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O
verview

•
R

eading

•
Introduction
–

T
here are tons of papers w

ritten on m
ultiplication.

U
nfortunately it is rare that the paper talks about the logic

and circuit issues together. T
here are m

any ‘logic’ papers
w

ith describe clever w
ays of adding the partial products, but

they rarely address the cost of the w
iring. O

ther circuit
papers talk about fast w

ays to build the basic adder cells.
W

e w
ill start w

ith the m
ultiplier organization, and look at both

the logic and circuit issues.
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M
ultiplication

•
B

asic idea is pretty sim
ple

–
A

 * B
 =

 C

•
D

one by generating a num
ber of partial products, and adding

them
 together:

•
R

esult is 2n bits

•
F

or integer operations w
ant LS

B
 n bits, for F

P
 w

ant M
S

B

•
F

P
 1.X

X
X

X
 * 1.X

X
X

R
ow

 of dots is a partial product:
R

esult of m
ultiplying A

 by one 
bit of B

 (A
 is the m

ultiplicand)
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S
im

ple M
ultiplier

•
T

akes n cycles, and generates and adds one partial product
each cycles:

M
ultiplicand

P
artial P

roduct G
eneration

M
ultiplier

A
dder

R
esult S

hift

S
hift right each cycle

S
hift right each cycle
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M
ain Issues

1. C
reate the partial products

2. S
um

 them
 together

•
F

or a fast m
ultiplier

–
R

educe the num
ber of partial products

–
F

ast A
dder cells

–
T

ree adders

•
T

alk about this stuff next
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P
artial P

roduct G
eneration

•
In the sim

ple form
 it is very easy:

0 * A
 =

 0
1 * A

 =
 A

•
T

his is a sim
ple A

N
D

 gate at each bit

•
B

ut generate a P
P

 for each m
ultiplier bit

•
W

e can generate a P
P

 for every tw
o m

ultiplier bits

–
0 0

0

–
0 1

1*

–
1 0

2* (this is easy to generate by a shift)

–
1 1

3* (yech
 -- but can m

ake easy 4 -1, and delay the
4 into the next group
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M
odified B

ooth C
oding

•
M

ake it easy

–
W

hen the M
S

B
 of the 2bits is 1 add 4 to next group up

(2 =
 4 -2)

–
B

ooth
 recoder looks at 3 bits

•
T

he tw
o bits it is recoding, and the M

S
B

 of previous group

T
able 1

M
S

B
LS

B
P

rev
O

ut
0

0
0

0
0

0
1

1
0

1
0

1
0

1
1

2
1

0
0

-2
1

0
1

-1
1

1
0

-1
1

1
1

0
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B
ooth E

ncoder

•
F

or dom
ino circuits

•
O

utputs are one hot

•
C

an be done in one ‘gate
’

•
N

eed large output buffers
to drive long w

ire to control
all the

 m
ux that are

connected to it.

A
A

_b

B
B

_b
B

C
C

C
C

_b
C

_b

Z
ero

O
ne_b

O
neT

w
o

T
w

o_b

C
lk

C
lke

A
A

_b
B

B
_b

C
C

_b

D
r

D
r

D
r

D
r

D
r

9/3

2.4

4

6

14

25

Input Invs

C
lock D

elay
C

lk
C

lke

4/2
4/2

4/2
42/4

O
utput D

river (D
r) 

9/3
3/20

42/5
10/60

200/10

abc
000
001
010
011
100
101
110

Z
ero

11
111

000000

O
ne

01100000

O
ne_b

000110 00

T
w

o
00010000

Tw
o_b

00001000
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B
ooth M

ux

•
M

ultiplicand is converted into dual rail partial products again by using
local inverters, and is sent dow

n to one significance higher booth
 m

ux,
generating 2M

.

•
T

he adders get m
onotonic dual rail partial products from

 the booth
 m

ux.

C
lk

C
lk

2.4

30

P
P

P
P

_b

M
M

_b
2M

2M
_b

M
_b

M
2M

_b
2M

Z
ero

T
w

o_b
O

ne_b
T

w
o

O
ne 8

16

6

M
M

_b

30/4
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3 B
it B

ooth

•
C

an recode 3 m
ultiplier bits at a tim

e

•
G

enerates 1/3 of the partial products

•
B

ut you end up w
ith needing 3*M

ultiplicand

–
T

his takes an adder

–
S

o this is generally not done

T
able 2

M
S

B
LS

B
O

ut
0

0
0

0x
0

0
1

1x
0

1
0

2x
0

1
1

3x
1

0
0

-4x
1

0
1

-3x
1

1
0

-2x
1

1
1

-1x

N
eed to look at

M
S

B
 of previous

group and add 1
if it is 1. T

his still
keeps the

num
bers betw

een
-4 and 4. T

he
only hard one to
generate is 3x
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A
dding P

artial P
roducts

•
If you w

ant to add m
ore partial

products in a cycle you could use
m

ultiple adders

•
T

his solution has tw
o problem

s:

•
E

ven fast adders are pretty slow

•
7+

 F
O

4 delays

•
F

ast adders are pretty large

•
E

xpensive in area

P
artial P

roduct G
eneration

A
dder

P
artial P

roduct G
eneration

A
dder

P
artial P

roduct G
eneration

A
dder
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C
arry S

ave A
dder

•
T

o get a faster adder w
e w

ill use a trick:

•
R

epresent the result of adder (sum
) in a redundant form

–
S

um
 =

 S
um

1  +
 S

um
2

–
T

hat is w
hen you add S

um
1  and S

um
2  together you get the

right result. T
his is nice since w

e now
 don

’t need to
propagate the carry in the adder.

•
Instead of rippling the carry, shift it left by one, and use it as the
‘other’ part of the sum

. E
ach stage of the adder takes 3 inputs,

and produces tw
o outputs.

Σ
C

out

A
  B

  C
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C
arry S

ave A
dder

•
E

ach adder can add one partial product to a redundant sum

–
R

edundant sum
 takes tw

o inputs, partial product takes the
third

•
E

ach adder is sm
all and fast

–
D

om
ino C

S
A

 is around 1.5 F
O

–
C

S
A

 is pretty sim
ple, it is just a full adder

•
T

he problem
 is the output is really in an unusable form

–
A

t the end of the array you need to add tw
o parts of

redundant num
ber together

–
T

his take a fast adder, but you only need one at the end of
m

ultiplier, not one for each partial product

E
E

 371 Lecture 11 
M

A
H

/JZ
14

M
ultiplier O

verview

•
B

lock diagram
 of m

ultiplier:

•
T

he Σ
 array is in carry save adders, and final sum

 is a norm
al

adder

B
O

O
T

H
M

U
X

E
S

E
ncoders

Σ
pp

Σ

N
/2xN

2xN

N

N

M
ulti-

M
ulti-

plicand

plier

out
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A
rray M

ultiplier

•
F

or floating point num
bers you have 53 bit num

bers, w
hich give

27P
P

•
25

 C
S

A
s in

 datapath
, all in critical path (F

irst adder adds 3 P
P

)

•
56 bits tall regular datapath

•
S

hort w
ires

= =
CSA1

CSA2

BMux1

BMux2

BMux3

BMux4

CSA25

BMux27

E
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T
ree M

ultipliers

•
C

an build faster Σ
 arrays but using tree adder

•
N

eed to be careful since:

•
T

rees have longer w
ires (each adder is a row

 of adders)

•
D

raw
n a binary tree, but C

S
A

 are 3 input 2 output devices

•
C

an build a 4:2 com
biner using 2 C

S
A

+
+

+
+

+
+

+
+

+
+

+
+

+
+
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4-2 A
dder

•
If you ignore the side branches you get 4 inputs in each bit
position, and tw

o output at each bit position. T
his allow

s you to
build binary trees. Y

ou can build 3:2 trees, W
allace T

rees, (and
it is a little faster) but the w

iring is m
uch m

ore com
plex

Σ
C

out

A
B

C

E
E
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T
ree Layout

•
F

ull (4:2) T
rees:

•
26

 C
S

A
s in

 datapath
, 8 in critical path

•
Increased

 datapath
 height

•
Long w

ires, m
any cross-overs, w

iring channels

1
2

1
3

4
1

2
1

1
2

1
3

1

B
it-S

lice:

D
atapath H

eight:

103
81

65
57
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Interleaved A
rrays

•
C

om
prom

ise solution

•
F

ull-array critical path reduced by half for sm
all area overhead

•
Longer w

ires w
ithin the array

•
C

an w
e do even better?

Combine4:2

4:2 C
om

biner

odd
even

E
E
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A
rray-of-A

rrays

•
M

ore partial arrays: higher parallelism
, w

iring com
plexity, larger

com
bining netw

ork

•
C

hose M
 depending on problem

 size

PA
R

R
AY

1

p
1

Combine

2xm
2

PA
R

R
AY

2

p
2

PA
R

R
AY

3

p
3

PA
R

R
AY

m

p
m

G
eneral Idea:

2

2

2
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T
w

o P
artial A

rrays

•
R

egular w
iring, sm

all num
ber of cross-overs

•
M

axim
um

 effective w
ire loading ~

1.5xC
S

A
 delays

•
F

or optim
al parallelism

, p1=
13 +

 p2=
14.

•
~

14.5 C
S

A
 delays in critical path

PARRAY1

PARRAY2

Combine4:2

4:2 C
om

biner

E
E
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F
our P

artial A
rrays

•
T

ree com
biner: W

iring, area overhead

•
M

atching A
rray D

elays: 5+
5+

7+
10 pp.10

 C
S

A
s

•
O

ptim
al P

arallelism
: 

4+
4+

8+
11 pp. 11

 C
S

A
s

•
M

ore P
artial arrays?: m

arginal returns

PARRAY1

PARRAY2

PARRAY3

PARRAY4

Combine1

Combine2

Combine3

4:2 C
om

biner
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D
etails

•
T

here are tw
o details that w

e still need to cover

–
D

ealing w
ith the bits that fall off the end of the array

•
In the array organization the

 datapath
 w

idth rem
ain constant

•
T

he ‘extra’ (LS
B

) bits fall off the top of the array

•
B

ut these bits are still in redundant form

•
F

or rounding these bits need to be added too

–
D

ealing w
ith negative partial products

•
T

he problem
 is w

ith sign extension

•
N

eed to extend the sign bits the full 2N
 bits

–
T

his is N
 additional bits for the first P

P

•
Look at these issues next

E
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LS
B

s F
alling O

ff the A
rray

•
S

peed through the array is one C
S

A
 delay

•
B

ut since the P
P

 are booth coded, tw
o bit positions fall off each

stage

•
N

eed to do a tw
o bit carry propagate add in on C

S
A

 delay

•
B

uild a sm
all carry select adder

•
C

arry in to carry out is only a
 m

ux delay

= =
CSA1

CSA2

BMux1

BMux2

BMux3

BMux4

CSA25

BMux27
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F
aster S

tructures

C
ourtesy D

. F
oty

•
D

o m
ore adds in parallel, m

aking dealing w
ith the end bits

harder
–

In tree adder, all the bits fall off the end at roughly the sam
e tim

e

–
A

rray of arrays has a sim
ilar problem

•
N

eed to build a com
plete carry propagate adder for these bits

PARRAY1

PARRAY2

PARRAY3

PARRAY4

Combine1

Combine2

Combine3

4:2 C
om

biner

N
orm

al Fast A
dder

E
E
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S
ign E

xtension

•
W

hen the P
P

 is negative, need to sign extend

–
T

his is bad since the
 fanout can be large

•
U

se a trick instead

–
P

re-add the triangle of 1
’s

–
T

o clear out 1
’s add 1 to the row

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1
0

1
0

1
0

1
1

1
1

1
1

1
1

1
1S
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S
ign E

xtension

•
S

o you only need to add few
 bits:

•
A

dding these bits together is the sam
e as com

plete sign
extension

S
S

S
1

S
1

S
1

S
1

0
1

0
1

0
1

1


