 83 104 Mean value

Chris Piech, CS109 Stanford University




Bootstrapping of Means

What is the probability that the mean is in the range 81 to 857
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Ok Good!



Resampling in Bootstrapping

def resample (sample, K):
# Estimate the PMF using the samples
# Draw K samples from sample
return np.random.choice (sample, K, replace = True

count(X = k)
n

Original samples

PMF

O_'__r_r"
61 83 104 X
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:
<05 count(X =k
2 px =gy = X =)
s n
é 0.3
Z
;,;
=
£ 0.1 |
\ k \
90 91 92 93 94 95
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:
<05 count(X =k
2 px =gy = X =)
s n
é 0.3
Z
;,;
=
£ 0.1 |
\ k \
90 91 92 93 94 95
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

[94]

= k)
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Q
o
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-
—
><
I
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o
Lo

Probability Mass, P(X

&

90 91 92 93 94 95
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

[94]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

[94]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

194, 90]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

(94, 90]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

(94, 90]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

(94, 90, 90]
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np.random.choice (samples, K, replace = True)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

194, 90, 90]
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Now with replace = False



np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 94, 95] Resample:

[94]
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 95] Resample:
R
emoved 94 941
<05 count(X =k
2 px =gy = X =)
s mn
é 0.3
Z
;,;
=
£ 0.1
\ k \
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 95] Resample:

[94]
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 95] Resample:

[94]
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np.random.choice (samples, K, replace = False)

Original Samples: [90, 92, 92, 93, 94, 94, 95] Resample:

194, 90]
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np.random.choice (samples, K, replace = False)

Original Samples: [92, 92, 93, 94, 94, 95] Resample:

R d 90
emove 94, 90]
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np.random.choice (samples, K, replace = False)

Original Samples: [92, 92, 93, 94, 94, 95] Resample:

R d 90
emoved 9 94, 90]

= k)
=
(U)]
aQ
@)
-
=
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>
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4 A

The probability of sampling a 90
is no longer 0.1

S
Lo

Probability Mass, P(X

]
5

The probability of sampling 94 is
no longer 0.3

\_ v

90 91 92 93 94 95
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Bootstrapping in Practice

Bootstrap Algorithm (sample):
1. Repeat 10,000 times:
a. Choose len(sample) elems from sample,
with replacement
b. Recalculate the stat on the resample
2. You now have a distribution of your stat

Stanford University




Bootstrap provides a way
to calculate probabilities of
statistics using code.




Works for any statistic™

*as long as your samples are IID and the underlying distribution doesn’t have a long talil



Bootstrap

Chris Piech, CS109 Stanford University




Bradley Efron

Invented bootstrapping in 1979

According to starbyface.com:
Still a professor at Stanford Dolph Lundgren
Won a National Science Medal

Chris Piech, CS109
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Hypothesis
Testing




The Classic Science Test

Group 1 Group 2
4.44 2.15
3.36 3.01
5.87 2.02
2.31 1.43
3.70 1.83

H1 = 3.1 H2 = 2.4

Claim: Group 1 and Group 2 are samples from different
distributions with a 0.7 difference of means.

How confident are you in this claim? Stanford University




A real difference?

Learning in Context A Learning in Context B
4.44 2.15
7)) (99}
% 3.36 3.01 *qE)
= 5.87 2.02 g
0 2.31 1.43 "
i AN
3.70 1.83
H1 = 3.1 H2 = 2.4

Claim: Group 1 and Group 2 are samples from different
distributions with a 0.7 difference of means.

How confident are you in this claim?

Stanford University 108




The Null Hypothesis

There is no difference between the two groups, so everyone is drawn from the
same distribution. Any difference you observe is due to sampling error.

The universal
distribution

~

Group A Samples Group B Samples
m1 =— 3.1 o = 2.4

Chris Piech, C$109 Stanford University 109




P-Value

The probability of obtaining test results at least as extreme as the result actually
observed, if the null hypothesis is correct

The universal
distribution

~

Group A Samples Group B Samples
m1 =— 3.1 o = 2.4

Chris Piech, CS109 Stanford University 110




To the code!



Distribution of Mean Diffs under Null Hypothesis

| NON ) Figure 1
Data Histogram
3500 N I
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[®)
€ 2000 8 I
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3 |
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1000 '®) I
- ||““ ||““ : Value O 008
: “\Illlmu...-
0.0 0.2 0.4 1.2
Value
A € > .-I-. = x=0.907907 y=1207.78
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Every* Science Result needs a p-value!

* almost

| NON ) Figure 1
Data Histogram
3500 N I
<]
3000
[
=
2500 =
©
€ 2000 8 I
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1500 QD
3
O
1000 @) I
- ||““ ||““ P Value O 008
: “\Illlmu...-
0.0 0.2 0.4 1.2
Value
A € > .-I-. = x=0.907907 y=1207.78
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Food For Thought
(if extra time)



Puzzle

Results of flipping a coin 20 times. Give your belief distribution of p:

H, H, H, T, H, T, H, H, H, H, H, T, H, H, H, H, H, H, T, H 4 tails, 16 heads

How can you build
distribution for p without
using a prior?

Chris Piech, CS109 Stanford University 115




Two Opinions on Distributions

Results of flipping a coin 20 times. Give your belief distribution of p:
H, H, H, T, H, T, H, H, H, H, H, T, H, H, H, H, H, H, T, H 4 tails, 16 heads

Bayesian: _
Frequentist:

Let’s use Laplace prior X ~ Beta(2, 2) Let’s bootstrap

X ~ Beta(a =18, b =06)

5.1
4.6
4.1

Z 3.67

i

£ 317

2 251

g 2,07

1.0 500
0.5
00 T T T T T a1 I
04 05 06 07 08 09 1.0 0 - n |
X

0.5 0.6 0.7 0.8 0.9 1.0

2000

1500

1000
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