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Empirical Risk Minimization

» Let {aj,yi}, i =1,....,n be training data

» Empirical risk minimization
1 n
min — Z; f(x,ai, yi)
=

> Examples:

Least-Squares problems: f(x, a;,y;) = (3] x — yi)?

Logistic regression: f(x, aj,y;) = log(1 + e ¥’



Empirical Risk Minimization

» Let {aj,yi}, i =1,....,n be training data

» Empirical risk minimization
1 n
mXin ; Zl f(Xv aiayl')
=

> Examples:

Least-Squares problems: f(x, a;,y;) = (3] x — yi)?

Logistic regression: f(x, aj, y;) = log(1 + e )
» empirical risk approximates the population (expected) risk:

Ef(X, 3i7)’i)

where the expectation is taken over the data



Stochastic Programming

min Ef (x, a;, yi)
X E/_/
F(x)
» A simple approach:

Xt4+1 = X¢ — IUVF(Xt)
=Xt — uEf(Xa aiayi)
%Xtiiu“f(xval't?yit)

where i; is a random index



Stochastic Gradient Descent (SGD)

min Ef (x, a;, y;)
) (x)
F(x

Consider the iterative algorithm

Xt4+1 = Xt — U8t

» where g; is an unbiased estimate of VF(x;)

]Egt = VF(Xt)



SGD for Empirical Risk Minimization

» Let {a;,yi}, i =1,....,n be training data

» Empirical risk minimization
1 n
min £ 3" F(x,21.5)
i=1

» Choose an index /¢ uniformly at random and let

Xt41 = Xt — ,Uftvtf(xv ait?.yit)



Convergence of SGD for strongly convex problems

min Ef (x, a;, y;)
X %,—/

F(x)

» SGD with constant step size u
Xe41 = Xe — Ve (X, @iy, Vi)

Assumptions
» [ is strongly convex with parameters S_ and [
> g; is an unbiased estimate of VF(x;) and its holds that

> Ellg:ll3 < o + e[ VF(x)I3
1
B+cg

P step size pu <



Convergence of SGD for strongly convex problems
min Ef (x, a;, y;)
) (x)
F(x

» SGD with constant step size u
Xe41 = Xe — Ve (X, @iy, Vi)

Assumptions

» [ is strongly convex with parameters S_ and [

> g; is an unbiased estimate of VF(x;) and its holds that
> Ellg:ll3 < o + e[ VF(x)I3

P step size pu < /Bjcg

» Theorem:

E[F(x)— F(x")] < ST



Convergence of SGD for strongly convex problems

Assumptions

» F is strongly convex with parameters 5_ and [

» g: is an unbiased estimate of VF(x;) and its holds that
> Ellg:l3 < o + e VF(x)I3

» Theorem:

) Brog
BIF(x) — F(x)) < 05

P> converges to a neighborgood of the optimum x*

+ (1= puB-)"(F(x0) — F(x"))

v

converges to x* when the o, = 0, i.e., gradient is noise-free

P in practice we can reduce the stepsize whenever the progress
stalls



Convergence of SGD with diminishing step-sizes

Assumptions

F is strongly convex with parameters 5_ and (5

gt is an unbiased estimate of VF(x;) and its holds that
Ellgel3 < o7

1
utzﬁforsomeu>2/3—i

vVvyYyyVvyy

Theorem:

Cu
t+1

E[F(x) = F(x")] <

2 2
where C, = maX(z?ji:Elv [x0 — x*|13)



Comparison with Gradient Descent

» Stochastic Gradient Descent

> per iteration cost O(d)
> number of iterations O(%)
> total cost O(g)

» Gradient Descent

> per iteration cost O(nd)
» number of iterations O(log(2))
> total cost O(nd log(1))

SGD can be faster for large n and low accuracy e



SGD for Least Squares Problems

min || Ax — b||3 = Z(a,Tx — b;)?
i=1

> Gradient: Vf(x) = AT(Ax —b) =37, a;(al x — b;)

> A stochastic gradient: g¢ = a;,(a] x — b;,) where i¢ is a
random index

» SGD iterations

Xt4+1 = Xt — ,ut(aiz—xf - bft)ai
» Sketched Gradient Descent
Xt+1 = Xt — /LtATStTSt(AXt - b)

where ES S, = |



SGD for Least Squares Problems

min | Ax — b|j3 = > (a/ x — b;)?
i=1

» SGD iterations
o Ty — b )a:
Xt+1 = Xt Nt(ait Xt ie)ai

> Step-SiZe Mt = W
112
alsx; — b

it ita.
1
[EAE:



Convergence Analysis

» Assume that b = Ax* and define A; = A(x; — x*)
> App1 = A — e At PeA¢

[EAL

o
where P; 1= | — H:' |I|t2 is a projection matrix
112

> after T iterations

AT =Pr_q...P1A



Convergence Analysis: General Sampling Distributions

» Consider a sampling distribution ps, ..., ps, i.e.,
we sample the /-th data row a;, y; with probability p;
» SGD iterations with sampling distribution {p;}?_;

Xt4+1 = Xt — Wt8t

_ 14.T
» where g; = p—it(a,-t x¢ — bj,)a;

P unbiased gradient estimate

Eg: = AT (Ax; — b)



Convergence Analysis: General Sampling Distributions

» Assume that b = Ax* and define A; = A(x¢ — x*)
P set step-size py =1
L o7
Xt4+1 = Xt — F(a Xt — b,’t)a,‘

it
It

a7
> At—i—l = A — al;i't AV
;
a;.a;
E[|Aes1]3 = EllAr — = A3
It
T T
a;,.a; a;,a;
=E[|Ad]3 — 207 = A + || A3

It It

T

T 2
d; a: a:.a.' lla;
= ]EAtT | —2 It iy + [ |L lt||2 At
Pi; P;




Convergence Analysis: General Sampling Distributions

P> Taking expectations

aj Hall
EuAmua—Az( zza,,+z 2 )A

P> note that right-hand-side, hence the optimal distribution
depends on the previous error A;

> we can minimize the upper-bound with respect to the
sampling distribution

3] ||aill3 " aia |lail3
A;r (ZHPI AtS)\max Zt’f ”AtHg

i=1 i=1



Convergence Analysis: General Sampling Distributions

> Taking expectations
n n a'ta.T 2 2
E|Analf =47 (I —> 2aal +) IltpHIH2 A
i=1 i=1 !

P note that right-hand-side, hence the optimal distribution
depends on the previous error Ay

> we can minimize the upper-bound with respect to the
sampling distribution

n n
T aj.a ||a,”2 di.a Ha,||2 2
A (Z ol EVER U D Bl N IV

i=1 i=1

" a,alla
<1 (32 o
pi

i=1 !



Convergence Analysis: General Sampling Distributions

» minimizing the upper-bound

n AT 4.2
min Tr Z i, a;, llaill3
P> im1 Pi=1,pi>0 : pi

i=1

» equivalent to

Z Ha:Hz
P 1p, 1p,>0



Convergence Analysis: General Sampling Distributions
» minimizing the upper-bound
" aal|lail3
min Tr Z It <y H 1”2
P> im1 Pi=1,pi>0 P pi

» equivalent to

Z Ha:Hz
P 1p, lp,>0

i

» optimal sampling distribution

e ez laill3

p-_ =
b X lalE AR

» same distribution as in approximate matrix multiplication
ATA~ ATSTSA




Randomized Kaczmarz Algorithm

» optimal sampling distribution

bt = laillz  _ llaill3
b X llalz AR

P consider step-size it
1 Alz
> Xer1 = Xt — :uti.ait(aiTX - bft) =Xt — MKt ” .Hgait(alTX - bft)
Piy t llai N5 t
P set the step-size y; = W
F
> this is called Randomized Kaczmarz Algorithm
_ 1 T
> Xtp1 = Xe — mait(al} x — b;,)
P convergence analysis yields
-
a;a;
At+1:</— l2>At
||a’.tH2

:PtAt

a,-aI.T
llai, 15

» where P; = | —




Convergence rate

1

> (1 i || N
(L Al

> recursively applying the above bound and taking conditional
expectations

after T iterations we obtain

)\min )T
A7

El|AT|3 < (1 -



