EE 276 - Information Theory
Midterm
Feb 16, 2024

1. There are a total of 5 questions: 3 shorter questions, and 2 longer ones. You have 2
hours to take the exam. Questions have different numbers of points as indicated before
each sub-problem. There are a total of 100 points, with 2 additional bonus points.

2. Please write all answers in the designated area underneath the question. If you need
more room for your answer, please indicate as such under the question, and continue
your response elsewhere.

3. Scratch paper will be provided and collected at the end of the exam, but will not be
graded.

4. All answers should be justified, unless otherwise stated.

5. The exam is closed book but you are allowed one double-sided sheet of notes. No other
materials are allowed.

6. Calculators are not allowed.

Good luck!

Name:

SUID:
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1. Let X and Y be random variables with finite alphabet and non-zero entropy. Consider
the quantity
_ I(X;Y)
- min{H(X), H(Y)}’

(a) (8 points) Show that 0 < p < 1.

Solution: The quantity p is symmetric. So without loss of generality, we can
assume that H(X) < H(Y') and hence

[(X;Y) _ H(X) - HXY) H(X]Y)

T min{H(X),HY)} H(X) T HX)

Since conditioning reduces entropy and entropy is nonnegative, we have

H(X|Y)
OSWSL

and hence 0 < p < 1.

(b) (8 points) Interpret the extreme cases of p = 0 and p = 1: what can you say
about the relationship between X and Y under each of these cases?

Solution: p = 0 if and only if I(X;Y) = 0 which holds if and only if XY are
independent. Meanwhile, p = 1 holds if I(X;Y) = H(X) (I(X;Y) = H(Y))
and hence H(X|Y) = 0 (or H(Y|X) = 0) implying that one is a deterministic
function of the other.
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2. Let the discrete random variables X, Y, Z be such that
Z=X+Y.

(a) (8 points) Show that H(Z) < H(X)+ H(Y).

Solution: We have
HX+Y)<HX)Y)=HX)+HY|X)<HX)+ H(Y).

The first inequality holds since X + Y is a deterministic function of (X,Y’), and
the second holds because conditioning reduces entropy.

(b) (6 points) Under what conditions does the inequality hold with equality?
Solution: The first inequality above holds with equality when the map from
(X,Y) to Z = X 4+Y is invertible, meaning that the values of X,Y can be deter-
mined from the sum. One example of this is if X € {0, 1} with equal probability
and Y € {2,4} with equal probability. Meanwhile, the second inequality holds
with equality if X and Y are independent.
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3. (10 points) A memoryless source X1, X, ... is drawn from X = {a, b, ¢} with respective
probabilities (1/2,1/4,1/4). Consider the typical set A™ forn =8 and e = 1/10. How

[}

many occurrences of the letter “a” are there in a sequence belonging to this set? (i.e.,

does this set contain sequences with one “a”, two “a’s, ..., etc.?). You don’t need to
perform long and difficult arithmetic computations to answer this question.

Solution: A sequence is typical (i.e. in the typical set, AE")) if for (z1,z9,...,2,) € X"
we have,

2—n(H(X)+e) S p (ZEhl’Q, ) xn) S 2—n(H(X)—e)

Note that for the above source,
1 1 1

1 11
HX)=—(-log=+ -log> +~log~
(X) (2 °g2+4°g4+40g4)

1 1 1
= (510g2+ Zlog4+ Zlog4)

1+1+1 3
2 2 2/ 2

for n = 8 and € = 0.1, we have

9-8(3+15) <p(x1,29,...,2,) < 9-8(3-15)
64 56
275 Sp(a:laIQa"'?xn)SQ_?
2_12% Sp(xlnya"wxn) S 2_11%

The probabilities for a sequence with n, a’s, n, b’s, and n. ¢’s (ng + ny + n. = n) can
be written as p (z1,22,...,2,) = (1) (3)™ (3)™ = (3)™ ()" " = 27 (at2na)) =
2-(n=ma) We can see trivially that this exponent will be a whole number. The only
whole number between —11% and —12‘5l is —12, so setting 2n —n, = 12 and n = 8
yields n, = 4. So, the sequences which lie in typical set are those which have exactly
4 a’s in them.

If you are curious how large A is, there are (:a) ways of choosing where the n, a’s

n—"nq (n—na
=0 A

go, then, of the remaining n — n, spaces available, there are ) ) possible

ways to arrange the b’s and ¢’s. So, the total size of A™ s

my_ [T " [n—n,
() EC

For the above example, we have

4
8 4 8
(7’1) == = 4
4= ()2 (5)= ()
=70-16 =1120

Since every sequence in the typical set has the probability 2712, the probability of a
sequence being in the typical set is just

P(X" e AM) =2712. 1120 ~ 0.2734375
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4. (Each part of this problem can be attempted independently of the other parts, using
only what is stated in the prompts of the preceding parts.)

In this problem, we will study the entropy of the English language as Shannon did.
In what follows, we will model an infinitely long string of English text as a random

process
X, X9, X5...

where X; takes values in X :={a,...,z},|X| = 26. Here, X, represents the ith letter
in a long English string. Note that the X;s are not independent, but for simplicity,
we’ll assume that the process is stationary, meaning that

p(r1, .. xn) = p(T1aks - -+ Trvk)

for all n,k > 0 and symbols z; € &.
For n > 1, let us define the n-gram entropy as
Hl = H(Xl)
Hn = H(Xn|anlen727-~-7Xl)7 for n > 27

which can be thought of as the entropy of the next letter in position n given the
previous n — 1 letters. A natural definition of the entropy of English is then

g =l Ho

(a) (8 points) Show that H,, > H,i1.
Solution: The process is stationary. So, we should have H(X,,|X,,-1X,—2...X1) =
H(Xp1|XnXn-1...Xs) = H,. Since conditioning reduces entropy, we must have
Hor1 = H( X1 | Xn X1 ... Xq) < H,.
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(b) (4 points) Using results from class, or otherwise, argue that H,, converges, i.e.,
that Hp,e exists and is finite.
Solution: We learned in class that this limit exists as long as the process is
stationary. This can also be deduced from the previous part: namely, we know
that Ho > H,. Furthermore, we know that conditional entropy is non-negative,
so H, > 0. Due to the monotone convergence theorem, since ‘H,, is bounded and

monotonically decreasing, the limit exists.

For the sake of simplicity, in what follows, we’ll only consider approximating Hgng

using n =1 and n = 2.

(¢) (6 points) Show that the maximum values that H; and H, can take on are Hj
and H3, respectively, which are given by

T =H5=1og26 (= 4.7 bits).

1=

Solution: We have H; = H(X;) and Hy = H(X,|X;) = H(X2, Xh) — H(X4)
= L

Uniform distributions maximize entropy, so we want p(i) = ~ Vi and ¢(i,j) = w3
V(i,7) This gives:

Hy =log N
Hy =log N> —log N = log N

For N = 26, we have H, = Hy = log26 = 4.7
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LET COUNT PERCENT bar graph
E 445.2 B 12.49% D e e
T 330.5 B 9.28% NI T

A 286.5 B  8.04% NI A
0272.3 B 7.64% I 0
I269.7 B 7.57% I 1
N 257.8 B 7.23% I N
$ 232.1 B 6.51% I s

R 223.8 B 6.28% I R
H188.1 B  5.05% I H

L 145.0 B 4.07% IS

D 136.0 B 3.82% NN p

€ 119.2 B 3.34% NN c

U 97.3 B 2.73% N y

M 89.5 B 2.51% NN M

F 85.6 B 2.40% NN

P 76.1 B 2.14% NN p

G 66.6 B 1.87% NN G

W 59.7 B 1.68% NN w

Y 59.3 B 1.66% NN v

B 52.9 B 1.48% NN B

Vv 37.5 B 1.es% M v

K 19.3 B @.54% Ml K

X 8.48 e.23% 0x

3 s5.78B e.16%113

Q 4.3B 0.12%10Q

Z 3.28B @.09% |z

Figure 1: Letter Frequencies calculated by Peter Norvig in 2012.

When Shannon and his wife Mary estimated H; and H, from English text, they found
that
Hi ~ 4.14 bits and Hs, =~ 3.56 bits.

(d) (5 points) Give a reason why H; for English is lower than Hj.

Solution: English letters are not distributed normally! On HW1, we saw that
one-hot probability vectors across the letters minimizes entropy. The distribution
of English is between these two extremes and is show in figure

(e) (5 points) In general, you showed in part (a) that He < H;. What does the fact
that H, is considerably smaller than ; tell us about letter pairs in English?

Solution: H, is strictly less than H; because English is contextual, English letters
depend on what comes before them, and therefore not independent. This means that
conditioning on the letters we have seen in the past, will strictly reduce the entropy.
You can see in figure [2| the empirical joint distribution of bigrams. There are only
seven bigrams that do not occur among the 2.8 trillion mentions: JQ, QG, QK, QY,
QZ, WQ, and WZ. They are shown as crossed out.
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[aA [BA [cA DA [EA |FA [GA HA |TA [JA [KA LA MA [NA [0A [PA [QA RA [SA TA |UA VA WA [XA YA [zA
|AB BB [cB [DB [EB |FB [GB [HB |IB [JB KB |LB |MB [NB (0B |[PB [QB |RB [SB [TB |UB |VB [WB |XB |YB [ZB
Jac [BC [cc pc [EC |FC |6C [HC [IC [3C [KC |LC MC [NC |oc |PC [QC RC [SC [TC  |uc vC [WC |XC |YC [zC
JAD [BD [CD [DD [ED |FD [GD [HD |ID (3D [KD [LD [MD [ND (0D [PD [QD |RD [SD [TD  |UD VD [WD |XD YD [ZD
|aE [BE [cE PE [EE |FE |GE HE |TE [JE [KE LE ME NE [oE |PE |QE RE [BE FE |UE VE WE |XE |YE [ZE
|AF |BF [CF [DF |[EF |FF [GF [HF |IF [JIF [KF |LF |MF [NF [OF |[PF [QF |RF [SF |[TF  |UF |VF |[WF |XF |YF [ZF
|AG [BG [cG [DG [EG |FG 66 HG [IG [3G6 [KG |LG MG NG [0G PG |06 [RG [SG TG |UG VG [WG [XG YG [Z6
[AH [BH [CH [DH [EH |FH [GH [HH |TH [JH [KH |LH |MH [NH [OH |[PH [QH |RH [SH [WHI |UH [VH WH |XH [YH [ZH
AT [BI [cI |PI EI |FI |61 HI |II [3T [KI LT MI NI /oI [PT [QI RI [SI I |UI VI WI |XI YI [zI
[A3 |BJ [c3 [P3 |EJ |FI |G [HI |I3 (33 K3 [LI M3 NI 03 [P3 [QI RI [SI [T |ud VI W3 [X3 Y3 (23
[AK [BK [CK [DK |EK |FK [GK [HK |IK [JK [KK [LK MK [NK [OK [PK |@K |RK [SK |[TK  |UK VK [WK |XK YK [ZK
BL [BL [CL [pL L |FL [6L [HL |IL [3L [KL LL ML NL oL |PL [QL |RL [SL |TL  |uL VL [WL |XL YL [ZL
JAM [BM [CM [DM [EM |FM [GM [HM  [TM [IM [KM [LM MM [NM [OM [PM [QM [RM [SM [TM  |UM VM [WM [XM [YM [ZM
BN [BN [cN DN [EN |FN [GN [N [ER [IN KN [LN MNO[NN BN (PN [QN RN [SN TN JUN VN [WN [XN YN [ZN
[A0 [BO [co [pO [EO |FO [0 HO [EO [30 KO JLO MO [NO 00 PO [Q0 RO [sO fO  |uo VO WO [XO YO [zO
|aP [BP [cP [DP [EP |FP [GP [HP |IP [IP [KP |LP |MP NP [OP [PP |QP |RP [SP TP |UP VP [WP |XP |YP [ZP
IAQ [BQ IcQ [DQ EQ |FQ [6Q HQ IQ [2@ KQ [LQ MQ [NQ [0Q [PQ QQ [RQ [SQ TQ  [UQ VQ [WQ |XQ |YQ [zQ
BR [BR [CR DR [ER |FR [GR [HR |IR [JR [KR |LR MR [NR @R [PR |QR |RR [SR [TR JUR |VR [WR |XR YR [ZR
Bs [BS [cs [pS [ES |FS [6S HS [ES [3S [KS [LS MS NS [os [PS [QS RS [sS [TS S VS [WS |XS |¥S [zS
BT [BT [cT DT [ET |FT 6T HT [ET [3T [KT |LT MT [T [oT |PT [QT RT BT [TT T VT [WT |XT YT [zT
[AU [BU [CU [DU |EU |FU [GU [HU |IU [3U [KU [LU MU [NU [OU [PU [QU |RU [SU [TU  |UU VU [WU |XU YU [ZU
[Av [BV [cv DV [EV |FV GV [HV [TV [3V KV [LV MV [NV OV [PV [QV RV [SV [TV UV WV WV XV YV [zV
[AW [BW [CW [DW EW |FW [GW [HW |IW [JW [KW [LW MW [NW [OW [PW [QW [RW [SW [TW  |UW VK [WW [XW YW [ZW
[AX [BX [cX [DX [EX |FX [6X [HX |IX [3X [KX [LX MX [NX [0X [PX [QX [RX [SX [TX  |UX VX [WX |XX [¥X [2X
[AY [BY [CY [DY [EY [FY [GY [HY |IV [IY [KY LY MY [NY [OV [PY [@¥ RY [SY [TY  |UY VY [WY |XY YV [ZY
|Az Bz [cz [pz [EZ |FZ |6z HZ |1z [3Z [KZ |LZ MZ [Nz [0z [PZ |2 RZ [SZ [Tz |uZ NZ |W2Z |XZ |YZ [zZ

Figure 2: Digram frequencies computed by Peter Norvig in 2012. There are only seven
bigrams that do not occur among the 2.8 trillion instances of digrams: JQ, QG, QK, QY,
QZ, WQ, and WZ. They are shown as crossed out.
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5. (Each part of this problem can be attempted independently of the other parts, using
only what is stated in the prompts of the preceding parts.)

Consider a channel given by
Y=X+7 (1)

where the input X, output Y and noise Z are nonnegative. Furthermore, Z and X
are independent. Let Z have an exponential distribution with parameter A > 0, which
we denote by writing Z ~ exp(\). More precisely, this means that the density of Z is
given by

f(z):{o 2 <0

e ™M 2> 0.

It may also be useful to recall that this implies that E[Z] = 1/

In this problem, you will find the capacity of this channel, under the constraint on the

input
E[X] < P. (2)

(a) (8 points) Show that the differential entropy of Z is given by

1

Solution:

h(Z) = —E[log(Ae*?)]
= —log()\) + Alog(e)E[Z]

e —1 B —
og(A) + o

where we used the given value of the expectation of Z.
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(b) (8 points) Show that for any random variable W > 0 with E[W] < M, we have

1 1
< —log— + —.
h(W) < OgM+ln2

Solution: The proof here follows the proof for the Gaussian from lecture, or the
distribution C'e™*" from the homework. First, observe that the bound in question
corresponds to the differential entropy of an exponential, random variable with
parameter 1/M. So for a given random variable W with distribution Py, that

satisfies the expectation constraint given, we have
0 < D(Pw|lexp(1/M))
= —h(W) — Ellog(M e "/M)]
= —h(W) +log M + M "log(e)E[W]-

1
< —h logM + —

The result follows by adding h(W') to both sides.

(c) (8 points) Use the claims of previous two parts to show that

I(X;Y) <log(l+ PX)

for Y as in under the constraint on X.
Solution: We have

I(X;Y) = (X +Z) = (X + Z|X) = (X + Z) — h(Z)

since X and Z are independent. Now,
h(Z)=—log(A) + —
(2)= ~1og(n) + 2
from part (a). Meanwhile, to bound h(X + Z), we note that
1
E[X + 2] = E[X] +E[Z] < P+ 5,
so we can apply part (b) to conclude
1

WX +2) < —log ——— 4+ ——.
(X+2)s —loe g T

I(X;Y) <log (P + l) +log(A) = log(1 + P))

A
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In what follows, you may use the following fact: Let U ~ exp (A/(1+ P))). If X is
the random variable defined as

0 with probability
X = . s P (3)
U  with probability 1755

then Y = X + Z has the distribution exp(\/(1+ PX)).

(d) (8 points) Use this fact with the claims of the previous parts to find the capacity
of the channel in ([1)) under the constraint given in ([2)).

Solution: Consider X with the distribution in . We have

P\ 1+ P
[X]_1+P>\ A = b

Hence, such an X is a valid input to our channel. Since Y then has the distribution
exp(A/(1 + PX)), we have for this given input X,
I(X;Y) = h(Y) = h(Y]X)
=h(Y)—h(2)

A
— log A
T Py 08

=log(1+ PA).

Since this is the maximum that I(X;Y’) can be under our constraint by part (c),
then this must be the capacity of the channel.

(e) (Bonus 2 points) Prove the fact above about the distribution of Y. Namely,
show that if X follows the distribution given in , then Y has the distribution
exp(A/(1+ PX)). You may use that the moment generating function of an expo-
nential random variable with parameter X is given by ¢(t) = N\/(A—t) for t < A.
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