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Particle Tableau




Particle Tableau: Motivation

Consider | : O Op

The closure @, has three basic formulas:

p. Op, OOp
Thus, it has eight atoms.

The atom tableau TO Q' p 1S
< {p,Op,OOp} S)

N 7N
({z.O»,00p} —{{2.OP,~OOp})
AN

N
({p.=0Op.OOPM})

({=p,Op,~O Op})
N N

C{ﬂ_pﬁOp,OOp})—C{zg,ﬂOpﬁOOpD
N/

{ﬂ_p,ﬁop,ﬂoop%
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Particle Tableau: Motivation

The w-automaton AO Op:

{ all SCS's }
{}

Note: No promising formulas.
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Particle Tableau: Motivation

Because of the atom construction rule:

for every ¢ € D,
YveAiff & A,

every atom makes a commitment about every formula in
the closure.

Clearly, some of these commitments are
irrelevant in determining the satisfiability of the formula.
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Particle Tableau: Motivation (Cont’d)

Intuitively, the tableau below should suffice to determine
satisfiability. The truth value of p at the first two posi-
tions is irrelevant:

Toop Ao op
n1:OOp nliT

@oy (=)
(s) ()

ng . T ng . T

If we change the offending rule to

if 1) € A then —p & A

we get, the particle tableau, which is usually considerably
smaller than the atom tableau.
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Particles

The idea of a particle is to assert what needs to be true,
not what needs to be false, except for state formulas.

Thus, if ¢ € A, v needs to be true;
if ¢ € A, 1 can be true or false.

Step 0: Push negations inside ¢
We push all negations inside the
formula such that negations only appear at the state level.
This can be done with the help of the following congru-

C1CEeS:
-~Op =~ O-p
~Op = O-p
-Op =~ O
—(pUq) = (—g)W(—p A —q)
—(pWq) =~ (—q)U(—p A —q)

Thus, the closure only needs to contain positive formulas
and the negation of state formulas.
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Closure @0
° v €D,

e for every ¢ € @90 and x a subformula of 1,
X € Dy

e for every v of the form

41, O 91, Yv1ildo, Y1 Wipo,
if ¢ € Dy,
then Oy € 590
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Particles: Definition

Examples:

A particle of ¢ is any set P C ng that satisfies the e OOp
following requirements:

@(p: {QDP,OQDP; Dpaon7p}

o Rgut: state(P) is satisfiable Particle: { O Op, OO Op )

N Atom: { O Op, OO Op, ;s
® Rq: for every a-formula ¢ € @, -O0dp, ~Op}

e P iff k(xp) €P

e: OOPp

e Rg: for every B-formula ¢ € @0,

o k1() €P Pp: {OOp, Op, p}
Y ep i or1m2(¢) C P (or both) ’ g oy
Particle: { O Op}

Note: The empty set {} is always a particle, denoted by Atom: {OOp, Op, o}
Pg.
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Cover of a Formula Set

® [-expansion

Given a set of formulas B C @0, we give a procedure if for some B-formula v € @(p,
for constructing the cover of B, a set of v € B, but k1(v) € B and ko (v) € B,
particles of ¢ that contain B. then return
Recursive function covery(B: set of formulas): covery,(BU {r1(¥)})
set of particles U
e if state(B) is not consistent, covero(B U ra(1h))

then return {}

o 3~ 1—expansion

if for some B-formula v € @0,

® o-expansion . ¥ & B, but k1(¢) € B or ra(y) C B,
if for some a-formula ¢ € D,

Y € B but k(v) € B,
then return o covery(B U {})

covery,(B U k(Y))

then return

) e return {B}

® o —-expansion N
if for some a-formula ¢ € Dy,
r(y) € Bbut ¢ & B, Note: covery,( {}) = {Pg}
then return >

covery,(B U {y})
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Tree Representation of the Procedure

Example: To find all particles covering

B=¢: OO-p VvV OOq

construct the tree:

B: OO-p Vv OOgq
/\
SO-p 1q
/ﬁ\ o

O-» OO OO e g

T

Od-p, —p q O<q
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Thus,

Example (Cont’d): Particles

CO’U@’I"Q@({Q@}) = {P]_7 P27 P3? P4}7

B

:{e, OO=p, O-p, OO-p, —p}

{ e, OO, OO O}

He OO0 OO0Oe $a q}
e, OO OO0OCe $Og OOal}

15-13



Example: ¢ : O[O-p vV OOq
To find all particles of ¢ covering

B: {0Oq¢Cqt
construct the tree:
p: OO-p Vv OOq
13——1
B: OOGq¢< g
(O )
OO g

B
m

q O g

Thus, cover¢(iD <>g, > q)) = {P3,Pa}
B
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Incremental Particle Tableau Construction

Idea: Start with initial @-particles and only construct
particles that are reachable from
previously constructed particles.

Implied successors imps(P) of particle P:
it O € P, then ¥ € imps(P)

Successors of particle P:
succ(P) = covery(imps(P))

Algorithm for constructing fﬁp:

e initially, ﬁo = covery,({¢})
these are the initial nodes.

e for each particle P € ﬁp,
let S = succ(P)
for each Q € S,
if Q & T, then add it
draw an edge from P to Q
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Example: Construct Tg; foro: OO-p VvV OO Example (Cont’d):

Particles:
P {e, OO-p, O-p, OO-p, —p} Particle | 4mps | suce
Pry: {o, OO0, OO O} Py ]-p Py
P3:{e OO OO Og P, OO-p | P, P2
Pp:{p, OO O0OOe O, OO} P3 O0Oa | P3y Py
imps(P1) = {O-p} Py |OOq Oq| P3P
succ(P1) = cover({d-p }) = {1}

imps(P2) = { <O O-p )
succ(Pr) = cover({OO-p}) = {P1, Po} Ty:

imps(P3) = {Oqt ):( ) >_§ )
succ(P3) = cover({1<>q}) = {P3, P4} no : Ps ns : Ps
imps(Py) = {0 q, &g} P
succ(Py) = cover({[1q, $q}) = {P3, Pa} ( ni: Py ): @5}
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Fulfillment

A particle P fulfills formula ¢ € QEQO, which promises r,
if

YvE&P or reP.

An SCS S is fulfilling if every promising formula 1 € 590
is fulfilled by some particle P € S.

Proposition:
An LTL formula ¢ is satisfiable
iff
TSD has a fulfilling SCS that is reachable from an initial
node.
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Example: o : O [O-p vV ¢

Promising formulas:

< [J—-p promises []—p
<> q promises gq

Pt {o, OO-p, O-», OO-», —p}
Pyt {o, OO0 OOO0)
Pt (o, 0Ce 00O Oa a)

P i{e, OCq OOOCe Og OOq}
Particle Tableau TSO:

n22P2_+ 1n3P3++)'
Y
TL11P1++ n4:Pj_7

Fulfilling SCS’s :{n1}, {n3}, {n3,na}
Hence, ¢ is satisfiable.
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From Particle Tableau ’fgo
to w-Automaton Ay,

For temporal formula ¢, construct the w-automaton

./xgo . <j\[7 ]\Qja E, Hy '7?>
Same as
Ty
where

e Node labeling pu: N
For node n € N labeled by particle P in T,

u(n) = state(P).

e Acceptance condition F:

Muller:
F = {SCS S| S is fulfilling }
Street: _
F = {(Py, Ry) | ¥ € Dy promises 7},
where
Py = {P|ygP} <«
R¢ = {P|reP}

15-20

Particle Tableau ip

TLQZPQD: TL3:P3I:
P’
ny: P ng . Py

with fulfilling SCS’s
{n1},{n3}, {n3,n4a}

Example (Cont’d): ¢ : S O-p vV Oq

Corresponding
w-Automaton Ay

no . T n3 . q

~
ni:p ng . T

Fu = {{n1},{n3},{n3,na}}

Fs = {(P<>Dﬁp7R<>Dﬁp)>
(Pey g By o)}

with

Py —p i {n3,n4}

R<>|:|_'p: {nl}

Pey gt {n1,n2}

Ry gt Ans}
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Example (Cont’d): ¢ : O p

P1 H{o, immps(P1) = succ(P1) = {P,
Example: To find all particles covering p1® te.p} imgsgp(la)) :{{}} succg{}l)) — {{ng
O Py i {e, O Opt imps(P2) = {p} succ(Pp) =
VP {P1, P2}

construct the tree:
Pit, L fulfiling  P5 not fulfilling.

3 Particle Tableau ’ﬂo Corresponding
w-Automaton Ay
p Op
Thus, covergo({\ge-}/) = {P1, P>}, where éng ; P1+ ( np.p )

B

Pri{ep p} n3:Pé'; s

Po: {p, OCDP} with fulfilling SCS’s | Fpy = {{n3}}
{n3}

Fs={({na},{na})}
Hence, ¢ is satisfiable.
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Example: To find all particles covering

e: OQ0Op

construct the (trivial) tree:

B=¢:OOp

(only one node)

Thus,

where

covero,({O O p}) = {1},
B

Pr:{e}
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Example (Cont’d): ¢ : O Op

Py:{py  imps(P1) ={Op} suce(P1) ={0p}

Py

Py {Op} imps(P2) = {p}  succ(P2) ={p_}

Ps

P3:{p}  imps(P3) = {} succ(P3) = {Pp}

Py imps(Pg) = {} succ(Pgp) = { Py}
No promising formulas

P {p}

P {Op}

P {p}

P Py
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Example (Cont’d): ¢ :

Particle Tableau Tgo

n11P1+

(n21P2+
(ng,IPé‘_

n4ZPg

with fulfilling SCS
{na}

Hence, ¢ is satisfiable.

OOp

Corresponding
w-Automaton Ay,

(2 0)
()

ng: T
Fu = {{na}t}
Fs=A{}
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