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Outline

→ attention mechanism

→ transformer networks

→ applications in signal processing

→ text-conditioned di!usion

→ model compression
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Attention Mechanism: Motivation

→ visual attention: classifying dog vs cat and elephant vs zebra

Transformers in computational visual media: A survey, Xu et al., 2022
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Attention Mechanism: Motivation

→ textual attention

→ consider the sentence ”The animal didn’t cross the street because it was too tired.”

Transformer: A Novel Neural Network Architecture for Language Understanding, Jakob Uszkoreit, 2017
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Attention Mechanism: Motivation

→ audio-visual attention

→ consider paired audio and video features

Temporal and Cross-modal Attention for Audio-Visual Zero-Shot Learning, Mercea et al., 2022
4



Analogy: Data retrieval in a database
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Terminology

→ given a set of value vectors and a query vector, attention is a way to compute a

weighted sum of the values dependent on the query.

→ the query determines what values to focus on,

we say: the query “attends” to the values

→ the keys are used to compute the attention scores

→ the values are used to compute the output vector
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Attention Mechanism in a Neural Network

→ suppose we have two input matrices X,Y representing n vectors of dimension d

X = [x1, ..., xn]T and Y = [y1, ..., yn]T

→ introduce trainable linear weights WK , WV , WQ

→ keys: ki = WKyi ↑ Rdk

→ values: vi = WV yi ↑ Rdv

→ query: q = WQx ↑ Rdk

→ attention scores are given by

ai =
1↓
dk

k
T
i q for i = 1, ..., n

output:
n∑

i=1

softmaxi(a) vi

→ linear weights are learned via backpropagation

→ normalization ensures Var
(

1→
dk

k
T
i q

)
= 1 7



Standard Attention Layer (Cross-Attention)

→ two input matrices X, Y representing n vectors (tokens) ↑ Rd

X = [x1, ..., xn]T and Y = [y1, ..., yn]T

→ define

Q = XWQ, K = Y WK , V = Y WV

→ output is the matrix Z given by

A = softmax
( 1↓

dk
QK

T
)

Z = AV

→ softmax is applied row-wise

→ WQ ↑ Rd↑dk , WK ↑ Rd↑dk , WV ↑ Rd↑dv are trainable weight matrices

Neural Machine Translation by Jointly Learning to Align and Translate, Bahdanau et al., 2016
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Self-Attention Layer in Explicit Matrix Form

→ take Y = X

X = [x1, ..., xn]T ↑ Rn↑d

→ attention weights and output:

Z = softmax
( 1↓

dk
XWQWKX

T
)
XWV
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Convex Combination Interpretation

→ Q = XWQ: query matrix

→ K
T = XWK : key matrix

→ V = XWV : value matrix

Z = softmax
( 1

dk
QK

T
)
V

→ Zi =
∑

j pijVj is a convex combination of the columns of V

→ pij ↔ 0 and
∑

j pij = 1 are input dependent mixture weights
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Attention as Adaptive Matched Filtering

→ consider one query q and keys k1, . . . , kn

→ attention scores:

ai =
1↓
dk

k
T
i q

→ this is a matched filter (correlation detector) which is optimal for detecting a fixed

waveform in Gaussian noise

→ softmax produces adaptive weights:

ωi =
e
ai

∑
j eaj

→ output z =
∑n

i=1 ωivi

→ interpretation:

keys are a learned dictionary

attention selects the most correlated atoms

output is a data-dependent convex combination 11



Copy Previous Token Task

→ input sequence of length 4

x1, x2, x3, x4

→ task:

yt = xt↓1

→ desired output:

Z =





0

x1

x2

x3




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Copy Previous Token Task

→ input sequence of length 4

x1, x2, x3, x4

→ suppose each token is represented in the delta basis:

x1 = e1 =





1

0

0

0




, x2 = e2 =





0

1

0

0




, x3 = e3, x4 = e4

→ stack them into matrix

X =





e
T
1

e
T
2

e
T
3

e
T
4




= I4
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Attention Can Implement the Copy Operation

→ choose

WQ = I, WK = S, WV = I

→ where S is the shift matrix

S =





0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0





→ then

Q = XWQ = I

K = XWK = S

→ compute attention logits:

QK
T = IS

T = S
T

→ observe: each row of S
T is one-hot

→ softmax of a one-hot row is exactly one-hot

→ therefore:

A = S
T

→ output:

Z = AV = S
T
X

→ this equals

[0, x1, x2, x3]

→ attention exactly copies the previous token
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Toy Example

→ consider a toy problem of sequence-to-sequence prediction

→ the target averages the heights in each pair of shapes

image credit: Francois Fleuret 15



Convolutional Nets

image credit: Francois Fleuret

16



Convolutional Nets
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Convolutional Nets
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Attention Layer in a Convolutional Network
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Attention Layer
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Training Loss
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Predictions via Attention
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Attention Patterns
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Multihead Attention
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Transformer Networks

Attention Is All You Need, Vaswani et al., 2017
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Attention in Transformer Networks
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Imagenet Challenge

→ Vision Transformers (ViT)
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Sizes of Transformer Networks
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MMLU Benchmark

→ Measuring Massive Multitask Language Understanding

→ covers 57 tasks including elementary mathematics, US history, computer science, law, and

more
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The Multistate Bar Exam

The Multistate Bar Exam (MBE) is a challenging battery of tests designed to evaluate an

applicant’s legal knowledge and skills, and is a precondition to practice law in the US. 30



Compute Requirements
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Stable Di!usion (Stability AI), 2022

prompt: A photograph of an astronaut riding a horse
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Text-Conditioned Image Di!usion
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Sora (OpenAI), 2024
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Text-Conditioned Video Di!usion
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Spectrogram di!usion

convert audio to spectrograms and apply the di!usion model

separate the spectrograms into components (e.g., vocals, drums, bass, guitar etc.)

train a di!usion model to generate a component given the rest using a text prompt

generate audio by inverting the spectrograms (e.g., via Gri”n-Lim algorithm)

→ prompt: ”add jazz drums”

Villa-Renteria, Wang, Pilanci, ”Subtractive Training for Music Stem Insertion using Latent Di!usion Models”, 2024
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Quantization and Energy Costs

M. Horowitz, Computing’s Energy Problem (and what we can do about it), 2014
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Quantizing Deep Neural Networks

→ Han, Mao, Dally, Deep Compression: Compressing Deep Neural Networks with Pruning,

Trained Quantization and Hu!man Coding, 2015

convolutional network: AlexNet (240MB) trained on the ImageNet dataset
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Uniform Quantization
Randomized Embeddings: Low Precision

• Randomized embeddings help in dimensionality reduction. X
Can they help us for quantization too? (representing using few bits)

• B-bit quantizer Q(x). Dynamic range R, i.e., �R  x  R.

• Quantization points: q1 = �R, q2 = �R + �, . . . , q2B = �R + (2B � 1)�.

• Do nearest-neighbor quantization.

�R R�R + i�

�R + (i + 1)�

• Resolution is � = R
2B�1

. Do coordinate wise for vectors. Error kQ(x) � xk2 = O(
p

d).

• Randomized embeddings equalize the coordinate magnitudes (Democratic equalization)

Histogram of coordinate values. Magnitudes vary widely Histogram of Gaussian embedding. Magnitudes equalize

Rajarshi Saha Randomized Embeddings in Compression April 23, 2024 11 / 32
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Random Embeddings Compress the Dynamic Range

→ generate a random matrix S and compute Sx

→ randomized embeddings equalize the coordinate magnitudes

→ the entries of Sx are (approximately) Gaussian-distributed

Randomized Embeddings: Low Precision

• Randomized embeddings help in dimensionality reduction. X
Can they help us for quantization too? (representing using few bits)

• B-bit quantizer Q(x). Dynamic range R, i.e., �R  x  R.

• Quantization points: q1 = �R, q2 = �R + �, . . . , q2B = �R + (2B � 1)�.

• Do nearest-neighbor quantization.

R RR + i�

R + (i + 1)�

• Resolution is = R
2B 1

. Do coordinate wise for vectors. Error kQ(x) � xk2 = O(
p

d).

• Randomized embeddings equalize the coordinate magnitudes (Democratic equalization)

Rajarshi Saha Randomized Embeddings in Compression April 23, 2024 11 / 32

vector with large outliers after random matrix multiplication

Lyubarskii & Vershynin, 2006

Saha, Pilanci, Goldsmith, Low Precision Representations for High-Dimensional Models, 2023
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Improved Uniform Quantization via Random Embeddings

Democratic equalization and Quantization

• Resolution is � = R
2B�1

. Do coordinate wise for vectors. Error kQ(x) � xk2 = O(
p

d).

• Choice of S:

� Gaussian: Sij ⇠ N
�
0, 1

m

�
. (Dense: O(d2) multiplications)

� Randomized Hadamard: S = 1p
d
HD, where H 2 {�1, +1}d⇥d is the Hadamard

matrix, D is a diagonal ±1 matrix. (Recursive: O(d log d) additions and sign-flips)

kSxk1  O

✓kxk2p
d

◆
or, kSxk1  O

 r
log d

d
kxk2

!
w.h.p.

• Quantization error (w.h.p.):

kQ(Sx) � Sxk2 =

8
<

:

O(1) for S Gaussian,

O(
p

log d) for S Randomized Hadamard.

Randomized embeddings help with both dimensionality reduction and quantization.
Joint leverage for compressing a matrix!

• [Kashin, 1977; Lyubarskii & Vershynin, 2006; Studer et. al. 2015]

• R. Saha, M. Pilanci, A. Goldsmith, Low Precision Representations for High-Dimensional Models, ICASSP, 2023 [Link]

• R. Saha, M. Pilanci, A. Goldsmith, E�cient Randomized Subspace Embeddings for Distributed Optimization under a Communication Budget,
IEEE Journal on Selected Areas in Information Theory (JSAIT), 2022 [Link]

Rajarshi Saha Randomized Embeddings in Compression April 23, 2024 12 / 32

Lyubarskii & Vershynin, 2006

Saha, Pilanci, Goldsmith, Low Precision Representations for High-Dimensional Models, 2023
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Further Improvement: Lattice Quantization

→ definition: Given n linearly independent vectors b1, b2, ..., bn ↑ Rd the lattice generated

by them is defined as
{

n∑

i=1

bixi | xi ↑ Z
}

=
{

Bx | x ↑ Zn
}

→ we round x to its nearest point in the lattice
46



Lattices

→ definition: Given n linearly independent vectors b1, b2, ..., bn ↑ Rd the lattice generated

by them is defined as
{

n∑

i=1

xibi | xi ↑ Z
}

=
{

Bx | x ↑ Zn
}

→ the square lattice is the product of uniform scalar quantizers
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Lattices

→ definition: Given n linearly independent vectors b1, b2, ..., bn ↑ Rd the lattice generated

by them is defined as
{

n∑

i=1

xibi | xi ↑ Z
}

=
{

Bx | x ↑ Zn
}

→ the hexagonal lattice has lower MSE for a given number of quantization points in a given

area with uniform density. MSE improvement is 5
→

3
9 = 0.962
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→ E8 lattice achieves the 8 dimensional kissing number

→ kissing number: the maximum number of unit balls touching a central unit ball

→ Maryna Viazovska won the Fields Medal in 2022 for the proof that E8 provides the

densest packing of identical spheres in 8 dimensions

→ kissing number is 6 in R2, 12 in R3 and 240 in R8
49



→ E8 lattice gives the densest packing in 8 dimensions

→ a basis is given by




2 ↗1 0 0 0 0 0 0 1
2

0 1 ↗1 0 0 0 0 0 1
2

0 0 1 ↗1 0 0 0 0 1
2

0 0 0 1 ↗1 0 0 0 1
2

0 0 0 0 1 ↗1 0 0 1
2

0 0 0 0 0 1 ↗1 0 1
2

0 0 0 0 0 0 1 ↗1 1
2

0 0 0 0 0 0 0 1 1
2





→ E8 has 216 elements but only requires looking up into a size codebook 28

→ finding the nearest neighbor can be done e”ciently

→ Viazovska and co-authors later proved that the Leech lattice is optimal in 24 dimensions

→ E8 is used in compressing large language models (QuIP# Tseng et al., Feb 2024)

2-2.5 bits per weight on average with reasonable fidelity 50



Singular Value Decay
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Low Precision Low-Rank (LPLR) Decomposition

A

Full-precision

d

n → L

m

n

B bits

R m

d

B’ bits

m ↑ min{n,d}

Saha, Srivastava, Pilanci, Matrix Compression via Randomized Low Rank and Low Precision

Factorization, NeurIPS 2023
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Quantizing Large Language Models via Low-Rank Low-Precision Decomposition

→ low-rank low-precision decomposition with lattice quantization

→ CALDERA: Calibration Aware Low-Precision DEcomposition with Low-Rank

Adaptation (Saha, Sagan, Srivastava, Pilanci, May 2024)

5 Numerical Simulations231

The efficacy of CALDERA is assessed by using it to compress three popular open source LLMs from232

Meta AI, namely, LLaMa-2 7B, LLaMa-2 70B [34] and LLaMa-3 8B [26]. The framework is built in233

PyTorch on top of the QuIP# [35] and LoftQ [22], and is available in this anonymized repository.234

Baselines. The full-rank matrix Q, also referred to as the backbone, is quantized to 2-bits using the235

LDLQ procedure from QuIP [3, 35], employing an E8 lattice quantizer [38]. For CALDERA, which236

allows even the low-rank factors, L and R, to be represented in low-precision, the quantization is237

also performed with an E8 lattice. Prior to running Alg. 1, a randomized Hadamard transform (RHT)238

is applied to the left and the right of the input weight matrix, as the incoherence pre-processing step,239

to equalize the magnitude of the entries making them more robust to quantization. In other words,240

CALDERA decomposition is performed on fW , H>
L WHR, where HL and HR are Hadamard241

matrices, right-multiplied by a diagonal matrix with i.i.id. {±1} entries. In addition, the Hessian242

matrix obtained from the calibration data is substituted by eH , H>
RHHR. As described in [3], this243

improves the quantization error incurred by LDLQ. Further details are provided in App. E.2.244

Metrics. The performance of CALDERA is evaluated using perplexity on the test splits of the245

Wikitext2 [25] and C4 [6] datasets, as well as task-specific goodness-of-fit metrics such as zero-246

shot accuracy for sequence classification. Specifically, zero-shot accuracy was measured on the247

Winogrande [19], RTE [1, 39], PiQA [2], ARC-Easy, and ARC-Challenge [4] tasks. App. E.3248

provides more details regarding these benchmarks. Perplexity was measured using a sequence length249

equal to the model’s maximum context length, i.e., 4096 for LLaMa-2, and 8192 for LLaMa-3.250

Zero-shot experiments were performed using EleutherAI’s Language Model Evaluation Harness [9].251

5.1 Zero-shot Results252

Tables 1 and 2 report the perplexities and accuracies for CALDERA with varying target rank (k) of L253

and R. A smaller value is better for perplexity, which is defined as the exp(·) of the training objective,254

while zero-shot accuracies are reported as percentages. Per-parameter bit budgets range from 2.1255

(e.g., rank-64 factors in 4-bit precision) to 2.4 bits (e.g., rank-64 factors in half precision or rank-256256

factors in 4-bit precision). For comparison, the Q + LR decomposition of weight matrices found in257

the QuIP# codebase was performed on each model. For the sake of direct comparison, fine-tuning258

of the diagonal matrices in RHT was omitted. As QuIP# does not support quantized factors, L and259

R are rank-64 in order to ensure that the per-parameter bit-budget remains in the 2 � 2.4 range. As260

another baseline comparison, each model is quantized using QuIP# without any low-rank factors.261

Results for the unquantized LLaMa-2 7B, LLaMa-2 70B, and LLaMa-3 8B models are also provided.262

Table 1: Zero-shot perplexities (denoted by #) and accuracies (") for LLaMa-2. BQ = 2 bits throughout.
Method Rank BL(= BR) Avg Bits Wiki2 # C4 # Wino " RTE " PiQA " ArcE " ArcC "

CALDERA (7B) 64 16 2.4 7.36 9.47 64.6 66.4 73.7 60.8 31.7
CALDERA (7B) 64 4 2.1 7.37 9.74 63.7 62.1 72.3 60.9 31.7
CALDERA (7B) 128 4 2.2 6.76 8.83 63.8 59.9 75.1 65.1 34.6
CALDERA (7B) 256 4 2.4 6.19 8.14 66.0 60.6 75.6 63.6 34.0
QuIP# (7B, No FT) 64 16 2.4 7.73 10.0 63.1 66.8 71.7 63.2 31.7
QuIP# (7B, No FT) 0 — 2 8.23 10.8 61.7 57.8 69.6 61.2 29.9

CALDERA (70B) 64 16 2.2 4.50 6.38 75.4 71.7 79.2 71.8 43.9
CALDERA (70B) 128 4 2.1 5.07 7.10 72.9 62.1 78.0 73.2 43.9
QuIP# (70B, No FT) 0 — 2 5.37 7.51 72.3 47.6 77.7 68.8 40.9

Unquantized (7B) 0 — 16 5.12 6.63 67.3 63.2 78.5 69.3 40.0
Unquantized (70B) 0 — 16 3.12 4.97 77.0 67.9 81.1 77.7 51.1

For all but the LLaMa-2 70B model, the rank-256 CALDERA decomposition with 4-bit factors had263

the lowest perplexity and highest accuracy. As CALDERA supports quantizing low-rank factors264

with minimal performance loss, more singular components can be captured compared to using265

half-precision factors while employing the same number of bits. Consequently, the low-rank factors266

can regain the performance that was compromised when the backbone Q was quantized to 2 bits.267

Since zero-shot experiments have some inherent randomness and low-rank regularization effects [32],268

the zero-shot accuracies reported here are not as directly indicative of quantization performance as269

7

QuIP# was the state-of-art quantization method as of April 2024
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