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Principal Component Analysis

The idea behind PCA is to approximate
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Principal Component Analysis
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Principal Component Analysis
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» solution to PCA:
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Autoencoder Networks

» L-layer neural network fo(X) = ¢p(op(XW1)Wa)... Wy,
nonlinear activation ¢(u), e.g., ¢(u) = max(0, u)

> data matrix X :mnxd

> layer weights © : W, € R¥™>*™ W, € Rme-1xd

» autoencoders approximate the data as X ~ f(X)

» training problem

L
min l (f(X), X) + 5 |[Will%
=1

> Ly loss £(f(X), X) = | f(X) - X%
> Ly loss £(f(X), X) = [|f(X) — X]h



Autoencoders
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Denoising Autoencoders

noise is added to the input of the network
N : random noise, e.g. N;j ~ N(0,0?)

L
min fo(f(X + N), X) +B; W3 1%
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Denoising Autoencoders
length 150 signal x[n] = n? reshaped into 15 x 10 image

n
Conv2D(3,3,128) -ReLU-Conv2D (32) -ReLU-Conv2DTranspose (32) ~-ReLU-Conv2DTranspose (128) -Conv2D (1)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

trainable parameters: 85,569 (hugely overparameterized!)

train with 56000 samples
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slide credit: machinecurve.com



Principal Component Analysis and Neural Networks

> two-layer neural network f(z) = ¢(xTW1)Wy
linear activation ¢(u) = u

» data matrix X :mnxd

> layer 1 weights W;  :dxm

> layer 2 weights Wy :m x d
autoencoder : targets Y = X

» training problem

min | XW, Wy — X[ + BIWhll% + BlIWal %
W1,Wa



Principal Component Analysis and Autoencoder Networks

layer 1 weights W7  :dxm
layer 2 weights Wy :m x d
» no regularization (8 = 0)

= min || XW, W, — X%
W1,Wa

= min | XW - X|%
Wirank(W)<m

. . . T
» Optimal solution is V1., V7.,

where X = UXV7T is the SVD of X and Vi, are the top k
right singular vectors

» PCA = linear activation neural autoencoder



Principal Component Analysis and Autoencoder Networks

» Back to the more general regularized case

— pinmin L) 2 XWL W < VI 483 Wl + W
j=1 J=1

» rescale Wy, < Wyj/ay, Waj <= Wojay

W13
n{r/lt}nmln min ”ZXWI]WQJ YHF/Q‘F/BZ ] 24 ajz'HWQJ‘H%

2{04331 — J

ZI%iIHHVIViQH*HZXWIJWQJ YHF+25ZHW1JH W2
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Principal Component Analysis and Autoencoder Networks
= minmin o *II ZXW1]W2J Y%+ 2/)’2 W1jll2]Wa;[2
7j=1

» substitute le — le/”leHQ and ng — WQj/HleHQ

= mm min — XWiWE —v|2 +2 W-
S 1 205

P> group /1 penalty on the second layer weights

» convex problem when we fix W



Dual Neural Network Problem

» take the dual of the W5 minimization problem while W7 is
fixed

1 m m
min  min - XWi,WL —Y|%+ 283 Wailla
LA ) 2II; iWa = Y& ;! il

1
= min @ max——|V = Y||% st. [VIXWyilla < BV j
([Wijll2=1,V5 V 2” I3 I j” BV]



Dual Neural Network Problem

» strong duality holds

» we can exchange minimum and maximum!?

min  min — XWi,WL —Y|% +2 1%
(IW1jll2=1,Vj W2 HZ b HF IB;” 2JH2

- min max—— ||V =Y 2 s.t. VTXW ) < BYi
[Wijll2=1,¥j V 2” I | 1lle < BV ]

1
=max—=||V = Y% s.t. max VIXWiilla < B Y |
12 2H % ||W1j||2=1,w” 1ll2 <B V]

1See the paper Neural Networks are Convex Regularizers for a proof
https://stanford.edu/~pilanci/papers/NNConvex.pdf


https://stanford.edu/~pilanci/papers/NNConvex.pdf

Dual Neural Network Problem

> we obtain a convex dual problem

min — XW Wi —Y|% +2 1%
st HZ W =Yl ﬂ;H 2l

1
= m‘z}x—iHV — Y% st omax(VIX) < B

P simple constrained convex program



Bidual of the Neural Network Problem

P we obtain a convex dual problem

1 m m
min  min = XWyWE —Y|% +28 Wosillo
oy, 2\; iWs; % ;II 3l

1
= m&x—iﬂV — Y% st omax(VIX) <
= min | XW — Y[ + B W],

where [|[W|, = >t ok (W) is the Nuclear Norm

£1 norm of the singular values of W

P sparse singular values = low rank matrix

> linear activation + weight decay = Nuclear Norm penalty



Nuclear Norm

Wl =" ou(W) = oW
k=1

» also called Schatten 1-Norm

> for positive semidefinite matrices nuclear norm reduces to
the trace norm ||[W |, = > ;2 \p(W) = Trace W

» extreme points of the nuclear norm ball {W : |||, <1} are
rank-one matrices

» analogous to the extreme points of the #; ball which are
1-sparse vectors, i.e., the Dirac delta basis



Robust Principal Component Analysis

» Suppose that the data matrix is the sum of a low rank matrix
and a sparse matrix

X= W + 8
—~— ~—
low rank Sparse

» convex heuristic:

min [[W]l. +[[S]1
W,S : X=S+W

> efficiently solvable

examples:

low rank data + outliers
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Robust Principal Component Analysis

s W+ 5]
+W

examples:

background image + few corrupted pixels




