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 Homework 3 due today

▪ Gradescope submissions close at 11:59 PM

 Colab 4 due Tuesday 12/2 
 Exam reminder!

▪ Wednesday 11/19 from 6-8PM

▪ See Ed for your assigned room

▪ If you're taking OAE/makeup exam, you should have 
received an email with details

▪ Practice Exam (and solutions) posted on Ed

 Colab 5 released today, due on Thursday 12/4
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Source: https://medium.com/@tenyks_blogger/the-foundation-models-reshaping-computer-vision-b299a91527fb
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Source: https://github.com/evolutionaryscale/esm
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 UCE creates universal representations of cells

Input:
RNA expression of a single 
cell/nucleus

Output:
Cell Embedding
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 Foundation models are pretrained architectures

 Modern AI trains very large models with a huge 
amount of data

 Foundation models can be used as zero-shot or 
few-shot learners

 They generalize to new entities that have not been 
observed during training

3/14/24 Jure Leskovec, Stanford CS246: Mining Massive Datasets, http://cs246.stanford.edu 12



Challenges
 Multiple types of graphs

 Multiple types of tasks
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 Unified framework to learn graph tasks of 
multiple levels

 Agnostic of the graph type
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 Build a model that learns embeddings for 
entities and relations of any KG

 The model will be trained in an unsupervised 
fashion

 The model will transfer knowledge between 
different KGs

 We will not discuss scalability of the training 
data and the model
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 Edges in KG are represented as triples (ℎ, 𝑟, 𝑡)

▪ head (ℎ) has relation 𝑟  with tail (𝑡)

 Key Idea: 

▪ Model entities and relations in embedding space ℝ𝑘

▪ Associate entities and relations with shallow embeddings
▪ Note we do not learn a GNN here!

▪ Given a triple (ℎ, 𝑟, 𝑡), the goal is that the embedding 
of (ℎ, 𝑟) should be close to the embedding of 𝑡.

▪ How to embed ℎ, 𝑟 ?

▪ How to define score 𝑓𝑟 ℎ, 𝑡 ?

▪ Score 𝑓𝑟  is high if ℎ, 𝑟, 𝑡  exists, else 𝑓𝑟  is low
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 Node types: drug, disease, adverse event, 
protein, pathways

 Relation types: has_func, causes, assoc, treats, 
is_a
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 Node types: paper, title, author, conference, 
year 

 Relation types: pubWhere, pubYear, hasTitle, 
hasAuthor, cite
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 Example: E-Commerce Graph

▪ Node types: User, Item, Query, Location, ...

▪ Edge types: Purchase, Visit, Guide, Search, …

▪ Different node type's features spaces can be different!
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 Example: E-Commerce Graph

▪ Natural Language: 

▪ User searches for shoes, User buys hand-bag
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 Example: E-Commerce Graph

▪ Natural Language: 

▪ User searches for shoes, User buys hand-bag

▪ All entities are words or tokens of the same type
▪ Homogeneous vocabulary

▪ Knowledge Graph:
▪ User, shoes, hand-bag → entities

▪ Searches, buys → relations

▪ Two modalities, heterogeneous vocabulary
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 Example: E-Commerce Graph

▪ Natural Language: 

▪ User searches for shoes, User buys hand-bag

▪ Tokens are connected sequentially

▪ Knowledge Graph:
▪ Entities have an underlying complex graph structure
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 Build a model that learns embeddings for 
entities and relations of any KG

▪ Double equivariant architectures

 Process the graph structure between entities

▪ Use Graph Neural Networks

 Find a canonical task for unsupervised training

▪ Knowledge Graph Completion
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Given an enormous KG, can we complete the KG?

▪ For a given (head, relation), we predict missing tails.
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missing relation: 
genre

genre

genre

genre
genre

genre

Influence

Influence
Influence

Influence

Influence

J.R.R Tolkien

C.S. Lewis

J.K. Rowling

Lloyd Alexander

Stephen King

Alan Poe

Science Fiction

Fantasy

Tragicomedy

Example task: predict the 

tail “Science Fiction” for 

(“J.K. Rowling”, “genre”)



 Simplest encoding approach: encoder is just 
an embedding-lookup
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Dimension/size 

of embeddings

one column per node 

embedding 

matrix

embedding vector for a 

specific node
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KG embedding Models:
Model Score Embedding Sym. Antisym. Inv. Compos. 1-to-N

TransE − 𝐡 + 𝐫 − 𝐭 𝐡, 𝐭, 𝐫 ∈ ℝ𝑘
 ✓ ✓ ✓ 

TransR
−ԡ

ԡ
𝑴𝑟𝐡 + 𝐫

− 𝑴𝑟𝐭

𝐡, 𝐭 ∈ ℝ𝑘,
𝐫 ∈ ℝ𝑑, 
𝑴𝑟 ∈ ℝ𝑑×𝑘

✓ ✓ ✓ ✓ ✓

DistMult < 𝐡, 𝐫, 𝐭 > 𝐡, 𝐭, 𝐫 ∈ ℝ𝑘
✓    ✓

ComplEx Re(< 𝐡, 𝐫, ҧ𝐭 >) 𝐡, 𝐭, 𝐫 ∈ ℂ𝑘
✓ ✓ ✓  ✓

RotateE − 𝐡 ∘ 𝐫 − 𝑡 𝐡, 𝐭, 𝐫 ∈ ℂ𝑘
✓ ✓ ✓ ✓ 



 Structure agnostic shallow encoders learn 
embeddings for entities and relations
▪ The entity and relation embeddings are the trainable 

weights

 The structure of the KG is utilized in the loss 
function

 KG embedding methods can only be used on a 
single KG
▪ They cannot transfer knowledge between KGs

3/14/24 Jure Leskovec, Stanford CS246: Mining Massive Datasets, http://cs246.stanford.edu 30



 What if a new drug comes in?
 Need to retrain the shallow encoder
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 What if I want to transfer knowledge from one 
KG to another?

 The KGs have the same relations
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 What if I want to transfer knowledge from one 
KG to another?

 The KGs have the same relations

Solution:

 Observe that a KG is a heterogeneous graph
 Use a heterogenous GNN

▪ E.g., RGCN, Heterogenous Graph Transformer
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 What if the graph has multiple relation types?
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 What if the graph has multiple relation types?
 Use different neural network weights for 

different relation types.
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Weights 𝐖𝑟1
 for 𝑟1

Weights 𝐖𝑟2
 for 𝑟2

Weights 𝐖𝑟3
 for 𝑟3
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 What if the graph has multiple relation types?
 Use different neural network weights for 

different relation types!
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 (1) Graph Convolutional Networks (GCN)

 We add a self-loop
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𝐡𝑣
(𝑙)

= 𝜎 ෍

𝑢∈𝑁 𝑣

𝐖 𝑙
𝐡𝑢

𝑙−1

𝑁 𝑣
+ 𝐖 𝑙 𝐡𝑣

𝑙−1

Kipf and Welling. Semi-Supervised Classification with Graph Convolutional Networks, ICLR 2017

𝐡𝑣
(𝑙)

= 𝜎 ෍

𝑢∈𝑁 𝑣

𝐖 𝑙
𝐡𝑢

𝑙−1

𝑁 𝑣
 

https://arxiv.org/pdf/1609.02907.pdf
https://arxiv.org/pdf/1609.02907.pdf
https://arxiv.org/pdf/1609.02907.pdf


 Introduce a set of neural networks for each 
relation type!
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…
Weight for rel_1

Weight for rel_N

…

Weight for self-loop



 Relational GCN (RGCN):

𝐡𝑣
𝑙+1

= 𝜎 ෍

𝑟∈𝑅

෍

𝑢∈𝑁𝑣
𝑟

1

𝑐𝑣,𝑟
𝐖𝑟

𝑙
𝐡𝑢

(𝑙)
+ 𝐖0

(𝑙)
𝐡𝑣

(𝑙)

 How to write this as Message + Aggregation?
 Message:
▪ Each neighbor of a given relation: 

𝐦𝑢,𝑟
(𝑙)

=
1

𝑐𝑣,𝑟
𝐖𝑟

𝑙
𝐡𝑢

(𝑙)

▪ Self-loop:

𝐦𝑣
(𝑙)

= 𝐖0
𝑙

𝐡𝑣
(𝑙)

 Aggregation:
▪ Sum over messages from neighbors and self-loop, then apply activation

▪ 𝐡𝑣
𝑙+1

= 𝜎 Sum 𝐦𝑢,𝑟
𝑙

, 𝑢 ∈ 𝑁(𝑣) ∪ 𝐦𝑣
𝑙
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Normalized by node degree 
of the relation 𝑐𝑣,𝑟 = 𝑁𝑣

𝑟



 Assume 𝑬, 𝒓𝟑, 𝑨  is training supervision edge, 
all the other edges are training message edges

 Use RGCN to score 𝑬, 𝒓𝟑, 𝑨 ! 

▪ Take the final layer of 𝐸 and 𝐴: 𝐡𝐸
𝐿  and 𝐡𝐴

(𝐿)
∈ ℝ𝑑

▪ Relation-specific score function 𝑓𝑟: ℝ𝑑 × ℝ𝑑 → ℝ
▪ One example 𝑓𝑟3

𝐡𝐸
 , 𝐡𝐴

 = 𝐡𝐸
𝑇 𝐖𝑟3

𝐡𝐴
 , 𝐖𝑟3

∈ ℝ𝑑×𝑑
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A
C

B

E
F
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𝑟3

𝑟1
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 Structure aware GNN encoders learn embeddings for 
entities

 Structure agnostic shallow encoders learn embeddings 
for relations
▪ The relation embeddings are trainable weights

 The structure of the KG is also utilized in the loss 
function

 RGCN can be used for inductive link prediction across 
new entities
▪ It cannot transfer knowledge between KGs with different 

relation types
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 What if I want to transfer knowledge from one 
KG to another?

 The KGs have different entities and relations
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Given a KG, we train a model such that:

▪ For a given (head, relation), we predict missing tails.
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missing relation: 
genre

genre

genre

genre
genre

genre

Influence

Influence
Influence

Influence

Influence

J.R.R Tolkien

C.S. Lewis

J.K. Rowling

Lloyd Alexander

Stephen King

Alan Poe

Science Fiction

Fantasy

Tragicomedy

Example task: predict the 

tail “Science Fiction” for 

(“J.K. Rowling”, “genre”)



Given a trained model we want:

▪ For a given (head, relation), we predict missing tails.
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Example task: predict the tail 

“Actor” for (“R. Gosling”, 
“profession”)

Acted in

Acted in

Acted in
directed

Profession

directed

Costarred

costarred

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

Yorgos

Lanthimos

director

Greece

The Favorite

LaLa Land

Born in

Acted in

Acted in

UK

Born in
USA

Canada

Born in

actor

Born in

missing relation: 
profession

Profession

Profession



 What if I want to transfer knowledge from one 
KG to another?

 The KGs have the same relations
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J. Lee, C. Chung, JJ. Whang, InGram: Inductive Knowledge Graph Embedding via Relation Graphs, ICML 2023



 What if I want to transfer knowledge from one 
KG to another?

 The KGs have different entities relations

Solution:

 Build double equivariant models

▪ E.g., InGram
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 We achieve inductive link prediction on new 
entities by:

▪ Structure agnostic shallow encoders to structure aware 
GNN encoders to learn embeddings for entities

▪ The structure of the KG was moved from the loss 
function to the loss function and the model

 Let’s do the same for relations

▪ Utilize the structure of relations to generate relation 
embeddings

3/14/24 Jure Leskovec, Stanford CS246: Mining Massive Datasets, http://cs246.stanford.edu 50



11/13/2025 Jure Leskovec, Stanford CS224W: Machine Learning with Graphs, http://cs224w.stanford.edu 51

 New component: Relation Graph

Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf

J. Lee, C. Chung, JJ. Whang, InGram: Inductive Knowledge Graph Embedding via Relation Graphs, ICML 2023



 We define tree graph matrices

 𝐸ℎ: head entities x relations adjacency

▪ 𝐸ℎ 𝑖, 𝑗 = 1 if entity 𝑖 is head in relation j

 𝐸𝑡: tail entities x relations adjacency

▪ 𝐸𝑡 𝑖, 𝑗 = 1 if entity 𝑖 is tail in relation j

 𝐷ℎ, 𝐷𝑡,: diagonal entity x entity matrices with 
entity degrees as heads and tails
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 Then the adjacency matrix of relations is:

 𝐴 is a weighted adjacency matrix

▪ Every edge has a weight that determines the 
importance of the edge 

 In practice we are looking for entities that 
serve as heads and/or tails for relation pairs
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 Consider relation pairs

▪ Find entities that serve as heads and/or tails
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Acted in

Acted in

Acted in
directed

Profession

directed

Costarred

costarred

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

Yorgos

Lanthimos

director

Greece

The Favorite

LaLa Land

Born in

Acted in

Acted in

UK

Born in
USA

Canada

Born in

actor

Born in

missing relation: 
profession

Profession

Profession



 Consider relation pairs

▪ Find entities that serve as heads and/or tails
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Acted in

Acted in

Acted in

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

Yorgos

Lanthimos

Greece

The Favorite

LaLa Land

Born in

Acted in

Acted in

UK

Born in
USA

Born in

𝛽 =
1

3

2

+
1

7

2

= 0.13



 Consider relation pairs

▪ Find entities that serve as heads and/or tails
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Acted in

Acted in

Acted in

Costarred

costarred

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

The Favorite

LaLa Land

Acted in

Acted in

𝛽 =
1

3

2

+
1

7

2

+
1

2

2

= 0.38



 Consider relation pairs

▪ Find entities that serve as heads and/or tails
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Acted in

Acted in

Acted in
directed

directed

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

Yorgos

Lanthimos

The Favorite

LaLa Land

Acted in

Acted in

𝛽 =
1

3

2

+
1

2

2

= 0.36



 Consider relation pairs

▪ Find entities that serve as heads and/or tails
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directed

directed

Costarred

costarred

Olivia Colman

Emma Stone

Poor Things

Ryan Gosling

Yorgos

Lanthimos

The Favorite

𝛽 = 0



 We can construct a graph between relations

▪ Encodes the proximity between different relations
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costarredBorn in

directed

Profession Acted in

0.06

0.27

0.13 0.13

0.06 0.36

0.13

0.17 0.38



11/13/2025 Jure Leskovec, Stanford CS224W: Machine Learning with Graphs, http://cs224w.stanford.edu 66

 Next: Relation-level message-passing

Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf



 (3) Graph Attention Networks

Not all node’s neighbors are equally important

▪ Attention is inspired by cognitive attention. 

▪ The attention 𝜶𝒗𝒖 focuses on the important parts of 
the input data and fades out the rest. 

▪ Idea: the NN should devote more computing power on that 
small but important part of the data. 

▪ Which part of the data is more important depends on the 
context and is learned through training.

𝐡𝑣
(𝑙)

= 𝜎(σ𝑢∈𝑁 𝑣 𝛼𝑣𝑢𝐖(𝑙)𝐡𝑢
(𝑙−1)

)
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Attention weights



 Let 𝛼𝑣𝑢 be computed as a byproduct of an 
attention mechanism 𝒂:

▪ (1) Let 𝑎 compute attention coefficients 𝒆𝒗𝒖 across 
pairs of nodes 𝑢, 𝑣 based on their messages:

𝑒𝑣𝑢 = 𝑎(𝐖(𝑙)𝐡𝑢
(𝑙−1)

, 𝐖(𝑙)𝒉𝑣
(𝑙−1)

)

▪ 𝒆𝒗𝒖 indicates the importance of 𝒖′𝐬 message to node 𝒗
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𝐡𝐴
(𝑙−1)

𝐡𝐵
(𝑙−1)

𝑒𝐴𝐵

𝑒𝐴𝐵 = 𝑎(𝐖(𝑙)𝐡𝐴
(𝑙−1)

, 𝐖(𝑙)𝐡𝐵
(𝑙−1)

)



 What is the form of attention mechanism 𝒂?

▪ The approach is agnostic to the choice of 𝑎

▪ E.g., use a simple single-layer neural network
▪ 𝑎 have trainable parameters (weights in the Linear layer)

▪ Parameters of 𝑎 are trained jointly:

▪ Learn the parameters together with weight matrices (i.e., 
other parameter of the neural net 𝐖(𝑙)) in an end-to-end 
fashion
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𝑒𝐴𝐵 = 𝑎 𝐖(𝑙)𝐡𝐴
(𝑙−1)

, 𝐖(𝑙)𝐡𝐵
(𝑙−1)

= Linear Concat 𝐖(𝑙)𝐡𝐴
(𝑙−1)

, 𝐖(𝑙)𝐡𝐵
(𝑙−1)

𝐡𝐴
(𝑙−1)

𝐡𝐵
(𝑙−1)

Concatenate Linear
𝑒𝐴𝐵



▪ Normalize 𝑒𝑣𝑢 into the final attention weight 𝜶𝒗𝒖 

▪ Use the softmax function, so that σ𝑢∈𝑁 𝑣 𝛼𝑣𝑢 = 1:

𝛼𝑣𝑢 =
exp(𝑒𝑣𝑢)

σ𝑘∈𝑁 𝑣 exp(𝑒𝑣𝑘)

▪ Weighted sum based on the final attention weight 
𝜶𝒗𝒖:

𝐡𝑣
(𝑙)

= 𝜎(σ𝑢∈𝑁 𝑣 𝛼𝑣𝑢𝐖(𝑙)𝐡𝑢
(𝑙−1)

)
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𝛼𝐴𝐵

Weighted sum using 𝛼𝐴𝐵, 𝛼𝐴𝐶 , 𝛼𝐴𝐷:
𝐡𝐴

(𝑙)
= 𝜎(𝛼𝐴𝐵𝐖(𝑙)𝐡𝐵

(𝑙−1)
+𝛼𝐴𝐶𝐖(𝑙)𝐡𝐶

(𝑙−1)
+ 

𝛼𝐴𝐷𝐖(𝑙)𝐡𝐷
(𝑙−1)

)

𝐡𝐵
(𝑙−1)

𝐡𝐶
(𝑙−1)

𝛼𝐴𝐶

𝛼𝐴𝐷



▪ Normalize 𝑒𝑣𝑢 into the final attention weight 𝜶𝒗𝒖 

▪ Use the softmax function, so that σ𝑢∈𝑁 𝑣 𝛼𝑣𝑢 = 1:

𝛼𝑣𝑢 =
exp(𝑒𝑣𝑢 + 𝛽𝑣𝑢)

σ𝑘∈𝑁 𝑣 exp(𝑒𝑣𝑘 + 𝛽𝑣𝑘)

▪ Weighted sum based on the final attention weight 
𝜶𝒗𝒖:

𝐳𝑣
(𝑙)

= 𝜎(σ𝑢∈𝑁 𝑣 𝛼𝑣𝑢𝐖(𝑙)𝐳𝑢
(𝑙−1)

)

11/13/2025 Jure Leskovec, Stanford CS224W: Machine Learning with Graphs, http://cs224w.stanford.edu 71

𝛼𝐴𝐵

Weighted sum using 𝛼𝐴𝐵, 𝛼𝐴𝐶 , 𝛼𝐴𝐷:
𝒛𝐴

(𝑙)
= 𝜎(𝛼𝐴𝐵𝐖(𝑙)𝒛𝐵

(𝑙−1)
+𝛼𝐴𝐶𝐖(𝑙)𝒛𝐶

(𝑙−1)
+ 

𝛼𝐴𝐷𝐖(𝑙)𝒛𝐷
(𝑙−1)

)

𝒛𝐵
(𝑙−1)

𝒛𝐶
(𝑙−1)

𝛼𝐴𝐶

𝛼𝐴𝐷
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 Next: Entity-level message-passing

Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf



 Entity-level message-passing

𝒉𝑣
† 𝑙+1 = 𝜎 ෍

𝑟∈𝑅

෍

𝑢∈𝑁𝑣
𝑟

𝐖1
𝑙 𝐡𝑢

(𝑙)
+ 𝐖0

(𝑙)
𝐡𝑣

(𝑙)

𝐡𝑣
∗ 𝑙+1 = 𝜎 ෍

𝑟∈𝑅

෍

𝑢∈𝑁𝑣
𝑟

𝛼𝑢𝑟𝑣 𝐖1
𝑙 𝐳𝑟

(𝑙)
+ 𝐖0

(𝑙)
𝐡𝑢

(𝑙)

   𝒉𝑣
𝑙+1 = 𝒉𝑣

† 𝑙+1 + 𝒉𝑣
∗ 𝑙+1

 The entity update depends on the relation update
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3 2
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 Next: Link-prediction head

Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf
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Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf
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Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf



 Structure aware GNN encoders learn embeddings 
for entities

 Structure aware GNN encoders learn embeddings 
for relations

 The structure of the KG is also utilized in the loss 
function

 InGram can be used for inductive link prediction 
across new entities and new relation
▪ It is a model we can use to train a foundation model
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 Create different datasets from NELL, Wikidata, 
and Freebase

 Test the performance of InGram in Transductive 
and Inductive link prediction
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Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf
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Source: https://bdi-lab.kaist.ac.kr/down/ingram_icml2023_slides.pdf



 Introduced a model that learns embeddings for 
entities and relations of any KG

 The model (InGram) is trained in an 
unsupervised fashion for KG completion

 The model can transfer knowledge between 
different KGs

 This is a step towards foundation models for KGs
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