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AGENDAS TODAY's Octopus FACT

⑧ Recap Octopuses have 8 "

arms; but
they usually use the back two forwalking

⑦ Aside : How hard is decoding RScodes? %×mE%%Ifg%¥d¥¥nt
⑦ Sudan Algorithm

sometimes said that an octopus has
two
"

legs
"

and six "

arms .
"

yggknmngnfehandstgh.JOGumswami - Sudan Algorithm.
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⑨RECAP
.

-

Last time
,
we saw LIST- DECODING :

-

. DEI. A code CEE
"

is (p ,
L ) - LIST- DECODABLE if HyeE,|HceC:skykp3|

The LIST-DECODING CAPACITY THM says that there 3- codes that are

(p ,
"
E) -list-deadable with rate R- I - Hdp ) - E , for pet - kg .

• That's the same trade -off as for random errors !
• Moreover

,
notice that p can getas big as t

- "

g . Ifwe demand unique
decoding, the Plotkin bound says we can 't hope to do better than

'

II with Roo.

-OUR NEXT QUESTION : How list-decidable are codes we know and love?|Forexamp6,Reed-S0lomonC0c#



Last time we saw the Johnson BOUND which says that codes with good distance
are decently list - decidable .

• For RS codes
,

the Johnson bound says that an RS code of rate This list -decidable

up to distance p - 1-RE .

• Notice that list-decoding capacity is p= Hg
- '

H -R ) - I-R f- large g
.

So p=1 -tf is less good than it could be .

① ASIDE : How hard is it to decode RS codes ?

÷÷¥htoorw
More precisely , given we Fai , find a- Rsglmk ) so that

8.(Wic) is minimized .

How hard this depends alot on the assumptions we can make about

rcheiyygslwic) . For example , if Fcs 't. Skink ,
then Welch-BerleKamp

will do this in polynomial time . How about if flaw) is larger?

Fraction of

1¥errors p

1-Fk t-R 1

List-decoding Atmostone By the Johnson (#gf! Isp ) ' ? ?? Definitely exponentially
status codeword c with Bound

,
thereare ForsomechoicesofRscodes, many codewords°

Akin) EP spolyln) codewords it's exponential . Grothe,
s't . SKMKP for

c.with BCGWKP 0111 . In general,this any pin this range .

i:÷÷÷.in/:*eii::i:::i.ii.!s::::ii::a:i::./i::i.int:1#::fi:::::::::::n:.:in.ior else efficiently efficiently , and then
to distance Pisces (Atuskofthisonltw ! )

decide no such hard asdiscrete log .
c exists

.

We can search to find

theclosest
.



② SUDAN ALGORITHM

The Sudan Alg is a warmup to the Guruswami - SUDAN alg , which will be able to efficiently
list - decode RS codes up to the Johnson bound , p =L-R .

⑦ BIVARIATE POLYNOMIALS

A bivariate polynomial @ (X ,Y ) e Fg [X.Y] is :

OK
,
Y ) -- E

'

dig
. I

" Yi
,

where m#
= : deg* Ca )

i -- o
, . . . ,me my e : deg , CQ)
j -- O, . . . . ME

Notice that we can also think about Cl as an element of #CX)) CY] :

OH
,
Y) -

- E
'

O;# s . yi
-

j - Os --'MY [
Thecoefficients live in FQCXT.

Polynomials in (Fg [X) ) CY] behave a lot like a "normal" polynomial in?
-

FOR EXAMPLE : consider QCY ) = Y
'
- 1

.

Then 0111--0 ,
which implies that (Y- 1 ) / Y '- 1

Thigmotaxis.is?o:9iiiiinpiiesYniIMixaxnlax#
FAtiLetQCXiY)EFCX,Y],and6tfeFgCX1T

y
⇐ H- HN) I akin1- OH

,
HM

ending: mama .9¥ """"Y''

E
"

means
"

is identically 0,
"

aka, all the coefficients are 0 .

Moreover
,
we can find such f 's efficiently , and there are| at most degy (Q ) such f 's .-1



2130 RECALL the BERLEKAMP - WELCH ALGORITHM :

Given y = (Yi , . . ., yn )
E Fg

"

:

(
Recall

,
EH) was supposed tobethe ERROR LOCATOR POLY,

EH ) -
i!y¥! x

-ai ) , so that Ekitifail - Ek; ) -Yi Yi

1
.
Find low-degree polynomials ECI), BCX) sit . EKitoyi-Bkittti.hn

2
.
Return f-IN -- BLXYELX)

We can recast this in terms of bivariate polys :

1
.
Find QCXY ) (MAYI

' Few .y- Ben) at . Okay,-1=0 fi -- I, . . , n
2
. find a poly fu ) sit . QCX , HX ))

=0
,
and returnf.

4Noticethat ftxt BKHEIX) will work in the@ we were supposed bind ) .

We'll use the same framework for SUDAN 'S ALGORITHM fur list- decoding .
-

PR0: Given y -
- ly . .
-syn ) , k ,

and t
,
find all polynomials ft HIX] sit . :

• deg(f) s k1.fkil-yiforatleasttoftheq.is
What t's can we handle? We'll see later!

④ Finally , SUDAN 's ALG .

In this context
, BerleKamp-Welch is :

INEEE.sn-now e
.
Find a eareEpTijiiiii%"

""

cemisxiiisotnatacai.yit-oti.is ..,n
ROOT- FINDING 2

.
Factor QUY ) to find polynomials f-(X) sit . Q (X ,

HX ) ) = O
.

STEP
Return all such f 's .

• We can do STEP1 as long as we have more variables (wefts of Q) than constraints .
• To make sure that STEP2 is correct

,
we'll have to argue that whenever Hailey , for > t values ofi,

then QCX, Axl 1=0 .
The fact thatthe list is small will follow from the fact that Q is low-dy .



This algorithm basically works , and is called SUDAN 's ALGORITHM
.

-

THI tf t > Zink , then we can solve the list -decoding problem in polynomial line .⇒
Betul, we can ask howgoodthis is.

( #agreements between f and y ) = t > 2 ink

t.in?.:::::i:::.::::a . I
Remember that wewere shooting for 1-fr , so this isn't quite right -

butweYlgetthe

Nowwe'll prove theTHM , and finish specifying thealg . alongtheway .
-

pflalgwithnn

STEP1 (INTERPOLATION ) . Choose I=L .

Find QCX ,Y) sit. deg#Cake and elegyKek Ne ,
so that Q (ai , yi

) --O Fiel
,
. . .

,
n
.

| " "" ''
'

¥¥i? > Hanning /(et1) (It 1) of these n of these

and indeed we have (htt) (Itt) = n the thtI > n\

STEP 2 on NEXTPAGE



pf Cfd .

STEP2
.
(Root- FINDING STEP) Return all f IX) sit . Cl (X , fat) E O .

Notethat we can do this efficiently, and thesize of our list will be at most
degy (Q ) = Me = nfa =Hi

,
a constant .

I :÷÷÷÷÷i÷÷:÷:÷÷:÷::÷.:c:::::*:* ."!Let RIX OH
,
HN )

.

Then deg CR) s deg* CQ ) t deg f- to deg,Kl ) alt k . I = 2 ink
C.This is why
we chose

But Rhi ) = Q ( hi , flail ) = Cl Cai , yi ) - O e --in
,

to balancethese
for atleast t values of i . two terms .

So R has degree s Link, but think roots
,
hence RHEO

,
as desired .-

③ GURUSWAMI -SUDAN ALG
.

Now we'll fix this up so that we can actually get up
to
p
-

- I - IR
, meeting theJOHNSON BOUND.

Two CHANGES :

1
.
Wewill change how we measure

"

LOW - DEGREE
"

2 . Wewill require something abit stronger than
Aldi

, Yi ) -O ; we'll ask for Q

to vanish with high MULTIPLICITY .



"t""
'

÷DEF . The Clik) - degree of Yi is itkj
-

The Ct , k) - degree of QCIIY) isthemaxu.sk) -degree
of any monomial in Q .-

Justthis change is enough to make SOMEprogress:
-

THI tf t > Tnk ,
then we can solve the list -decoding problem in polynomial line .⇒

sketch
If. Same dy, but now demand theHill- degree of@ is ⇐⑨

STEP 1
.
INTERPOLATION

.

/ '

ii:*::
"

:÷:
'in:÷¥÷÷÷÷÷÷÷÷÷÷÷::c:

".is/andwecanhndQ
.

STEP 2
.
Root- ENDING. Now we have deg(R) - deg(Qlkiftkl) ) Chik)-deg of Qs Tnk

'

(sameasbefore) So theargument goes through asbeforewith a slightly better bound .-

But wewant 1-TE ! Not I -Fr !

CHANGE 2
.

-

DEF
.
QCXIY ) has a rootof multiplicity rat lab) ifTQCXta.tt/o)hasnotermsoftotaldegnee#Examp6-:QlXiY)--

(X - 1)44-1 ) has a root of multiplicity 3 at Hill,fbecauseQCXH.FI/--X2-Ywhichhdsnokmsoflo3.



#

GURUSWAMI -SUDAN ALGORITHM
.

-

Chooseaparameter r

suppose t >It
'

| "÷:÷::: in:*:÷÷¥i÷ /2
. Root-FINDING STEP.

Return all f so that Of X , AN 1=0 .

[Notice that there are Edegy (Q) E Dlf a Mff of these . ]
-

ANAlt→in we need to show that 1
. is possible and that 2 .

is a good idea .

1. FUN EXERCISE : The number of constraints in " Alai
.gil --Owl malt!

"

is n . (rtt ) .
So that's MORE constraints than before , which seems like a bad thing . . ..

we'll see laterwhy it's actually good .

I m

:÷÷::: :i÷i÷::::: /which is TRUE by our choice ofD .

2
.

Let RIN -- OH ,
FH) ) as before .

Then not only does RH) have at roots Cas before ]
,
it has at roots

which EACH have multiplicity r.

Justification on next page . . .



ANALYSIS ctd
.

aka
,
RIN has a root

C.LA/M- . If flail .-yi , then (X
- ai)
'

I RCX) . ofmultiplicity rat each q.

-

II Let 's drop the i subscripts for notational sanity .
Recall that since Cl has a root of multiplicity rat Hy ) ,

① ( Xta
, Yty) has no terms of totaldegree er .

Now
,
consider FIX) f-Hta ) -y .

We have

µ÷÷÷:÷÷::÷÷÷÷:÷:÷÷±÷÷÷÷÷÷÷::÷:÷÷÷÷÷:÷÷:÷:pThen I
' I Rlxta) ,

which means ( X - a)RI RIN,
as desired

.

#

Now given this claim ,
the fact that flail -- yi for atleast t different i 's

means that RH ) hast - r roots, counting multiplicities .

Since deg (R) ED , if Ris nonzero we must have
this is why it was
Ok to takea hit in

tr s D
the numberof
constraints ! Now

It . r < Ert we get r- t roots instead
Fri s Eti tf ofr .

That's not true, so RCXIEO
,
and the proof concludes as before .#



This proves
the following theorem :

TTHm tf t > fnkttr
'

then we can solve the list -decoding problem
T in poly cm line, with

-

list size r .Fz .

I-

Once again , we calculatethat this means we can take p = hint = I - TREY ,
so we conclude

-

THM
.
For all r > o

,
RS codes of rateRare ( t-Ftr , rtr )

List -decodeble
,
and the Guruswami - Sudan algorithmTcandothelist-decodingintimepolycn.ir

Thus
,
we can racket up r as large as we like (say , r-polyCnl) and approach

the Johnson bound with polynomial - time algorithms . HOORAY !

The moyal of the story :
-

(WECANEFFICIENTLYUST-DECODERSCODESupbtheTOHNSONB.ch
NOTE

.

As presented , the GuruSwami -Sudan algorithm runs in time 01h33 , but people
have optimized the heck out of it and it can bemade to run in time Olnlogcnll .

I
disclaimer :

QUESTIONS to PONDER maybe mere's
another loglogin)
factor in there

,
I

① What breaks in the GS algorithm beyond theJohnson bound?
"Ht '

② Can you come up with a
"bad" list of close- together RS codewords

beyond the Johnson bound ?
③ What if I modify the constraints so that instead of

''

flail =yi
"

they are
"

flail E { yi , yi , yi
"

3
"


