
What is Learning?



What is Learning?

•There are lots of answers to this question, and explanations often become 
philosophical

•A more practical question might be:

What can we teach/train a person, animal, or machine to do? 



Example: Addition “+”

•How is addition taught in schools?
•Memorize rules for pairs of numbers from the set {0,1,2,3,4,5,6,7,8,9}  
•Memorize redundant rules collectively, for efficiency, e.g. 0+x=x
• Learn to treat powers of 10 implicitly, e.g. 12+34=46 because 1+3=4 and 

2+4=6
• Learn to carry when the sum of two numbers is larger than 9
• Learn to add larger sets of numbers by considering them one pair at a time
• Learn how to treat negative numbers
• Learn how to treat decimals and fractions
• Learn how to treat irrational numbers



Knowledge Based Systems (KBS)

Contains two parts:
1) Knowledge Base

•Explicit knowledge or facts
•Often populated by an expert (expert systems)

2) Inference Engine
•Way of reasoning about the facts in order to generate new facts
•Typically follows the rules of Mathematical Logic

 



KBS Approach to Addition

•  



Machine Learning (ML)

Contains two parts:
1) Training Data

•Data Points - typically as domain/range pairs 
•Hand labeled by a user, measured from the environment, or generated 

procedurally
2) Model

•Derived from Training Data in order to estimate new data points minimizing 
errors
•Uses Algorithms, Statistical Reasoning, Rules, Networks, Etc.



KBS vs. ML

•KBS and ML can be seen as the discrete math and continuous math approaches 
(respectively) to the same problem

•KBS’s Knowledge Base serves the same role as ML’s Training Data

• Logic is the algorithm used to discover new discrete facts for KBS, whereas many 
numerical algorithms/methods are used to approximate continuous facts/data 
for ML
• Logic (in particular) happens to be especially useful for discrete facts

•ML, derived from continuous math, will tend to have inherent approximation 
errors



ML Approach to Addition

•  



ML Approach to Addition



 

•  



ML Approach to Multiplication



Example: Unknown Operation “#”

•  



Determining the Model Function

•  



Nearest Neighbor

•  



Data Interpolation

•  



Polynomial Interpolation

•Given 1 data point, one can (at best) draw a constant function 



Polynomial Interpolation

•Given 2 data points, one can (at best) draw a linear function



Polynomial Interpolation

•Given 3 data points, one can (at best) draw a quadratic function



Polynomial Interpolation

•Unless all 3 points are on the same line, in which case one can only draw a linear 
function



Polynomial Interpolation

•  



Overfitting

•  

• Interpolating polynomials are smooth (continuous 
function and derivatives)

• Thus, they wiggle/overshoot in between data points 
(so that they can smoothly turn back and hit the 
next point)

• Overly forcing polynomials to exactly hit every data 
point is called overfitting (overly fitting to the data)

• It results in inference/predictions that can vary 
wildly from the training data 



Regularization

•Using a lower order polynomial that doesn’t (can’t) exactly fit the data points 
provides some degree of regularization

• A regularized interpolant contains intentional errors 
in the interpolation, missing some/all of the data 
points 

• However, this hopefully makes the function more 
predictable/smooth in between the data points 

• The data points themselves may contain 
noise/error, so it is not clear whether they should 
be interpolated exactly anyways 



Regularization

•  

• There is a trade-off between sacrificing accuracy 
on fitting the original input data, and obtaining 
better accuracy on inference/prediction for new 
inputs



Underfitting

•Using too low of an order polynomial causes one to miss the data by too much

• A linear function doesn’t capture the essence of 
this data as well as a quadratic function does 

• Choosing too simple of a model function or 
regularizing too much prevents one from properly 
representing the data



Nearest Neighbor

•Piecewise-constant interpolation on this data (equivalent to nearest neighbor)

• The reasonable behavior of the piecewise constant 
(nearest neighbor) function stresses the 
importance of approximating data locally

• We will address Local Approximations in Unit 6



Caution: Overfitting

•Higher order polynomials tend to oscillate wildly, but even a simple quadratic 
polynomial can overfit by quite a bit



Caution: Overfitting

•A piecewise linear approach works much better on this data



Noisy Data

•There may be many sources of error in data, so it can be unwise to attempt to fit 
data too closely



Linear Regression

•One commonly fits a low order model to such data, while minimizing some metric 
of mis-interpolating or mis-representing the data 



Noise vs. Features

•But how can one differentiate between noise and features?



Noise vs. Features

•When training a neural network, split the available data into 3 sets

•E.g., 80% training data, 10% model validation data, and 10% test data

•Training data is used to train the neural network
• An interpolating function is fit to the training data (potentially overfitting it)

•When considering features vs. noise, overfitting, etc., model validation data is 
used to select the best model function or the best fitting strategy 
• Compare inference/prediction on model validation data to the known answers

• Finally, when disseminating results advocating the “best” validated model, 
inferencing on the test data gives some idea as to how well that validated model 
might generalize to unseen data
• Competitions on unseen data have become a good way to stop “cheating” on test data 



Monomial Basis for Polynomial Interpolation

•  

 



Monomial Basis for Polynomial Interpolation

•  

 

 



Matrix Columns as Vectors

•  



Matrix Columns as Vectors

•  

• In this example, the (red) column vectors go 
too far to the right and back in order to 
(fully) illustrate



Singular Matrices

•  



Singular Matrices

•  



Near Singular Matrices

•With limited numerical precision, one struggles to obtain accuracy when columns 
(or linear combinations of columns) are too parallel to each other

•That is, analytically invertible matrices may not be computationally invertible

•We use the concept of a condition number to describe how hard or easy it is to 
solve a problem computationally (on a computer)



Approximation Errors

•Modeling errors – Parts of a problem under consideration might be ignored. E.g., 
when simulating solids/fluids, sometimes frictional/viscous effects are not 
included.

•Empirical constants – Some numbers are unknown, and measured with limited 
precision. Others may be known more accurately, but limited precision hinders 
the ability to express them. E.g. Avogadro’s number, the speed of light in a 
vacuum, the charge on an electron, Planck’s constant, Boltzmann’s constant, pi, 
etc. (Note that the speed of light is 299792458 m/s exactly, so we are ok for 
double precision but not for single precision.)



Approximation Errors

•  



Approximation Errors

• Inaccurate inputs – Often, one is only concerned with part of a calculation, where 
a given set of inputs is used to produce outputs. Those inputs may have 
previously been subjected to any of the errors listed above, and thus may already 
have limited accuracy. This has implications for various algorithms. E.g., if inputs 
are only accurate to 4 decimal places, it probably doesn’t make sense to carry out 
an algorithm to an accuracy of 8 decimal places.



Computational Approach

•Condition Number: A problem is ill-conditioned if small changes in inputs lead to 
large changes in the outputs. Large condition numbers are bad (sensitive), and 
small condition numbers are good (insensitive). If the relative changes in the 
inputs and outputs are identical, the condition number is 1.
• E.g. Near parallel columns in a matrix lead to a poor (and large) condition number!

• Stability and Accuracy: It is appropriate to aim to solve well-conditioned 
problems on a computer; then, stability and accuracy matter: 
• Stability refers to whether or not an algorithm can complete itself in any meaningful way. 

Unstable algorithms tend to give wildly varying (explosive) results, usually leading to NaN’s.
• Stability alone does not indicate that the problem has been solved. One also needs to be 

concerned with the size of the errors, which could still be enormous (e.g. no significant 
digits correct). Accuracy refers to how close an answer is to the correct solution.



Computational Approach

•A problem should be well-posed before even considering it computationally 

•Computational Approach:
•1) Conditioning - formulate a well-conditioned approach
•2) Stability - devise a stable algorithm 
•3) Accuracy - make the algorithm as accurate as is warranted/practical



Vector Norms (Carefully)

•  



Quadratic Formula (Carefully)

•  



Quadratic Formula (Carefully)

•  



Polynomial Interpolation (Carefully)

•  



Lagrange Basis for Polynomial Interpolation

•  



Lagrange Basis for Polynomial Interpolation

•  

 



Newton Basis for Polynomial Interpolation

•  



Summary: Polynomial Interpolation

•Monomial/Lagrange/Newton basis all give the same exact unique polynomial
•as one can see by multiplying out and collecting like terms

•But the representation used makes it easier/harder to both find the polynomial 
itself and subsequently evaluate the polynomial



Representation Matters

•Consider:                      Divide CCX by VI

•As compared to:          Divide 210 by 6

• See Chapter 15 on Representation Learning in the Deep Learning book



Predict 3D Cloth Shape from Body Pose (Carefully)

•  



Approach

•  



Aside: Procedural Skinning

• In the rest pose, associate each vertex of 
the body surface mesh with one or more 
nearby bones

•A weight from each bone dictates how 
much impact its position/orientation has 
on the vertex’s position

•As the pose changes, bone changes 
dictate new positions for skin vertices Credit: Blender website

• Deforms a body surface mesh to match a skeletal pose
• well studied and widely used in graphics



Leverage Procedural Skinning

•  



Pixel Based Cloth

•  



Body Skinning of Cloth Pixels

•  



RGB Values of Cloth Pixels Correspond to Offset Vectors



Image Based Cloth

•Rasterize triangle vertex colors to standard 2D image pixels (in texture space)

• Function output becomes a (standard) 2D RGB image

•More continuous than cloth pixels (which have discrete mesh/graph topology)

•Then, can learn with Convolutional Neural Network (CNN) techniques



Encode 3D Cloth Shapes as 2D Images

•  


