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Problem 1

Consider an infinite-horizon, discounted MDP M = (S, A, R, T,~). As usual, for any policy 7 : S — A(A),
the value function induced by = is defined as

VTi(s)=E lz Y R(st,at) | so = 5,77] .

t=0

1. For an arbitrary Z € N, consider learning with Z + 1 distinct discount factors ~p,~1, . ..,z where the
final discount factor matches that of the MDP M, vz = 7. Letting [Z] £ {1,2,...,Z} denote the
index set, we define the following functions for any policy m:

VI =E | iR(sear) | so = s,w] Wr=Vr-Vr .,  VzelZ]
t=0

where Wy = V.

Solution: The results of this part were derived by Romoff et al. [2019] who both empirically and
theoretically study the benefits of decomposing a single monolithic value function across multiple
time-scales through smaller discount factors.

(a) For any 2 € [Z]; any policy 7 : § — A(A); and any s € S, write an expression for V7 (s)
exclusively in terms of {WJ,W7T,... WZ}.
Solution: From the relationships defined above, we can see that

VI(s) =Y W/(s).
=0

(b) Show that W[ obeys the following Bellman equation for any z € [Z] and s € S:

WI() =B s |0 =72 )Vi_ (8) + 3 WI ()]
s'~T(+s,a)

Solution: Just by expanding the corresponding Bellman equations for V7 and V. we have
Wi(s)=VI -V,
=Eqn(|s) {R(S’ a) + 1Byt isa) [Von ()] = R(s,a) = Y2ac1 By ar(s,0) [Vﬁ_l(sl)ﬂ
= Eororls) [1:Banriam [VE ()] = % aBomripun [VE ()] ]
=Eqrr(|s) {%ES/NT(-\S,(I) [WQ(S/) + Vﬁ,l(s/)} — Yee1Eg T (5,0) {VWZ,I(S/)H

=E aurls) (0 = -0V, () + 2 Wa()]
§'~T(|s.a)



2. Let 4,8 € [0,1) be two discount factors such that 8 < . Let m : § = A(A) be an arbitrary policy
that induces value functions V7 and Vi under the two discount factors, respectively. Similarly, define
the Bellman operators

BIV(s) = Eqmr(ls) [R(8,0) + By 7 1s,0) [V (5]
=E

BEV (s) a~r(s) [R(8,0) + BEgor(1s.0) [V ()] -
With the reward upper bound Ryax = max  R(s,a), prove that
(s,a)eSxA
(v — B)Rumax
VI — V|| < AL PIMAX
W=Vl = -5

Solution:  This result is given as Theorem 2 of [Petrik and Scherrer, 2008] and highlights the ap-
proximation error that can occur by using a smaller discount factor § than that of the true MDP,

Y-
HV'YW - VB‘NHOO = ||B:yrvw‘fr _BEVEHW
= ||BIV] — BEVS + BEV — BV |
< |IBIVY = BEVlleo + [IBEVY = B Vi |loo
< IB5VY = BEV lloe + BIIVY = V|l

= r;leag |Ea~7r(-\s) [R(57 CL) =+ 7E3’~7(~|s,a) [V'yﬂ(s/)] - R(Sa a) - ﬂ]Es’NT(-\s,a) [V—yﬂ-(sl)]] | =+ ﬁ”v

= max [Bamr(ls) [VEs~T(lsia) [V (8")] = BEs o7 1s.a) [V (S]] 1+ BIVI = Voo

= I;leaéi |Ea~7r(-\s) [(’Y - ﬂ)]ES/NT("S,a) [V—yﬂ(s/)]] | =+ ﬁHVwﬂ- - V,67’T||OO

< max [Bavrjs) | (7 = B)Burrisa) {(Ifl\f‘i{)” |+ BV = Vi lloo
= LDy g - v
— (1= BV — Vo (s

3. Let o,y € [0,1) be two discount factors such that v < «. Consider a new MDP M’ = (S, A4, 7", R, a)
with a different transition function 77 : S x A — A(S) defined for A € [0,1] as

T'(s"|s,a) =(1=XN)T(s"|s,a) + A\L(s =), V(s,a,s') €S x AxS.

In words, the new transition function 77 follows the transitions of the original MDP 7T with probability
(1 — X) and takes a self-looping transition with probability A. We will use subscripts to distinguish
between value functions of M versus those of M.

Assuming that both M and M’ are tabular, recall the matrix form of the Bellman equations for any
policy 7:
Vi = -7T)'R™ Vi, =(—-aT™) 'R,



where

R™(s) = Equn(.|s) [R(s,a)] T(s" | $) = Eamn(s) [T(s" | 5,0)] T7(s" | 5) =Eamns) [T'(s" | 5,0)]

Solution: The results of this question are proven as part of Theorem 1 in [Jiang et al., 2015].

(a) Give a value of A such that, for any policy ,

|

Solution: We can write the transition matrix in the new MDP M’ induced by any policy 7 as
T™=1-=\NT"+ A,

where T is the |S| x |S| identity matrix. So, substituting in directly, we have

I—aT™) 'R”

I—a(l=NT"4+ ) 'R"

(1—aXN —a(l—N)T") 'R”

(1o (o150 "
.= (I_Q(I_A)T“ylw.

Vi

=
=
= (

1—al 1—al

We can compute the required value of \ as

a(l—N) a—7
1—ax ! a(l —v)’
which means
r 1 _ 1—7v 1=
_ Tl =y 1~ — T 1l—a
1—aX 1 = l—-y—a+vy 11—«
Substituting back in to the earlier equation yields
T 1 Oé(l - )\) T - T
VMl_loz)\(I_ la)\T> R
l—v -1
- (1= g R™
o L=7T7)
1—y _ .
B

(b) If 7* is the optimal policy of MDP M, prove that 7* is also optimal in M’.

Solution: By definition of the optimal policy, we know that 7* obeys the following inequality for
any other policy 7
Vi () > Vi(s), Vs e S.

Since % > (0, we can scale both sides to get

1-— * 1-—
TV (s) > 1_3-1/;;(3), Vs € S.



Applying this previous part, we see that for any other policy ,
Vin(s) > Viu(s), VseS.
Thus, by definition, 7* is also the optimal policy in MDP M’. This result illustrates that, for any

MDP with a particular discount factor, there exists a transition function for another MDP with
a larger discount factor such that the two MDPs have the same optimal policy.
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