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Proof by Contradiction 
•�� In seeking to prove that BB(n) is not computable by a Turing 

machine, the simplest approach is to employ a strategy called 
!"##$%&'%(#)*"+,-(*-#).  In proof by contradiction, you start 
by assuming the opposite of what you wish to prove, and then 
show—typically by constructing a specific example—that 
doing so leads to an absurd conclusion or that violates one of 
the assumptions.  If the steps in your construction are correct, 
the only questionable part of the process is the original 
assumption. 

•�� Thus, to prove that BB(n) is not computable by a Turing 
machine, we start by assuming that it is.  That means that we 
can assume the existence of a machine MBB with �� states that 
takes n as input and writes out BB(n) ! s as output. 

•�� The essence of the contradiction is to construct a machine 
with k states that writes out more than BB(k) ! s. 

Steps in the Proof 
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But Wait . . . Why Can’t You . . . 
•�� Despite the proof by contradiction, the idea that BB(n) is 

uncomputable seems wrong.  After all, we can simulate a 
Turing machine.  Why isn’t it possible to solve this problem 
using the following approach: 

Generate every Turing machine with n states.  There is only a 
finite number of such machines. 

1. 

For each machine, run the Turing machine simulator and count 
the number of ! s it generates. 

2. 

Keep track of the largest value so far and report that number at 
the end of the run. 

3. 

•�� There is a problem here.  Some of the machines go on forever, 
so there is no way to terminate the computation in step 2.  

•�� If it were possible to tell whether a Turing machine would 
halt, it would be possible to compute the BB(n) function. 
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The Halting Problem in JavaScript 

The Church-Turing Thesis 
•�� The question of what is computable by a 

Turing machine is important in a search 
for what is generally computable mostly 
because no one has ever found a more 
powerful model. 

•�� Most computer scientists believe what 
has come to be known as the ./0"(/1
20"-)3%*/45-5: 

No method of computation carried out 
by a mechanical process can be more 
powerful than a Turing machine. 

•�� This claim remains a conjecture, and it is not clear there is any 
way to prove it.  At the same time, it has so far resisted all 
efforts to disprove it. 
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Tiling Problems 
•�� The notion of undecidability comes up in many different 

contexts, most of which seem completely unrelated to the idea 
of Turing machines.  

•�� One particularly interesting application appears if you try to 
answer the question of whether a set of tiles—constrained by 
rules that the colors on their edges have to match—can be 
positioned so that they completely fill the plane. 

•�� Tiling problems gained some mathematical attention in the 
1970s when Roger Penrose, Professor of Mathematics at 
Oxford developed a set of tiles that would tile the plane but 
only in a nonperiodic fashion. 
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