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Randomized Linear Algebra
Lecture 8: Randomized Least Squares Bias and
Variance, Streaming Data



Least Squares Problems and Random Projection

> Given A€ R"9 and b € RY
find the best linear fit Ax ~ b according to

min [|Ax — b||3
x€R H H2
» no regularization, i.e., A =0

» If Ais full column rank then
> x5 = (ATA)TATh




Faster Least Squares Optimization: Random Projection

> Left-sketching

Form SA and Sb where S € R™*" is a random projection
matrix

» Solve the smaller problem

min ||SAx — Sb||3
x€R9

» using any classical method.

Direct method complexity md?



Approximation Result

» Suppose that n> d
> Let S € R™*9 be a Johnson-Lindenstrauss Embedding

xis = arg min | Ax — b]3
X N—— —

f(x)
% = arg min ||SAx — Sb||3
x€R4

» Lemma If m > constant x then,
> f(xs) < F(X) < (1+€)f(xs)

> ||A(xrs — X)||3 < €2 with high probability

rank(A)
&2



Application: Streaming data

» Suppose that n > d
> Let S € R™*9 be a Johnson-Lindenstrauss Embedding

xLs = arg min ||Ax — b||3
XERI e —

f(x)

X =arg rg]iR[L | SAx — Sb||3
X

» A and b are dynamically updated and we need to find x; s at
any time
Att1 = At + Ar and yrr1 = yr + Ay
Can we form and update Al A, € R9x9 ?



Application: Streaming data

» Suppose that n > d
> Let S € R™*9 be a Johnson-Lindenstrauss Embedding

xLs = arg min ||Ax — b||3
XERI e —

f(x)

X =arg rg]iR[L | SAx — Sb||3
X

» A and b are dynamically updated and we need to find x; s at
any time
Atr1 = A+ A and yrp1 = yr + A
Can we form and update Al A, € R9x9 ?
» Linear sketch can be updated on the fly
SAi11 = SA: + SA; and Syri1 = Syr + SA;



Gaussian Sketch
> Let S be %x i.i.d. Gaussian. E[STS] =/

% = arg min ||SAx — Sb||3
x€R

» Is E [X] equal to x;s7



Gaussian Sketch
> Let S be %x i.i.d. Gaussian. E[STS] =/
% = arg min ||SAx — Sb||3
x€R

» Is E [X] equal to x;s7
» Assuming AT ST SA is invertible, we have

%= (ATSTSA)tATSTSh
let b= Ax;s + b where b+ | Range(A)
X =(ATSTSA)TATSTS(Axys + bt)
= x5+ (ATSTSA)LATST spt
> E(ATSTSA)"LATSTSbt = 0 since Sb* and SA are
uncorrelated zero mean Gaussian.



Gaussian Sketch: Variance

» Let S bei.i.d. Gaussian

% = arg min [|SAx — Sb||3 = x5 + (ATSTSA)TATSTSb = xS -
xeR

> Analyzing the variance E||A% — x/s||3
» Lemma (a) Conditioned on the matrix SA

f(xLs)

% ~ /V(XLs, (ATsTSA)—l)



Gaussian Sketch: Variance

» Let S bei.i.d. Gaussian

% = arg min [|SAx — Sb||3 = x5 + (ATSTSA)TATSTSb = xS -
xeR

> Analyzing the variance E||A% — x/s||3
» Lemma (a) Conditioned on the matrix SA

f(xLs)

% ~ /V(XLs, (ATsTSA)—l)

> st~ (o, 171 )
> E(% — xu5)(% — x15)7 = (SA)((SA))T = (ATSTsa)-1 1o I



Gaussian Sketch: Variance
» Let S bei.i.d. Gaussian

% = arg min ||SAx — Sb||3
x€R

> Analyzing the variance E||A% — x/5||3
» Lemma (a) Conditioned on the matrix SA

f(XLS)

%~ N(XLS, (ATsTSA)—l)

A(% — x15) ~ N(o, f():nLS)A(ATSTSA)_lA)



Gaussian Sketch: Variance
» Let S bei.i.d. Gaussian

% = arg min ||SAx — Sb||3
x€R

> Analyzing the variance E||A% — x/5||3
» Lemma (a) Conditioned on the matrix SA

f(XLS)

%~ N(XLS, (ATsTSA)—l)
A(% — x15) ~ N(o, f():nLS)A(ATSTSA)_lA)

Lemma (b) (removing conditioning) for m > d + 1

E[(ATSTSA) M = (ATA) ! ———



Gaussian Sketch: Variance
» Let S bei.i.d. Gaussian
% = arg min ||SAx — Sb||3
x€eRd

> Analyzing the variance E||A% — x/5||3
» Lemma (a) Conditioned on the matrix SA

%~ N(xs, f(;LS)(ATsTSA)—l)

f(XLS)

A(% — x15) ~ N(o, A(ATsTSA)—lA)

Lemma (b) (removing conditioning) for m > d + 1

m

E[(ATSTSA) M = (ATA) ! ———

> E[|A(% — xi5) |3 = EX4s) 1rA(AT ST 5A)
> E|AR - xs)3 = (“) trA(ATA)TIA = f(XLs>m_z’,_1




Expected Inverse of a Random Matrix

» Where does the formula

E[(ATSTSA) M = (ATA) ! ———

» come from?



Which sketching matrices are good?

>

>

v

We need to find conditions to guarantee approximate
optimality
Let A= UZVT SVD in compact form

some deterministic options

S=UTisdxn
S=AT
For random S matrices AT ST SA needs to be invertible

we want it to be close to AT A



Questions?



