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Principal Component Analysis



Principal Component Analysis



Principal Component Analysis

I solution to PCA:



Autoencoder Networks

I L-layer neural network fΘ(X) = φ(φ(XW1)W2) . . .WL

nonlinear activation φ(u), e.g., φ(u) = max(0, u)

I data matrix X : n× d
I layer weights Θ : W1 ∈ Rd×m1 ,...,WL ∈ RmL−1×d

I autoencoders approximate the data as X ≈ f(X)

I training problem

min
Θ
`Θ(f(X), X) + β

L∑
i=1

‖Wi‖2F

I L2 loss `(f(X), X) = ‖f(X)−X‖2F
I L1 loss `(f(X), X) = ‖f(X)−X‖1



Autoencoders



Compressed representation



MNIST



Denoising Autoencoders

noise is added to the input of the network

N : random noise, e.g. Nij ∼ N(0, σ2)

min
Θ
`Θ(f(X +N), X) + β

L∑
i=1

‖Wi‖2F



Denoising Autoencoders
length 150 signal x[n] = n2 reshaped into 15× 10 image
Conv2D(3,3,128)-ReLU-Conv2D(32)-ReLU-Conv2DTranspose(32)-ReLU-Conv2DTranspose(128)-Conv2D(1)

trainable parameters: 85,569 (hugely overparameterized!)

train with 56000 samples

slide credit: machinecurve.com



Principal Component Analysis and Neural Networks

I two-layer neural network f(x) = φ(xTW1)W2

linear activation φ(u) = u

I data matrix X : n× d
I layer 1 weights W1 : d×m
I layer 2 weights W2 : m× d

autoencoder : targets Y = X

I training problem

min
W1,W2

‖XW1W2 −X‖2F + β‖W1‖2F + β‖W2‖2F



Principal Component Analysis and Autoencoder Networks

layer 1 weights W1 : d×m
layer 2 weights W2 : m× d

I no regularization (β = 0)

= min
W1,W2

‖XW1W2 −X‖2F

= min
W :rank(W )≤m

‖XW −X‖2F

I Optimal solution is V1:mV
T

1:m

where X = UΣV T is the SVD of X and V1:m are the top k
right singular vectors

I PCA = linear activation neural autoencoder



Principal Component Analysis and Autoencoder Networks

I Back to the more general regularized case

= min
W1

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + β

m∑
j=1

‖W1j‖22 + ‖W2j‖22

I rescale W1j ←W1j/αj , W2j ←W2jαj

min
W1

min
W2

min
{αj}mj=1

‖
m∑
j=1

XW1jW
T
2j − Y ‖2F /2 + β

m∑
j=1

‖W1j‖22
α2
j

+ α2
j‖W2j‖22

= min
W1

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W1j‖2‖W2j‖2



Principal Component Analysis and Autoencoder Networks

= min
W1

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W1j‖2‖W2j‖2

I substitute W1j ←W1j/‖W1j‖2 and W2j ←W2j/‖W1j‖2

= min
‖W1j‖2=1,∀j

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W2j‖2

I group `1 penalty on the second layer weights

I convex problem when we fix W1



Dual Neural Network Problem

I take the dual of the W2 minimization problem while W1 is
fixed

min
‖W1j‖2=1, ∀j

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W2j‖2

= min
‖W1j‖2=1, ∀j

max
V
−1

2
‖V − Y ‖2F s.t. ‖V TXW1j‖2 ≤ β ∀ j



Dual Neural Network Problem

I strong duality holds

I we can exchange minimum and maximum1

min
‖W1j‖2=1, ∀j

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W2j‖2

= min
‖W1j‖2=1, ∀j

max
V
−1

2
‖V − Y ‖2F s.t. ‖V TXW1j‖2 ≤ β ∀ j

= max
V
−1

2
‖V − Y ‖2F s.t. max

‖W1j‖2=1, ∀j
‖V TXW1j‖2 ≤ β ∀ j

1See the paper Neural Networks are Convex Regularizers for a proof
https://stanford.edu/∼pilanci/papers/NNConvex.pdf

https://stanford.edu/~pilanci/papers/NNConvex.pdf


Dual Neural Network Problem

I we obtain a convex dual problem

min
‖W1j‖2=1,∀j

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W2j‖2

= max
V
−1

2
‖V − Y ‖2F s.t. σmax(V TX) ≤ β

I simple constrained convex program



Bidual of the Neural Network Problem

I we obtain a convex dual problem

min
‖W1j‖2=1,∀j

min
W2

1

2
‖

m∑
j=1

XW1jW
T
2j − Y ‖2F + 2β

m∑
j=1

‖W2j‖2

= max
V
−1

2
‖V − Y ‖2F s.t. σmax(V TX) ≤ β

= min
W
‖XW − Y ‖2F + β‖W‖∗

where ‖W‖∗ =
∑m

k=1 σk(W ) is the Nuclear Norm

`1 norm of the singular values of W

I sparse singular values = low rank matrix

I linear activation + weight decay = Nuclear Norm penalty



Nuclear Norm

‖W‖∗ =

m∑
k=1

σk(W ) = ‖σ(W )‖1

I also called Schatten 1-Norm
I for positive semidefinite matrices nuclear norm reduces to

the trace norm ‖W‖∗ =
∑m

k=1 λk(W ) = TraceW
I extreme points of the nuclear norm ball {W : ‖W‖∗ ≤ 1} are

rank-one matrices

I analogous to the extreme points of the `1 ball which are
1-sparse vectors, i.e., the Dirac delta basis



Robust Principal Component Analysis

I Suppose that the data matrix is the sum of a low rank matrix
and a sparse matrix

X = W︸︷︷︸
low rank

+ S︸︷︷︸
sparse

I convex heuristic:

min
W,S :X=S+W

‖W‖∗ + ‖S‖1

I efficiently solvable

examples:

low rank data + outliers



Robust Principal Component Analysis

min
W,S :Y=S+W

‖W‖∗ + ‖S‖1

examples:

background image + few corrupted pixels


