
Practice Final Jessica Su

1 Instructions

• This is a practice final. The real exam is 3 hours long, but this practice final may not
be the same difficulty as the real exam (we tried to make it harder).

• You may use your notes, your old problem sets, the official course textbook, and any
material on the course website. You may bring your laptop to the exam but you may
not use the Internet except for browsing material on the course website.

• You may not browse Piazza.

2 Median of 2n values

You have two databases, each containing n integers. There are 2n integers total, and you
would like to determine the median of the 2n integers (i.e., the nth smallest value among
the 2n integers). You may assume the 2n integers are distinct.

You can only access these values through queries to the database. In a single query, you can
specify a value k to one of the two databases, and the chosen database will return the kth
smallest element in that database.

Design an algorithm that finds the median value using at most O(log n) queries.

Required for this problem:

• An English or pseudocode description of your algorithm.

• A proof that your algorithm correctly finds the median value.

• A proof that your algorithm runs using at most O(log n) queries.

3 Red, yellow, and green

Suppose an array consists of n elements, each of which is red, yellow, or green. We seek to
sort the elements so that all the reds come before all the yellows, which come before all the
greens. The only operations permitted on the keys are

• Examine(A, i) – report the color of the ith element of A.

• Swap(A, i, j) – swap the ith element of A with the jth element.

Find a correct and efficient algorithm for red-yellow-green sorting. The solution should run
in O(n) time.

Required for this problem:

• A pseudocode description of your algorithm.
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• A proof that your algorithm runs in linear time.

4 Design a data structure

Design a data structure where Search, Insert, and Delete run in O(1) time. Assume that
all entries are integers in [1, n] and that there are m+ n units of space available, where m is
the maximum number of integers that can be in the table at any one time. (Hint: use two
arrays A[1..n] and B[1..m].) Note that you may not initialize either A or B, as that would
take O(m) or O(n) operations.

You may assume there are no duplicates in the data structure.

Required for this problem:

• An English or pseudocode description of how you would implement Search, Insert, and
Delete.

5 Recurrences

Solve the following recurrences:

1. T (n) = T (n− 1) + n

2. T (n) = 2T (n/4) + n

Required for this problem:

• A Big-Theta bound for T (n) for both parts (1) and (2).

6 Fun With Walks

Consider a weighted, directed graph G with n vertices and m edges that have positive integer
weights. A walk is a sequence of not-necessarily-distinct vertices v1, v2, . . . , vk such that each
pair of consecutive vertices (vi, vi+1) are connected by an edge. The length of a walk in a
weighted graph is the sum of the weights of the edges in the walk. Let s and t be given
vertices in the graph, and L be a positive integer. We are interested in counting the number
of walks from s to t of length exactly L, in O((n + m)L) time.

Required for this problem:

• A pseudocode description of your algorithm.

• A proof that your algorithm runs in the desired runtime.
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7 Inversions

Let A[1..n] be an array of n distinct numbers. If i < j and A[i] > A[j], then the pair
(i, j) is called an inversion of A. Suppose that the elements of A form a uniform random
permutation of (1, 2, . . . , n). Find the expected number of inversions.

Required for this problem:

• A computation leading to the expected number of inversions.

8 Depth-first-search

1. Give a counterexample to the conjecture that if a directed graph G contains a path
from u to v, and if u.d < v.d in a depth-first search of G, then v must be a descendant
of u in the depth-first-forest produced.

2. Give a counterexample to the conjecture that if a directed graph G contains a path
from u to v, then any depth-first-search must result in v.d ≤ u.f .

Required for this problem:

• A counterexample for part (1).

• A counterexample for part (2).
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