
EE269
Signal Processing for Machine Learning

Wavelets Part II

Instructor : Mert Pilanci

Stanford University

October 5, 2021



What makes a good wavelet

Application specific

I Compact time support vs frequency support

I Smoothness

I Orthogonality














































































Other Wavelets













































































Other Wavelets

I In MATLAB

[c,l] = wavedec(x,n,wname) returns the wavelet
decomposition of the signal x at level n using the wavelet
wname














































































Other Discrete Wavelets













































































Fourier vs Wavelet Transforms

I Fourier Transform has convolution theorem and mathematical
relationships

I No closed form relations exist for wavelet transforms

I Fourier transform has uniform spectral resolution

I Wavelet transform has adaptive resolution

I 100 Hz resolution at 400 Hz and at 4000 Hz are not the same














































































Short-time Fourier Transform

I window signal

e.g. w[m] =

⇢
0 m < 0,m � L
1 0  m  L� 1

I Short Time Fourier Transform (STFT)

X[n, k] =
L�1X

m=0

x[n+m]w[m]e�j(2⇡/N)km, 0  k  N � 1 .

I Continuous Frequency STFT

X[n,�] =
L�1X

m=0

x[n+m]w[m]e�j�m,
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Short-time Fourier Transform

X[n,�] =
L�1X

m=0

x[n+m]w[m]e�j�m,

I time-windowed signal














































































Short-time Fourier Transform vs Wavelet Transform

I windowed signal = windowed complex exponential basis
I STFT has uniform time and frequency resolution
I In contrast, wavelets have adaptive windows:
I short windows for higher frequencies (small scale)
I long windows for lower frequencies (large scale)














































































Wavelet Transform vs STFT

I Wavelet transform analyzes a signal at di↵erent frequencies
with di↵erent resolutions:

good time resolution and relatively poor frequency
resolution at high frequencies

good frequency resolution and relatively poor time
resolution at low frequencies

I Wavelet transform is better for signals with non-periodic and
fast transient features (i.e., high frequency content for short
duration)














































































Wavelet Transform vs STFT













































































Wavelet Transform vs STFT : Locality


























































































































































Wavelet Transform vs STFT : Locality













































































Human Activity Recognition (HAR) Dataset













































































Application
I Human Activity Recognition Using Smartphones Data Set

(Reyes-Ortiz et al, 2012)
I Compote DFT of the training signals X1[k], X2[k], ...Xm[k]

DFT Magnitude |X1[k]|, |X2[k]|, ...|Xm[k]|














































































Results: training set: 7724 signals, test set: 2575 signals

3-Nearest Neighbors, `2-norm distance on x[n]. Accuracy : 0.77

3-Nearest Neighbors, `2-norm distance on |X[k]|. Accuracy : 0.85














































































Continuous Wavelet Transform of HAR signals

I changing the number of scales














































































Continuous Wavelet Transform of HAR signals













































































Wavelet Transform Features

I mean, median
I variance
I zero crossing rate, mean crossing rate
I entropy

slide credit: A. Taspinar














































































Human Activity Recognition dataset

I 3-Nearest Neighbors, `2-norm distance on x[n].

accuracy : 0.77%

I 3-Nearest Neighbors, `2-norm distance on |X[k]|.
accuracy : 0.85%

I 1D Convolutional Net

accuracy : 91%

I Wavelet Transform Features (entropy, zero crossing, simple
statistics) + linear classifier

accuracy : 95%














































































Application: Arrhythmia Detection













































































Application: Arrhythmia Detection













































































Application: Arrhythmia Detection

Q. Qin et al., Nature Scientific Reports














































































Limitations of the Fourier Transform



Non-stationary signals



Chirp Signals

I linear chirp x(t) = sin(2π(ct2 + f0t))



Chirp Signals

I quadratic chirp x(t) = sin(2π(ct3 + dt2 + f0t))



Resolving Signal Components

I sum of two hyperbolic chirps: one with instantaneous
frequency 7.5

(0.80−t)2 and one with 2.5
(0.80−t)2 sampled at 2048Hz



Discrete Fourier Transform



Short-Time Fourier Transform - long window



Short-Time Fourier Transform - short window



Continuous Wavelet Transform





Human Activity Recognition (HAR) Dataset



Continuous Wavelet Transform of HAR signals

I changing the number of scales



Continuous Wavelet Transform of HAR signals



Deep Convolutional Neural Network

I 94.91% test accuracy



Wavelet Denoising

1. input signal x =
[
x[1], . . . , x[N ]

]
2. compute discrete wavelet transform y =Wx

3. perform thresholding in the wavelet domain (shrink
coefficients by hard/soft thresholding)

4. reconstruct the signal from thresholded discrete wavelet
coefficients x̂ =W−1S(y)



Hard/Soft Thresholding



Hard/Soft Thresholding

I hard thresholding

Hλ(y) = y1[|y| > λ]

I soft thresholding

Sλ(y) = sign(y)(|y| − λ)+



Sparse Signal Recovery and Optimization

I noisy observation model

y = y∗ + σw

w ∼ N(0, 1) independent identically distributed Gaussian
noise

I y∗ is a sparse clean signal

I recover y∗ from y via

hard thresholding: ŷ = Hλ(y) = argmin
z
‖y − z‖22 + λ‖z‖0

soft thresholding: ŷ = Sλ(y) = argmin
z
‖y − z‖22 + λ‖z‖1



Wavelet Denoising



Wavelet Denoising



Wavelet Denoising



Hard vs Soft Thresholding



Image Denoising by Wavelet Thresholding

I 2D Biorthogonal mother wavelet


