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Nonnegative Matrix Factorization (NMF)

X :n x d data matrix

min || X — WZ||%
W>0,Z>0

P non-negative data

P pixel values, energies, counts are non-negative valued



Nonnegative Matrix Factorization
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PCA and Fisher's LDA basis vectors are hard to interpret




Nonnegative Matrix Factorization

X : n x d data matrix

min || X - WZ||%
W>0,Z2>0

» No closed form solution!
» Solution is not unique: X = WDD'Z =WZ



Nonnegative Matrix Factorization

X : n x d data matrix

min || X - WZ||%
W>0,Z2>0

» No closed form solution!

» Solution is not unique: X = WDD'Z =WZ

» Heuristic algorithm:
W« argminy || X —WZ||p=XZT, W<« (W),
Z + argming ||[X —WZ||r=WTX, Z+ (2)+
iterate



Nonnegative Matrix Factorization

min | X - WZ||2  implies X~WZ
W>0,Z>0
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» Spectrogram model: columns of W contain frequencies (e.g.
musical notes), rows of Z contain time information



min

Nonnegative Matrix Factorization for Images
W>0,2>0

X — W Z][%

implies X~=WZ
NMF

Original




Semi-Nonnegative Matrix Factorization (Semi-NMF)

Y : n x d data matrix

min_[|[WZ —Y||%
W>0,Z

» Second component Z is not constrained



Semi-NMF and ReLU Neural Networks

» Semi-NMF
Juin [[WZ = Y|7
» Two-Layer ReLU neural network
V{}R}}Q [(XW1) We — Y[F

» (u)4 is the ReLU activation

'Need n < d for this condition to hold



Semi-NMF and ReLU Neural Networks

» Semi-NMF

min_[|[WZ —Y|%
W>0,Z

» Two-Layer ReLU neural network

i X —Y|?
$$gw Wh)Wo ||

» (u)4 is the ReLU activation

» Suppose that the data matrix is whitened and we have
XxT =11
» substitute W, < XTW,

'Need n < d for this condition to hold



Semi-NMF and ReLU Neural Networks

» Semi-NMF

min_|[|[WZ —Y||%
W>0,Z

» Two-Layer ReLU neural network for whitened data X X7 =T

V{,mn (W) 4 Wa = Y|[3 = mln ||W1W2 - Y%
1

» identical to the Semi-NMF model



Deep NMF and Semi-NMF

i WiWsy ... W, — Y2
wisowast s, W12 r =Yk

» Works well for speech, signal and image separation/clustering



Deep NMF and Semi-NMF

min WiWsy ... W, — Y2
Waso ezt o, TV1IV2 L=Vl

» Works well for speech, signal and image separation/clustering

A Deep Semi-NMF Model for Learning Hidden Representations Trigeorgis et al.
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Clustering

k
min Y Y lai— gl = [|X - CBY%

J=1 CCiGC]'

C = [c1, ..., ck] is the centroid matrix
B denotes the clustering assignment

B;; = 1 if i-th observation is assigned to the j-th cluster
center c;



