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Problem Statement

We want to solve

maximize
x∈Rn

‖x‖22

subject to Ax ≤ b.
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Why?

Recall that we were given the problem

minimize
y∈Rn

n∑
i=1

λiy
2
i

subject to Cy ≤ d,

with 0 feasible and λi < 0, i ∈ [n].

Letting Λ = −diag(λ), x = Λ1/2y, we get a norm maximization problem
with A = CΛ−1/2 and b = d.
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Geometry: Assuming {x | Ax ≤ b} is bounded.

0

Solution is vertex that is farthest away from the origin.
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Geometry: Assuming {x | Ax ≤ b} is bounded.

v*

0

Solution is vertex that is farthest away from the origin.
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Bad news:

• Problem is NP hard [1].

Good news:

• We can still come up with fast algorithms that find good, if not optimal,
points.
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Norm Maximization Algorithm

Let A, b be s.t. {x | Ax ≤ b} is bounded, interior 6= ∅ and contains 0.

Step 0: Set x1 = 0, A1 = A, b1 = b, k = 1.

Step 1: Find maximum volume ellipsoid Ek contained in {x | Akx ≤ bk}.
If V ol(Ek) < ε, return xk.

Step 2: Maximize norm over Ek and let solution be xk+1.

Step 3: Construct supporting halfspace {x | gTx ≤ h} of Ek at xk+1.

Step 4: Set Ak+1 =

[
Ak

gT

]
, bk+1 =

[
bk

h

]
, k = k + 1.
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Illustration:
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Step 1: Find maximum volume ellipsoid E contained in {x | Ax ≤ b} [2],
[3].

• Express ellipsoid as E = {Qu+ r | ‖u‖2 ≤ 1}, can assume Q ∈ Sn++.

• Vol(E) ∝ det(Q).

• E ⊂ {x | A ≤ b} ⇐⇒ ‖Qai‖2 + aTi r ≤ bi, i ∈ [m], where

A =

 aT1
...
aTm

 , b =

 b1
...
bm


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• Hence to maximize Vol(E) subject to E ⊂ {x | Ax ≤ b} we solve

maximize
Q,r

det(Q)1/n

subject to ‖Qai‖2 + aTi r ≤ bi, i ∈ [m]

Q � 0.
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Step 2: Maximize norm over E .

• x ∈ E ⇐⇒ xTQ−1Q−1x− 2rTQ−1Q−1x+ rTQ−1Q−1r − 1 ≤ 0

• Hence we want to solve

minimize
x∈Rn

− xTx

subject to xTQ−1Q−1x− 2rTQ−1Q−1x+ rTQ−1Q−1r − 1 ≤ 0.

• This is a nonconvex optimization problem.

• Are we stuck?
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• No, this nonconvex optimization problem has strong duality [2, p. 654].

• Hence we solve its dual

maximize
γ,λ

γ

subject to λ ≥ 0[
−I + λQ−1Q−1 −λQ−1Q−1r
−λrTQ−1Q−1 λrTQ−1Q−1r − λ− γ

]
� 0,

which is a convex optimization problem.

• Then set x∗ = (−I + λ∗Q−1Q−1)†λ∗Q−1Q−1r.
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Step 3: Construct supporting halfspace {x | gTx ≤ h} of E at x∗.

• Let f(x) = xTQ−1Q−1x− 2rTQ−1Q−1x+ rTQ−1Q−1r − 1.

• x∗ ∈ {x | f(x) = 0}, the boundary of E , and ∇f(x∗)T (x − x∗) < 0,
∀x ∈ E , x 6= x∗.

• Hence

{x | ∇f(x∗)T (x− x∗) ≥ 0} = {x | − ∇f(x∗)Tx ≤ −∇f(x∗)Tx∗}

is a supporting halfspace of E at x∗.

• Let g = −∇f(x∗), h = −∇f(x∗)Tx∗.
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Illustration:

x*
gTx = h

∇f(x*)

E

gTx ≤ h
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Performance: 125 polytopes, n = 4, ai ∼ N (0,Σ), bi ∼ αU [0, 1] + 1,
5 ∼ 47 vertices.
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Performance: 125 polytopes, n = 8, ai ∼ N (0,Σ), bi ∼ αU [0, 1] + 1,
21 ∼ 1860 vertices.
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