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Motivation

Consider usual problem
minimize f(x) subjectto z € C' C R™.

Assume that n is very large (high-dimensional). Then

» Norm of gradient scales as

[VF@)lly = /i V@) ~ Vi

» Can we do better?
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Bregman divergences

Let h : C' — R be a differentiable convex function. The Bregman
divergence associated with A is

Dp(x,y) = h(z) — h(y) — (Vh(y),z — y)
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Mirror descent (non-Euclidean gradient descent)

» Compute subgradient g € 0f(xx)
» Update

. 1
T 1 = argmin {(gk, r) + — Dp(x, xk)}
xzel L
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Convergence analysis

Main assumption (recall homework): h : C'— R is strongly convex
with respect to some norm ||-|| on C,

h(y) > h(z) + (Vhz),y — ) + 3 [z — o]

Not strictly necessary assumption: divergence is upper bounded,
Dy (z*,z) < R?

for all x € C' (or that stepsize « is constant)
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Dual norms

Recall dual norm

lyll, = sup (z,y)
vl <1

which satisfies [|z|| = supy. | <1 (%, y) (in finite dimensions)
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Convergence analysis

Progress of a single update:

flzg) — f(2") < (g, v — 27)
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Convergence analysis |
Single update progress:

flzg) — f(2™) < aik [Dn(2", 2x) — Dp(2™, T y1) — Di(Tpr1, o1

+ (9K, Tht1 — Tk)
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Convergence analysis ||
Telescope the sum

K K 1
> [f(ak) = f@)] <) o (D (2", xx) — Dp(2”, Tg41)]
k=1 k=1 - )

+> 5 ol
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Convergence guarantee

with fixed stepsize o = «,

1

1 K Q
I7e ;[f(l’k) — f(a")] < a—KDh(CU*aiCl) + ﬁMz

where we assume ||gi||, < M for all k
In general, convergence if

> Dp(x*,x1) < 00
> > . ap =00 but ap =0

» subgradients are bounded, i.e. ||g||, < M for g € Of(x) where
xeC
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Example: entropic mirror descent

Suppose we wish to solve problem over probability simplex,
C={xeR}:(1,z)=1}

Use negative entropy

h(x) = Z x; log x;
i=1

» Strongly convex with respect to £1-norm over simplex
> Dy(z,y) = > ;= z;log o

Dy(z,1/n) <logn

> Need only ||g|,, < M
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Entropic mirror descent update
Solve update for C'={z € R : (1,2) = 1}

argrgin{@, ) + Dp(z,y)}-
rec
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Entropic mirror descent versus projected gradient descent

1
min f(a:):EHAx—le st. xeC={zecR}:(1,z) =1}

where A =[a; -+ a,,]' € R™*",
Projected gradient Mirror descent
> Jlz —2*)3 < 1 > Dp(a*,21) < logn
> lglly = max; [|ag], > 9l = max; [laif|
Convergence Convergence
lall, |al| .. v1ogn
flek) — f(z") < ri)—f(a") < —= .
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Example

Robust regression problem (an LP):

minimize f(z) = ||Ax —b||; = Z la; x — by
i=1

subject to z € C' = {z € RY} | 172 =1}

subgradient of objective is g = >, sign(al z — b;)a;
> Projected subgradient update (h(z) = (1/2) ||z||3): annoying
» Mirror descent update (h(x) = > " | z;log z;):

(k+1) _ 21" exp(—ag")

D i xgk) exp(—ag§k))
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Example

Robust regression problem with a; ~ N (0, I,x,) and
b, = (ai,l + ai,g)/2 + ¢; where g; ~ N(O, 10_2), m = 20,n = 3000

10*

— Entropy
—_— Gradienti

0 10 20 30 40 50 60

stepsizes chosen according to best bounds (but still sensitive to
stepsize choice)
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Variable metric subgradient methods

Back to Euclidean case, use a metric based on matrix H; = 0

(1) Get subgradient g € 0f(xy) (or stochastic subgradient with
Elgi] € 0f (1))
(2) update (often diagonal) matrix Hy

(3) update
. 1 .
Lh4+1 = al"gﬂém (9K, ) + 5(5’3 —xy) Hp(r — )
S

So H;. generlizes stepsize and metric
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Variable metric subgradient methods (projection)

Projected gradient variant (same procedure) with projection in Hj
metric

(1) Get subgradient g;. € 0f(xy) (or stochastic subgradient with
Elgk] € 0f (z1))
(2) update (often diagonal) matrix Hy

(3) update
Thtl = ng (:Uk — Hk_lgk)

where

. 2
i (z) = argergm{ﬂy — |5}
Yy

and ||z||3; = " Hx
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Convergence analysis

1

2
9 |Tk41 — $*||Hk
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Convergence analysis |

1
2 2 2
N = a3, = lowes =2, | + 5 ol

flow) - fa") < 5
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Final guarantee (homework)

With choice Tx = Z,ﬁil Tk,

. K
f(@r) — f(z") < Ve {val — x*H?ql + Z H9k|ﬁ{k1:|

k=1
| K
2 2
+ 52> (o = I, = law =211, ) -
k=2
» Convergence if differences HH?{k — HH?{k_l go to zero and

Sy lgxl|7,—1 grows slower than K
k
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AdaGrad

AdaGrad — adaptive subgradient method
(1) get subgradient g(¥) € 9 f(z(*)
(2) choose metric Hy:
> set S, = Y., diag(g:)”

1
> set Hy = ésﬁ

where a > 0 is step-size
Convergence: homework!
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Example

Classification problem:
» Data: {az-, bz}, 1 =1,...,50000

> q; € R1000
» be{—-1,1}
» Data created with 5% mis-classifications w.r.t. w =1, v =10
» Objective: find classifiers w € R'%%? and v € R such that
»a]w+v>1ifb=1
»awtv<—1ifb=-1
» Optimization method:
> Minimize hinge-loss: >, [1 — b; {a;, w) +v]
» Choose example uniformly at random, take sub-gradient step
w.r.t. that example
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Best subgradient method vs best AdaGrad

10 ¢

sgm, a* = 1077 -
adagrad, a* = 1071 |

nbr passes

Often best AdaGrad performs better than best subgradient method

Prof. John Duchi



AdaGrad with different step-sizes «:

0 1 2 3 4 5
nbr passes

Sensitive to step-size selection (like standard subgradient method)
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