CS256/Winter 2009 Lecture #7 Strengthening vs. Incremental Proof
Comparing the Strategies

Zohar Manna
We want to prove [] ¢, but ¢ is not inductive.

We have two options:

Strengthening
Strengthen it to g A .

Prove [J(g A ¢) and deduce []g.

Incremental

First prove [] ¢ and then prove
[ q relative to ¢.

Resulting verification conditions:

[1. & — gAhop
2. {gNe} T {gN e}

. @ — ¢ 1. 6 — q
2. {p}T {e} 127 {gNne} T {q}

(e [1q
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Strengthening vs. Incremental Proof (Con’t) Strengthening vs. Incremental Proof (Con’t)

Example:
° is strictly more powerful than . P

implies |1 | since local z: integer where z =1

[ or A — @] ¢o: loop forever do

[2’ ) ) [ﬁliazizac—l—l]

— lprhane — d Ay
prAgAhp—4q 12
127 | Show ¢q1: at_lg — = >0

q: at—41 — x>0
e [n practice, |2|is often more useful than

e both are P-valid
— allows breaking down the proof in more manage-

able pieces e neither of them is inductive

— smaller verification conditions o but g1 A g is inductivel

— more intuitive
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Combining the Strategies

Rule INC-INV: (incremental invariance)

For assertions q,0,x1,- - -, Xk

10. PE[Ox1,---, Xk

k

1. PE(Ax) Ne — q
1=1

2. PEO — ¢

k

3. PE{(AX) Ao} T {0}
=1

PE[]q

Combining the Strategies (Con’t)

Note that © must be stronger than all the x;’s (i.e.,

PIE O — x;) and so

k
PIF(/\X¢>A@—>QD iff PlEO — ¢
=1

From now on, we usually omit “P E” and “P Ik ”.

If o satisfies I2 and 13, we say that

7

“p is inductive relative to x1, ... Xk
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Detecting Trivial Verification Conditions

{p} T {p} — Don't check every 7 € 7.

o Ignore {¢} 7, {¢} — always true

e Ignore {¢} 7 {¢}

if 7 does not modify any variable in ¢
e For {p} 7 {p} where p: p — ¢

pr ANp—qg — p—d
@ o

Consider only 7’s that
validate p or falsify g

-7

Finding Inductive Assertions

Two methods:

1. Bottom-up:
e based on the program text only
e algorithmic
e guaranteed to produce an inductive
invariant
2. Top-down:
e guided by the property we want to prove
e heuristic

e not guaranteed to produce an inductive invariant
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Finding Inductive Assertions
Bottom-Up Approach

e Transition-validated assertions:

¢1: [while c do S]; ¢5:

at_f> — —c

if no statement parallel to £> can
modify variables in ¢

l1: y:=e, £o:

at_lr — y=e

if no statement parallel to £5 can modify y
or variables occurring in e
and if y does not occur in e.
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Bottom-Up Approach (Con't)

e single variable assertions

y=1

loop forever do]

Vv
@

request y Y

release y

s=1

Senl fy

where no other statement

modifies s
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Example: Program SQUARE-ROOT
Program SQUARE-ROOT

Fig. 1.11
at_ly — 22 <z < (z4+1)2 in x: integer where x > 0
local u,w: integer whereu=1,w =1
out =z: integer where z = 0

Intuitive argument:

¢o: while w <z do
z = 0,1,...,n

: = 1 2 2
v = 1,3,...,2n+1 b (2 u, w) (z+1, u+2, w+u+2)
lo
w=14+3+...42nt1) = (z+1)2 2
(n+1)2
peg:  move(£o, b)) AN w <z V
first time w > x ~
i
< (z41)2 0
move(Lg, €2) N w>x
last time w < x pEo
z2§a:
pey: move(£y,£o) A
Thus at £5: Y =211 N
2 <z<(z+1)2 W =u+42 A
w=w+u+2
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Find Yo at_by — x < (Z + 1)2

z0=20
zn=12p-1+1 form>0
ug =1
Up = Up_1 +2 forn >0

wozl
wp = Wp—1 + Up—1+2 forn>0

e Step 1

n=mn forn >0 wup = 22y 4 1
up=22n+1 forn >0 forn >0

p1:u=2z-+1
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e Step 2
wog =1
Up—1
wn = wp—1+ (2(n —1) + 1) + 2
=wp-1+@n+1) forn >0

wp =Y (2k+1)=(n+1)2 forn>0
k=0

wp, = (zn, +1)2 forn >0

p2: w=(z+1)°

e Step3

a,t_£2 — << w

Therefore

Yo at_ly — x < (Z—|—1)2
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Construction of Linear Invariants

a limited class of invariants that can be
constructed algorithmically

Definition: integer variable y is linear in P if

Yy =y+ec for every p,

for some integer constant c.

Example: semaphore variables are linear

/ / /
= -|— 1 =vu—-1 =
Yy Yy Yy Yy Yy y
release request otherwise
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Definition:

A linear invariant is of the form

o
Zalyl—l— Zbg-at_éz K
=1 g el g )

body compensation constant
expression

where

ai, by, K — integer constants.
L — set of all locations in P

Y1, -.--, yr — all linear variables in P
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Example: Program DOUBLE Assumption

Program €§: S1 || ... || ¢5: Si |l ... || €8 Sm
local y: integer where y = 0O
lo: yi=y+1 mo: ¥y =y+ 1 e no nested parallel statements. Therefore, all move
[ /s ] I [ _ ] expressions in all pr are of the form move(¢;,¢;)
1- m1.

e all linear variables y; have a single initial value ylo
li iable: .
inear variable: y e cvery transition 7 enabled on some

P-accessible state
linear invariant:

| t
U+ al_lg+ at_mg = 2 nerements
o A(y,7) =c if pr =9y =y+c
How are linear invariants constructed? therefore pr — y/ =y + A(y,7)
O d tees that th ted asserti L ibe=14
ur pr.oce Pre guarantees that the generated assertions o A(at_0,7) =4 —1 ife=4
are P-invariants! 0 otherwise

if pr — move(£;,£;)
therefore pr — at’ £ = at_€ + A(at_£, 1)
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Equations

Construct

r

Q. Zai-yi—i—Zbg-at_é:K
=1 el

We obtain the values of the coefficients from a set of equa-
tions as follows:

(I) The invariant has to hold at the first state of every
computation

©  implies yizy? (i=1...1)
and m = {El,...,ﬁo”}

and so we get

>oai ) + (bt tbg) = K
=1
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Equations (Con'd)

(T) the assertion has to be preserved by all transitions
(we want it to be inductive):

,
(Z a;-Yy; + Z bg-at€=K> A pr
=1

el
%
T
— (Z azyg —|— Z bg-atl_EZK)
1=1 el
;0'/

or

:
pr — 3 ai-(i—y) + Y b-(at' £—at_f) = 0

=1 el

resulting in the set of equations

r

Z Qs - A(yZaT) + Z bﬁ' A(at—£77> =0
=1 lel

for every transition 7 € T
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Example: Program DOUBLE

local y: integer where y = 0

[EO: y:=y—|—1] [mo: y:=y—|—1]
0 [

m1.

linear invariant:
o a-y + by, -at_Lly 4 by, -at_L£y +
bmo . at_mo + bml . a/t_ml = K

(I) a-04 by, + bimg — K
(initial value of y is O)
(T) a-1— bgo + bgl =0 (for fo)
a-1 — bmo + bml =0 (fOI‘ mO)
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Example: Program DOUBLE (Con’d)

Possible solutions (basis for all solutions)

a bﬂo bél bmg bm; K
St o1 1 0O 0 1
S2 o0 0 1 1 1
S3 111 0 1 0o 2

Corresponding invariants

p1: at—lg+at_t1 =1 (control invariant)

po: at_mg+at_mq1 =1 (control invariant)

p3: Y+ at_ﬁo + at_mg =2
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Linear Invariants for Cyclic Programs

Program £3: Sy || ... || €: S; || ... || 45" Sm
where S; is of the form
éé: loop forever do ¢ ) ¢ yee ,éi
cycle C
Define

A(:U?C) - A(yaTl) + + A(yaTk)

For these programs construction of the linear invariants
can be done in three phases:

1. Compute a;’s
2. Compute by’s
3. Compute K
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Phase 1: Bodies

For cycle £1,£5,..., ¢

C

T

Z Qg - A(yza 7-51) - bﬁl +bﬁ2 =0
=1

T

> a;- Ay, 74,) —by, + by, =0
1=1

T

Z Qg - A(ym Tek) + b£1 _bgk =0
1=1

T

Z ai - (ACys, 7)) + - + Ay, 1,)) =0

Thus,

T
Y ai- Ay, C) = 0
i=1
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Phase 2: Compensation Expressions

by, = O

For m:4; — £, where j <k
T
> ai Ay, T) — by + by =0
=1

Assume that for all j < k, bgj is known.
Compute by, from

r
bék — béj - Zl a’i°A(yi77)
1=

(independently for each cycle)
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Phase 3: Right constants

r
K = Z ai-yio
=1

Note: This set of equations has the same
solutions as the equations (T) + (I)
except for solutions of the form

at_l1+ - + at_4p =1
which are produced by (T) + (I), but not by this set.
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Program PROD-CONs-sV (Fig. 2.23)

Example: Program PROD-CON-SV (Fig 2.23) local 7, ne, nf: ifltegexz where r =1, ne =N, nf =0
Producer-Consumer with b : list of integer where b= A

shared variables

[local z: integer

{y: loop forever do

e semaphores r, ne, nf: (1: produce z
{5: request ne
ne — counts # of empty slots in list b Prod :: ¢3: request r
1n1t1ally ne = N €4: b:=bex
nf — counts # of full slots in b {5: release r

initially nf = 0 | Ui release nf ]

r — ensures that the shared variable b is ”

handled exclusively by Prod or Cons [local y: integer

mg: loop forever do

. . m1: request n
e linear variables: r, ne, nf, |b| 1 red f

mo: request r

mg: (y, b) := (hd(D), ti(D))

my: release r

Cons ::

ms: release ne

mMg:. consume Yy
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Properties we want to prove:

Dj(at_€4 N at_m32

V1
[(Jat_ls — |b] < ]\C
o
dat—_m3z — |b] >0
V3

Bottom-up invariants:

r>0Ane>0Anf>0AN|b>0
— ——— ——— ————
©0 ©1 ©2 ©3

Bodies:

Increments along each cycle:

Prod Cons
r 0 0
ne | —1 1
nf 1 -1
|b] 1 -1
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-
For each cycle: Z a; - A(y;,C) = 0
=1

Therefore
Prod: —ae + afr +a, =0

Cons: ae —ay—ap, =0

Solutions Bodies
1. ar =1, aezafzabzo Bi:r
2. ae=ay=1 ar=aqa,=0 Bo:ne + nf
3. ae=a, =1, ar=ay=0 B3:ne + |b|
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compensation expressions

coefficients of by, ..., bmg
corresponding to bodies
Bi:r
By:ne + nf
B3:ne + |b|
— Prod — — Cons —
By | By | B3 By | By | B3
by O 1 O | O |bmy| OO0 | O
bp, | 0] O | O |bmy| O | 1 |0
b, | O | 1 1 || bmg| 1 110
be, | 1 1 1 || bmy | 1 1 1
by | 1 1 |0 ||bng| O] 1 1
bpe | O | 1 | O | bng| O | O | O
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Right constants

beo = bmo = O
[nitial values

r=1, ne=N, nf =0, |b|=0

Ky =11 =1
r

Kp =1-X+1-0 =N
ne nf

K3y =12+1-0 =N
ne |b|

The resulting invariants

ay: 4 at—flys + at—m3z4 = 1
ap: ne+nf +at_l3 6+ at_mop 5 =

a3: ne + |b| + at_€3,4 + at_m4,5 =

z 2

No need to check invariance!
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These invariants imply the properties we wanted to prove:

Pq - r+at_las —Ilat_mg,4 = 1/ ANr>0
aq ¥0

— \—\(at_£4 A\ at_m4)1
Y1

Yo i me+ |b| + at_€3,i +at-mas =N A ne>0

a3 Y1
— al_flq — |b] <N
¥

Since at_£gq — at €34 =1
and ne > 0, at_f34 = 1,at_mg 5 > 0 implies |b| < N
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(Y

ne+nf+at_tl3 g+ at_mo 5 =N A

an
ne + |b| + at_€3,4 + at_m4’5 =N A
a3
nf >0
————
P2

— al_m3z — b| > 0
V3

Suppose at_ms3:
pp: me+nf+at_lz3 e+1=N
w3: ne—+ b+ at_€34+0=N

Since o — 3 yields
nf — bl +at_L3 6 —at_Lz34+1=0

Thus

|b] = ﬂf/+fat—£3--6 . at_€3,4)/-|—1 >0
>0 >0
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