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Cross-Layer Optimization of MAC and Network
Coding in Wireless Queueing Tandem Networks
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Abstract—In wireless networks, throughput optimization is an
essential performance objective that cannot be adequately char-
acterized by a single criterion (such as the minimum transmitted
or sum-delivered throughput) and should be specified over all
source–destination pairs as a rate region. For a simple and yet
fundamental model of tandem networks, a cross-layer optimiza-
tion framework is formulated to derive the maximum throughput
region for saturated multicast traffic. The contents of network
flows are specified through network coding (or plain routing) in
network layer and the throughput rates are jointly optimized in
medium access control layer over fixed set of conflict-free trans-
mission schedules (or optimized over transmission probabilities in
random access). If the network model incorporates bursty sources
and allows packet queues to empty, the objective is to specify the
stability region as the set of maximum throughput rates that can
be sustained with finite packet delay. Dynamic queue management
strategies are used to expand the stability region toward the max-
imum throughput region. Network coding improves throughput
rates over plain routing and achieves the largest gains for broad-
cast communication and intermediate network sizes. Throughput
optimization imposes fundamental tradeoffs with transmission
and processing energy costs such that the throughput-optimal
operation is not necessarily energy efficient.

Index Terms—Cross-layer design, energy efficiency, medium
access control, network coding, network stability, routing,
throughput optimization, wireless networks.

I. INTRODUCTION

WIRELESS network operation involves different opti-
mization tradeoffs that have not been fully developed

or clearly understood yet. It is a fundamental, and still open,
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problem to characterize and compute the ultimate and achiev-
able communication limits in wireless networks. A single scalar
criterion is not sufficient to reflect all communication demands
of multiple source–destination pairs and it is necessary to con-
struct a region of attainable transmission rates at which reliable
communication can occur. The performance limits of reliable
data transmission can be formulated as an information-the-
oretic capacity problem, that is based on the assumption of
uninterrupted availability of information symbols to be coded
(and transmitted) without regard to delay. This problem has not
been fully extended yet from the point-to-point transmission
paradigm to the general network operation [1].

Alternatively, as is often done in networking studies, packets
can be considered as information units to be transmitted
and then the objective is to evaluate the maximum region of
throughput rates achievable under the assumption of saturated
queues with continuously generated packet traffic. On the other
hand, we can also assume bursty packet arrivals and allow
packet queues to empty at source nodes and at intermediate
relay nodes. The resulting performance measure of interest is
then the stability region, which is defined as the largest collec-
tion of packet traffic rates (originating at multiple sources) for
which the queue sizes remain finite. In general, the capacity,
maximum throughput, and stability regions can be different
from each other in wireless networks [2], [3].

For point-to-point or unicast communication, the back-pres-
sure algorithms that have been introduced in [4], achieve the
maximum stable throughput region at the expense of poor delay
performance. On the other hand, the capacity analysis of wire-
less networks has been limited to saturated queues with infi-
nite delay [5]. The extension of the network capacity problem
to general multicast communication is facilitated through net-
work coding that has been originally introduced as an extension
of plain routing in wired networks [6] and later applied to the
wireless domain [7]–[11]. The classical objective of network
coding studies is to maximize the max-flow min-cut capacity
for all source–destination pairs and therefore it is sufficient to
assume saturated queues that guarantee continual availability of
packets for transmissions without risk of underflow or concern
about delay buildup. For stable operation, the potential use of the
back-pressure algorithms in conjunction with network coding
has been presented in [12] for the case of separating the multi-
cast traffic of different source nodes.

The network coding objective of maximizing the common
multicast rate cannot fully represent the aggregate throughput
performance, since the throughput demands of different source–
destination pairs may differ and conflict with each other. As an
extension, the throughput rates achievable at different destina-
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Fig. 1. Tandem network model with node set N = f1; . . . ; ng.

tions have been separately considered in [13] to study the av-
erage throughput properties of wired networks.

In this paper, we distinguish the throughput rates achievable
by multiple source nodes in a wireless network that incorporates
the properties of omnidirectional transmissions, destructive in-
terference effects (represented by classical collision channels),
and single transceiver per node (such that no node can simul-
taneously transmit and receive packets). For general communi-
cation demands (that include multicast, broadcast, and multiple
unicast scenarios), the main objective of this paper is to specify
the achievable and stable throughput regions (with the common
rate for each destination in the same multicast group) for the
separate cases of a) saturated queues and b) not overloaded sys-
tems with finite packet delay.

Wireless network properties require a strategy for medium-
access control (MAC) in order to coordinate reliable packet
transmissions between transmitter–receiver pairs. The multihop
packet propagation from sources to destinations is realized
through the use of either network coding or plain routing at the
network layer. The problem of throughput optimization strongly
depends on the cross-layer interactions between the MAC and
the network layers. Hence, they need to be jointly designed
for efficient wireless network operation. For that purpose, we
formulate a general cross-layer design framework for optimizing
the achievable throughput or stability regions through the joint
selection of MAC and network layer strategies. Network coding
introduces the multidimensional performance gains over plain
routing in terms of extending the maximum throughput and
stability regions. The throughput improvement strongly benefits
from the cross-layer design across MAC and network layers.

Because of the complexity introduced by the presence of mul-
tiple sources, the requirement of stable operation, and the wire-
less network properties, we restrict our attention to a simple
tandem network topology with at most two-node connectivity
such that any packet transmission reaches only its left and right
neighbors, respectively. The linear tandem network model with
node set is shown in Fig. 1. Consideration of
simple topologies such as this is necessary to understand the
fundamental throughput and stability properties in a cross-layer
design framework and to gain insights for extending the anal-
ysis to more general network topologies.

Our approach is based on specific MAC protocols (namely,
either conflict-free, scheduled access, or contention-based
random access). Determination of the optimal MAC solution is
an NP-hard problem [14], [15] and goes beyond the scope of this
paper. We consider either a fixed set of conflict-free activation
groups with optimal time allocation or optimal transmission
probabilities of nodes contending for random-access channels.
At the network layer, the contents of different network flows
are specified through the use of either network coding or plain
routing. The cross-layer design across MAC and network layers
offers significant throughput gains over separate formulation of
MAC and network layer operations. For “stable” operation of

the queues, the possible underflow of relay packets opens up
new questions regarding the optimal queue management and
the optimal use of network coding based on the instantaneous
queue contents.

A practical network coding scheme has been presented in
[16] to improve the throughput performance of tandem networks
beyond plain routing. The performance gains have been veri-
fied through experimental results in [17]. Instead, we quantify
the achievable throughput and stability regions in a theoretical
cross-layer optimization framework for joint MAC and network
coding, and discuss how the question of MAC protocol affects
and is affected by the use of network coding (or plain routing as
a special case). For stable operation, we present network coding
and plain routing strategies based on different priorities assigned
to source and (either network-coded or uncoded) relay packets.
Specifically, we show that the stable operation in tandem net-
works can approach the maximum throughput rates achievable
by saturated packet traffic, if we give higher priority to transmis-
sions of source packets (instead of relaying the incoming packet
traffic). Network coding extends the maximum throughput and
stability regions of plain routing. In particular, network coding
achieves the largest throughput gains for broadcast communica-
tion (with the highest rate of packet relay traffic).

We also consider the single aggregate throughput performance
measure, in addition to the entire region of throughput rates. In
this context, we formulate the cross-layer optimization problems
of maximizing the sum-delivered throughput or the minimum
transmitted throughput. These scalar throughput measures
cannot be simultaneously optimized. The throughput improve-
ment of network coding strongly depends on the network size.
Specifically, network coding offers more throughput benefits
for the intermediate number of nodes and the throughput gains
over plain routing diminish, as the network size grows.

In wireless access, energy efficiency is of paramount impor-
tance due to the limited energy resources [18]. Therefore, it is
important to evaluate the transmission and processing energy
costs for network coding and plain routing operations to sus-
tain a given set of (achievable or stable) throughput rates. We
introduce energy-efficient transmission strategies based on the
instantaneous queue contents for stable operation and highlight
the cross-layer optimization tradeoffs between different mea-
sures of throughput and energy efficiency. Specifically, we show
that the throughput-efficient network coding operation (based
on giving higher priority to source packet transmissions) is not
necessarily energy efficient (depending on the transmission and
processing energy cost parameters). Our results quantify the en-
ergy-efficiency benefits of waiting for packets to code and the
corresponding throughput losses.

The paper is organized as follows. We present the wireless
tandem network model in Section II and formulate the cross-
layer optimization problems in Section III. For scheduled ac-
cess, we specify the achievable throughput region in Section IV
and the stability region in Section V. The throughput optimiza-
tion tradeoffs are discussed in Section VI and the energy effi-
ciency measures of transmission and processing costs are incor-
porated in Section VII. Then, the results are extended to con-
tention-based random access in Section VIII. Finally, we present
thoughts for future work and draw conclusions in Section IX.
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II. WIRELESS NETWORK MODEL

We assume a slotted synchronous system, in which each
packet transmission takes one time slot, and consider multihop
packet propagation in a store-and-forward fashion instead of
continuous information flows. We assume omnidirectional
transmissions of at most one packet per time slot by each node.
Each node is equipped with a single transceiver and hence
cannot simultaneously transmit and receive packets. Therefore,
it is necessary to partition nodes into disjoint sets of transmitters
and receivers in every time slot. We consider a tandem network
model, as introduced in Section I, and assume the classical
collision channel property, namely, a packet transmission is
successful if it is the only transmission that reaches the intended
receiver.

At the MAC layer, we separately consider a) conflict-free
transmission schedules and b) contention-based random access:

a) Scheduled Access: We order nodes in a tandem network
from left to right and divide them into three groups such that
node is included in group , where

. Nodes in group are activated for a time fraction
, where and . The activation times

of the three groups are disjoint.
b) Random Access: Each node transmits a packet in any

time slot with a constant and fixed probability . The collided
packets remain backlogged until they are successfully received.
Any transmission randomly chooses either a source packet or a
relay packet that arrived from a neighboring node.

We also distinguish between the case of saturated queues
(with uninterrupted availability of source and relay packets)
and stable operation (with possibly emptying packet queues).
Each relay packet coming from one of a node’s neighbors must
be transmitted only to the neighbor node on the opposite side,
whereas a source packet may need to be delivered to one or
both neighbor nodes, depending on whether its destinations are
located on one or both sides of the node in question.

Each node has three separate packet queues of infinite ca-
pacities: Queue stores the source packets that node gener-
ates, while queues and store the relay packets that are in-
coming to node from its right and left neighbors, respectively.

At the network layer, we separately consider a) plain routing
and b) network coding operation:

a) Plain Routing: Each node either transmits a packet from
its source queue or a packet from one of its relay queues
and ; these two queues may be combined into a single queue
(in a first-come-first-served fashion).

b) Network Coding: Each node either transmits a source
packet from queue , or a relay packet from one of the other
two queues, or the coded combination of two relay packets one
from each of the relay queues and . We consider each
packet as a vector of bits and assume to be the field for
linear network coding operations such that the bit-sum
of two packets and is a modulo- vector addition of the cor-
responding vectors of each packet.

Lemma 1: In a tandem network, nodes can separately
transmit source and relay packets (instead of combining them
by network coding) without loss of optimality in terms of
throughput, energy efficiency, or packet delay.

The proof of Lemma 1 is presented in Appendix A.
According to Lemma 1, nodes do not need to combine the

source and relay packets through a network coding operation.
The separation of the source and relay packet transmissions of-
fers the operational advantage of facilitating simple strategies
for the optimal queue management that we will introduce in Sec-
tions IV and V.

III. CROSS-LAYER THROUGHPUT OPTIMIZATION PROBLEM

For saturated queues, we define to be the achievable
throughput rate from source node to destination node in the
multicast group . Under stable operation, each source node

independently generates packets to be delivered to destination
node in multicast group with rate according to a
Bernoulli process.

For the separate operations of network coding and plain
routing at the network layer, we need to specify the con-
straints on the achievable or stable throughput rates ,

depending on whether we consider saturated
packet queues or stable operation. These constraints determine
the achievable throughput region and stability region as
functions of either the transmission schedules
under scheduled access, or of the transmission probabilities

under random access. The dependence of the
achievable throughput and stability regions, and , respec-
tively, on or results in the following cross-layer optimization
problem:

Select or to find the largest set or

for network coding or plain routing. (1)

Alternatively, we can assess the aggregate throughput perfor-
mance through a single criterion such as the total sum-delivered
throughput

(2)

or the minimum transmitted throughput

(3)

We consider multicast communication such that each source
node has a destination group to each member of which
it wants to transmit at the same rate; i.e., , ,
for any node , such that , where

denotes the size of the multicast group , and
.

The resulting optimization problem can be formulated as

Select and or to maximize or

subject to or

for network coding or plain routing. (4)

We will derive the regions and in Sections IV and V,
respectively, for a) saturated queues and b) stable queues
under scheduled access. They will serve as the optimization
constraints for the aggregate throughput measures and
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Fig. 2. Achievable throughput regions for network coding and plain routing solutions under broadcast communication and scheduled access withn = 3. (a) Broad-
casting with network coding. (b) Broadcasting with plain routing.

that will be evaluated in Section VI for different multicast com-
munication demands that include the broadcast and multiple
unicast scenarios. The performance objectives will be extended
to incorporate the energy efficiency measures in Section VII.
The extension to random access at the MAC layer will be
presented in Section VIII.

IV. ACHIEVABLE THROUGHPUT REGION FOR

SATURATED QUEUES

First, we assume saturated packet queues and consider sched-
uled access. We define to be the set of nodes whose packets
arrive at node from the right direction and need to be forwarded
to the left neighbor of node , and we define to be the set
of nodes whose packets arrive at node from the left direction
and need to be forwarded to the right neighbor of node . Let

and denote the rate of relay
traffic incoming from the right and left neighbor nodes of node
, respectively.

Theorem 1: The achievable throughput region with
throughput rates , , is given by

(5)

for network coding, and by

(6)

for plain routing. Here, is defined to be ,
.

The proof of Theorem 1 is presented in Appendix B.
The achievable throughput region described by conditions

(5) and (6) involves only linear constraints for the tandem net-
work model independent of the transmission schedules . Thus,
the problem (4) of maximizing the performance measures
and can be formulated as a network optimization problem
with linear constraints.

Example: Assume and consider broadcast communi-
cation with multicast groups , .

For network coding, the conditions on the achievable
throughput rates , , are given by ,

, and , . If or , we
have or as the boundary conditions.
If , we need to consider two cases: for

and for . The achievable
throughput region is illustrated in Fig. 2(a).

Consider the problem of optimizing
subject to the condition on the achievable
throughput rates , . The maximum value of

is equal to and is achieved by throughput rates ,
, and (i.e., by time allocation of , ,

and ). The resulting value of is . On the other hand,
the minimum transmitted throughput rate is maximized for
values of , , such that , , and

. The maximum value of is equal to and is
achieved through the time allocation given by , ,
and . The resulting value of is , which is equal
to .

For plain routing, the conditions on the achievable throughput
rates , , are , , and

. If , , or , we have ,
, or as the boundary conditions. The

achievable throughput region is illustrated in Fig. 2(b).
Consider the problem of optimizing

subject to the condition on the achiev-
able throughput rates , . The value of is
maximized again to , as in the case of network coding, by the
achievable throughput rates , , and (i.e.,
by time allocation of , , and ). The resulting
value of is . On the other hand, the minimum transmitted
throughput rate is optimized for values of , ,
such that , , and . The value of

is maximized to by time allocation of , ,
and . The resulting value of is , which is equal
to .

This example illustrates the tradeoff involving the throughput
measures and that cannot be simultaneously optimized.
Thus, the throughput gains of network coding over plain routing
vary. However, these gains can be completely represented in the
three-dimensional throughput region space, as shown in Fig. 2.
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V. STABILITY REGION FOR POSSIBLY EMPTYING

(NONSATURATED) QUEUES

If we allow packet queues to empty, which is to say that we
consider stable operation (i.e., finite queue size operation with
external arrivals), it is possible to have packet underflow. Thus,
any relay node may have to wait for incoming packets over sub-
sequent time slots (and this possibly increases the packet delay
and reduces the achievable throughput), if it must perform net-
work coding, or proceeds with plain routing of relay packets
(and loses the throughput and energy efficiency of the possible
network coding solutions). Therefore, conditions (5) and (6)
provide the upper bounds on the stability region under sched-
uled access, if we allow packet queues to empty. We consider
only stationary network operation, in which the queue distribu-
tions reach steady state. By assuming stationary input processes,
stability can be described through Loynes theorem [19] which
we use throughout the paper. This theorem states that a queue
is stable, if the arrival and service processes of the queue are all
stationary, and the average arrival rate is less than the average
service rate. However, we do not attempt to analyze the stability
at the boundary points of equality between the average arrival
and service rates. In that case, there is a possibility of subtle lim-
iting behavior which is not of interest here.

We introduce dynamic network coding (and plain routing)
strategies based on the instantaneous queue sizes and allow
different priorities (in terms of order of transmission) to relay
packets and source packets (rather than assuming fixed deci-
sions of time-division network coding as in the case of saturated
queues).

Strategy 1: Any node first transmits relay packet(s) by simple
forwarding as in plain routing operation, if only one relay queue
contains packets, or by network coding, if both relay queues
contain packets. Otherwise, that is if both left and right queues
are empty, the node transmits a packet from the source queue.

Strategy 2: Any node first transmits a source packet. Only if
the source queue is empty, the relay packets are transmitted by
either simply forwarding as in plain routing operation, if only
one relay queue contains packets, or by network coding, if both
relay queues contain packets.

Both strategies 1 and 2 perform the network coding deci-
sions over the first available packets in the relay queues (rather
than over all previously received relay packets as done in [20])
to avoid the network stability problems and related issues of
coding complexity. If we do not eliminate packets from the
queues and if, instead, we code over all existing packets that
arrived at the queues from the beginning, then packets would ac-
cumulate at the queues and lead to instability (that is, the queue
sizes would grow to infinity). Instead, the scheme in [20] uses
coding over the previously received packets (without the same
stability concern) to observe the ergodic behavior for the relia-
bility of packet transmissions (such reliability is guaranteed in
our case by the joint use of conflict-free transmission schedules
and the assumption of noise-free channels).

The stability properties of strategies 1 and 2 are as follows.

Theorem 2:
a) For network coding, the stability conditions (on the stable

throughput rates , ) are given by

(7)

(8)

under strategy 1, and are given by

(9)

under strategy 2.
b) For plain routing, the stability conditions (on the stable

throughput rates , ) are given by

(10)

under both strategies 1 and 2.
c) The stability region for strategy 1 is strictly suboptimal

for network coding, whereas strategy 2 expands the stability re-
gion to the boundary of the achievable throughput region
described by

(11)

d) The stability region for strategies 1 and 2 is the same
under plain routing and is described by

(12)

The proof of Theorem 2 is presented in Appendix C.
An alternative strategy would give higher priority in trans-

mission order to network-coded packets instead of source
packets. This may result in the same throughput performance of
strategy 2 but cannot improve it further. The queueing analysis
will be considerably more difficult, since the priority order
of transmissions requires switching between relay and source
queues. In general, we observe that on an intuitive basis the
optimal rule should give the least priority to forwarding the
uncoded relay packets. One throughput-optimal way of queue
management is realized through the use of strategy 2.

Example: Assume and consider broadcast communi-
cation with multicast groups , . For
network coding, the stability conditions are given by ,

. and under strategy 1 and

, , and under strategy 2.
Strategies 1 and 2 achieve the throughput rates with the common
performance bound of and the individual performance
bounds of and , respectively. For
plain routing, the common stability conditions for strategies 1
and 2 are both given by , , and

. We see that strategies 1 and 2 achieve the throughput
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rates with the common performance bounds of and the
individual performance bounds of .

This example highlights the tradeoff between strategies 1 and
2 in terms of the throughput measures and under stable
operation.

Strategy 2 improves the achievable throughput rates, whereas
we will show in Section VII-B that strategy 1 may reduce the
energy consumption compared to strategy 2. It is also possible
for some nodes to use strategy 1 and others to use strategy 2. Let

and be two disjoint node sets that follow strategies 1 and
2, respectively, where . Under plain routing, the
stability region is described by (12) and it is independent of

and , whereas the stable throughput rates under network
coded operation satisfy

(13)

The resulting stability conditions are nonlinear functions of
the time allocation , , and they approach the lower
and upper bounds given by (7), (8), and (9), respectively, as more
nodes use strategy 1 and 2.

VI. THROUGHPUT OPTIMIZATION TRADEOFFS

The achievable and stable throughput regions and have
been derived in Sections IV and V, respectively, to specify the
multidimensional throughput properties of a wireless tandem
network. From a practical point of view, it is still of interest to
summarize the throughput properties in a single variable such as
the sum-delivered throughput or the minimum transmitted
throughput . In this section, we consider the case of satu-
rated packet queues and derive the resulting linear optimization
problem with linear constraints, which leads to a tradeoff be-
tween the throughput measures and . We consider sep-
arately three different traffic profiles, namely, multicast, broad-
cast, and unicast.

A. Upper Bounds on Multicast Communication

For multicast communication, the most favorable traffic de-
mand (in terms of ) is one-hop (closest neighbor) commu-
nication, i.e., multicast communication with multicast groups

, , , and
. For both the network coding and the plain

routing cases, the value of is maximized to (by time allo-
cation of , , and ), if , or max-
imized to (by time allocation of and ),
if , or maximized to (by time allocation of

and ), if .
The value of is maximized to (by time allocation of

, ), if (and maximized to , if )
such that , if (and , if ).
These results present the upper bounds on any multicast com-
munication problem including the special cases of broadcast and
unicast communication, which we separately consider next in
detail.

B. Broadcast Communication

We consider broadcast communication with ,
, and . For network coding, the value of

is maximized to by the achievable throughput rates
, , (and time allocation of

, ) for . For plain routing, the value
of is maximized to by the achievable throughput rates

, , (and time allocation
of , ) for . The optimal value of
is equal to for , under both network coding and
plain routing. Note that as increases, the value of increases
first for . Then, the increasing interference effects
decrease the value of for and subsequently slow down
the increase in for .

Note that , if we optimize . On the other hand, the
value of is maximized to , if or , and
maximized to , if . The resulting value of

is then given by , if or , and ,
if . Note that in this case can only approach
50% of its optimal value, as increases. For plain routing, the
value of is maximized to , if , or maximized to ,
if , or maximized to , if , or maximized to , if

. The optimal values of under network coding and
plain routing regimes approach each other, as increases. Net-
work coding doubles the value of compared to plain routing
without any improvement in , as increases. As a result,
the objectives of maximizing and cannot be achieved
simultaneously.

Fig. 3 depicts the throughput rate per source–destination pair
(namely, the value of averaged over all source nodes

) that is obtained by separately optimizing and
under broadcast communication.

The multicast traffic on a tandem network cannot be viewed
as a superposition of two unicast flows of the same rate from
the source to the farthest nodes in the destination set. The cru-
cial difference is that in two unicasts (where the messages for the
two destinations are different from each other), the source node
must use two slots to send them off while in a multicast (broad-
cast) it initiates both flows with a single transmission because
the message is the same. This is unlike the wired case, where
the simultaneous transmissions over different links by the same
node are possible. For the wireless environments this is a key
difference and it affects every intermediate node as well. If two
transceivers (and different channels) are assumed, then it might
be possible to model the multicast as a superposition of two uni-
cast flows (since the throughput rate counted for the source node
would be the same as the common rate for two unicast flows be-
cause of the max-flow min-cut arguments applied on each link).

C. Unicast Communication

We consider single unicast flow per source node with
, , i.e., single unicast flow per source node. The least

favorable unicast demand is that the destination of each packet
is chosen as the node that has the largest distance (in number
of “hops”) from the source node. For network coding, we have

, where the value of is , , for ,
for , and for . For plain routing, the

value of is , , for , and for .
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Fig. 3. Achievable throughput rates per source–destination pair for broadcast communication under scheduled access.

Fig. 4. Achievable throughput rates per source–destination pair for unicast communication under scheduled access for optimal � .

The most favorable unicast demand consists of each destina-
tion being the one-hop neighbor of the source node. For both
network coding and plain routing, the optimal value of is

, if (or , if ), and the optimal value of is ,
for (or , if ).

We consider also the uniform demand case, in which the
destination of each source node is randomly chosen from the
rest of the nodes. We compare in Fig. 4 the throughput rates per
source–destination pair that are obtained by separately opti-
mizing for different unicast traffic demands. We evaluate in
Fig. 5 the throughput rates per source–destination pair for the
cases of the optimal temporal allocation (in terms of ) and
the suboptimal uniform allocation with , .

Any deviation from the optimal MAC operation (that needs to
be separately chosen for network coding or plain routing) can
result in significant throughput losses. These results highlight
the interdependence of the MAC and network layer operations
and the need for joint cross-layer design.

The throughput gains of network coding over plain routing
achieve the largest values for the intermediate values of the
number of nodes in the network and may diminish, as the network
size grows. Since broadcast communication generates more
packet traffic to relay at each node and fills relay queues faster
than unicast communication, there are more opportunities in
the broadcast case to combine relay packets; therefore, network
coding isexpected to yieldhigher throughputbenefits in that case.
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Fig. 5. Achievable throughput rates per source–destination pair for unicast communication under scheduled access with uniform demand for the separate cases
of the optimal temporal allocation (in terms of � ) and the suboptimal allocation with t = , m = 1; 2; 3.

Fig. 6. The optimal value of � for � � � for broadcast communication
under scheduled access for n > 4.

D. Joint Optimization of and

The objectives of maximizing and cannot be
achieved simultaneously. As we saw, the value of can
be equal to under broadcast communication, whenever
is optimized. For broadcast communication, network coding
doubles the value of under plain routing, as goes to
infinity, whereas the improvement in diminishes to zero.
For unicast communication, network coding can double both

and , as goes to infinity. These results illustrate that
the throughput tradeoffs strongly depend on the traffic profile.

Another approach is to maximize the weighted sum of and
. This is equivalent to maximizing subject to

for some positive constant , i.e., subject to for all
and . We can solve the resulting optimization

problem by the Lagrange multipliers method. For , the
optimal value of is , where ,
if or , and , if for network
coding. The optimal value of is , , for
plain routing. We depict in Fig. 6 the optimal value of as a
function of the parameter .

E. Hybrid Form of Network Coding and Plain Routing

If nodes in group are able or prefer to perform
only the plain routing operation, the resulting constraints on
the achievable throughput region (or the stability region
without equality, if nodes follow strategy 2) are given by

(14)

For broadcast communication, we evaluate in Fig. 7 the
throughput rates per source–destination pair (by optimizing
either or ), when one, randomly chosen, node is limited
to plain routing. In this case, ; we compare the
results to the full network coding operation where
and to the total plain routing operation where . For

, the throughput loss (with respect to the network
coding operation with ) is larger for the throughput
criterion than for , since the effect of plain routing on
an intermediate relay node is distributed among the throughput
rates of all source nodes and is not focused on a particular node
that might correspond to the minimum transmitted throughput.

F. Impact of Stable Operation on Throughput Optimization

If we require stable operation, and hence, allow packet queues
to empty, then, under network coding, strategy 2 approaches
the same throughput rates as in the case of saturated queues,
whereas strategy 1 has a strictly worse throughput performance.
On the other hand, if we consider only plain routing, both strate-
gies 1 and 2 can approach the same throughput performance as
in the case of saturated queues. We evaluate in Fig. 8 the effects
of saturated queues and stable operation on the throughput ob-
jectives of and .
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Fig. 7. Achievable throughput rates per source–destination pair for broadcast communication under scheduled access in a hybrid network with one randomly
chosen node limited to plain routing only.

Fig. 8. Stable throughput rates per source–destination pair for broadcast communication under scheduled access.

VII. ENERGY EFFICIENCY PROPERTIES AND TRADEOFFS WITH

THROUGHPUT OBJECTIVES

Energy consumption in wireless systems is of course of great
concern. Thus, it is useful to consider the energy efficiency
of the alternative strategies and objectives that we have con-
sidered so far. Let be the transmission energy cost of each
packet transmission and let be the processing energy cost
of a coding or decoding operation (namely, the energy cost of
binary vector addition) and let be the processing energy cost
of plain forwarding.

A. Transmission and Processing Energy Costs for Saturated
Queues

First, we consider the case of saturated queues with uninter-
rupted availability of source and relay packets at each node.

Theorem 3:
a) The total transmission energy cost per time slot to

achieve throughput rates is given by

(15)

for network coding, and given by

(16)

for plain routing.
b) The total processing energy cost per time slot to

achieve throughput rates is given by

(17)
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Fig. 9. Transmission and processing energy costs per source–destination pair to achieve the optimal throughput rates (in terms of � ) for unicast and broadcast
communication under scheduled access.

for network coding, and given by

(18)

for plain routing.

The proof of Theorem 3 is presented in Appendix D.
As shown in Section IV, network coding strictly improves

the achievable throughput region over plain routing. How-
ever, whether network coding is more energy efficient than plain
routing strongly depends on the particular method of managing
(source and relay) queues and hardware constraints that are re-
flected in the cost parameters , , and . Corollary 1 presents
the condition for the energy efficiency of network coded opera-
tion to exceed that of plain routing.

Corollary 1: Network coding reduces the total (transmission
and processing) energy cost per packet (namely,
for any given ) compared to plain routing, if and only if

(19)

The proof of Corollary 1 is presented in Appendix E.
Note that the inequality (19) holds (i.e., network coding is

more energy efficient than plain routing) for practical wireless
networks with dominating transmission energy costs. However,
if we assume large packet sizes, nodes can incur significant
costs for coding and decoding operations. In sensor networks
or other networks with low transmission power requirements
(nodes in close vicinity or in need to conceal transmissions,
etc.), the transmission energy does not necessarily dominate, as
well. In fact, in certain military radios the transmitter power is
comparable to the processor power. Also, when source coding
(compression) is performed, then the processing costs can rise
significantly.

According to Corollary 1, the throughput rates and energy
costs may not be simultaneously optimized depending on the
energy cost parameters. For , , and , we
evaluate in Fig. 9 the transmission and processing energy costs
per source–destination pair to achieve the optimal throughput
rates (in terms of ) under unicast and broadcast communi-
cation. The results show that we may need higher energy costs
in order for the throughput of network coding to exceed that of
plain routing.

B. Transmission and Processing Energy Costs Under Stable
Operation

The energy costs under stability are given by the next the-
orem.

Theorem 4:
a) For network coding, the total transmission energy cost

per time slot to achieve throughput rates is given
by

(20)

under strategy 1, and given by

(21)

under strategy 2.
b) For network coding, the total processing energy cost

per time slot to achieve throughput rates is given by

(22)
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under strategy 1, and given by

(23)

under strategy 2.
c) For plain routing, both strategies achieve the transmission

and processing energy costs and given by (16) and
(18), respectively.

The proof of Theorem 4 is presented in Appendix F.
As was shown in Section V, strategy 2 strictly improves the

stable throughput region compared to strategy 1 for the case
of network coding. However, whether strategy 1 or 2 is more
energy efficient, strongly depends on the values of energy costs

, and , as stated in the following corollary.

Corollary 2: Under network coded operation, for any set of
stable throughput rates :

a) the transmission energy cost is lower for strategy 2
when ;

b) the processing energy cost is lower for strategy 1,
if and only if ;

c) the total (transmission and processing) energy cost per
packet (namely, ) is lower for strategy 2, if
and only if .

The proof of Corollary 2 is presented in Appendix G.
Corollary 2 illustrates the tradeoffs between the throughput

and energy efficiency objectives under stable operation. Note
that the energy efficiency condition for choosing strategy 2 over
strategy 1 in stable operation is the same as the energy efficiency
condition for choosing network coding over plain routing in the
case of saturated queues. The energy costs are nonlinear func-
tions of the time allocation (i.e., of the MAC rules) for the case
of stable operation (compared to the case of saturated queues)
and lead to a nonlinear objective function for the energy cost op-
timization. However, the optimization constraints are nonlinear
for strategy 1, but linear for strategy 2.

C. Alternative Energy-Efficient Transmission Strategies Under
Stable Operation

Next, we evaluate the cost of waiting to code packets in a
tradeoff analysis involving the throughput and energy efficiency
objectives. If nodes wait to accumulate relay packets to perform
network coding (rather than proceeding with plain routing) in
the case of packet underflow, the transmission energy costs can
be reduced at the expense of additional packet delay and pos-
sible throughput loss compared to strategies 1 and 2. Thus, it
is possible to require that any node accumulates packets at
queues and and transmits only network-coded packets
provided that both relay queues contain at least one relay packet.
Otherwise, node transmits a source packet or waits. Thus,
each relay packet transmission carries new information for both
neighbors and the amount of energy consumed for the relay
packet transmissions is reduced. We can therefore restructure

strategies 1 and 2 by ruling out the uncoded transmissions for
relay packets as follows:

Strategy 3: If node is scheduled to transmit, it checks first
the relay queues and . If they both contain at least one
packet, node codes two relay packets, one from each queue,
and transmits the coded packet. If not, node checks the source
queue and transmits a source packet, if the queue is not
empty. Otherwise, node idles.

Strategy 4: If node is scheduled to transmit, it transmits a
source packet provided that the queue is not empty. If not,
node checks the relay queues and . If both queues con-
tain at least one packet, node codes two relay packets, one
from each relay queue, and transmits the coded packet. Other-
wise, node waits.

Strategies 3 and 4 cannot achieve the entire stability region
of strategies 1 and 2, respectively, and can reduce the energy
costs only for a limited set of stable throughput rates, as stated
in Theorem 5.

Theorem 5:
a) For , strategies 3 and 4 cannot yield the stable

throughput rates ,
b) For stable throughput rates and ,

strategies 3 and 4 reduce the transmission energy costs com-
pared to strategies 1 and 2, respectively.

The proof of Theorem 5 is presented in Appendix H.
According to Theorem 5, strategies 3 and 4 suffer from

poor stability properties. This supports the conjecture that
immediate coding of the first available relay packets results in
higher throughput compared to waiting for additional packets
to arrive before coding. However, this occurs at the expense of
reducing the energy efficiency. This way, we can quantify the
energy efficiency benefits of waiting for packets to code and
the corresponding throughput cost.

VIII. EXTENSION TO RANDOM ACCESS

Although scheduled access has distinct advantages (es-
pecially at heavy traffic conditions), some form of random
access is unavoidable in wireless systems. At a minimum, it is
necessary on the reservation subchannel in dynamic allocation
protocols. Therefore, the cross-layer design framework for
the throughput region optimization should also incorporate
contention-based random access. We will restrict our attention
to the case of saturated queues, because, otherwise, the packet
queues interact (see [21]–[23]) and lead to formidable difficul-
ties of analysis.

We assume that each node randomly chooses between trans-
mitting a source or a relay packet. Specifically, any transmission
of node consists of a relay packet (coded or uncoded) with
probability and a source packet with probability . Each
relay packet (in coded or plain form) needs to be delivered to the
neighbor receiver at one side only (since the receiver at the other
side already has that packet). However, any source packet may
need to be delivered to the two neighbor receivers at both sides
(as in broadcast communication). Clearly, under random access,
a source packet that is successfully received by one neighbor
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node may fail at the other neighbor node. Therefore, we need
to carefully track the methods for the transmissions of source
and relay packets under random access (whereas under the con-
flict-free scheduling that was considered so far, there was no
possibility of such partially successful transmission).

A. Methods for Source Packet Transmissions in Random
Access

We consider three separate methods for transmitting source
packets. We assume that nodes receive immediate channel feed-
back from each receiver on whether the packet transmission is
successful or not.

Method A: Each node retransmits a source packet, until it is
successfully received by all intended neighbor nodes in the same
time slot (i.e., partially successful transmissions are ignored).

Method B: Nodes transmit a new source packet only if
the previous source packet has been received by all intended
neighbor nodes. This method is based on the repetition of
transmissions until all intended receivers have successfully
received the transmitted source packet over successive time
slots (but not necessarily in the same time slot).

Method C: Each node computes a linear combination of the
source packets that have not been decoded yet by the intended
neighbor nodes, and transmits the corresponding coded packet.
Based on receiver feedback, each source packet of node is put
to a virtual queue depending on which receiver has successfully
received that packet. We distinguish three virtual queues within
the source queue for node . All source packets arrive at
queue . If the packet has been successfully received by
both receivers, the packet leaves the system. If the packet has
not been received by either one of the two receiver nodes, the
packet remains in queue . Packets that have been received
by the left neighbor receiver but not by the right neighbor
receiver enter queue . Similarly, packets that have been
received by the right neighbor receiver but not by the left
neighbor receiver enter queue . Then, a packet leaves
queue and and, consequently, leaves the system,
if it is received by the right or left receiver, respectively. We
assume that all queues are saturated and packets from queues

and are combined by linear coding before packet
transmission.

The coding benefits can be illustrated for the case in which
source packets and of node must be delivered to both
neighbor nodes and . If the transmission of packet

by node is only received by node , node transmits
packet (instead of packet as in method B). If packet

is successfully received, node needs to deliver packet
only to node (rather than to both nodes and as
in method B).

This is the generalization of the concept of network coding
for rateless communication [24] to the case of packet overflow
with infinite delay by taking into account the mutual interfer-
ence effects. A similar approach has been followed in [25] to
specify the stable throughput region for broadcast systems with
one or two source nodes transmitting packets to two destina-

tions over independent single-hop erasure channels with proba-
bilistic reception. Instead, we consider saturated queues and as-
sume a tandem network with arbitrary source–destination pairs
to underline the throughput benefits of coded transmissions over
plain routing in random access.

B. Achievable Throughput Region in Random Access

Let and be the probability that a transmission of node
is successfully received by the right and left neighbor node,

respectively, i.e., we have for
, , ,

for , , and .

Theorem 6: Under random access, the achievable throughput
region with throughput rates , , satisfy

(24)

(25)

for network coding, and

(26)

for plain routing, where

for method A

for method B

for method C.

(27)

The proof of Theorem 6 is presented in Appendix I.
The achievable throughput region under random access

involves linear constraints on the throughput rates for any given
set of fixed transmission probabilities . It can be verified that
the achievable throughput region under random access is op-
timized by method C and has the upper bounds given by the
achievable throughput conditions under scheduled access.

C. Throughput Optimization in Random Access

First, we consider the maximization of . Although the con-
straints on are independent of the transmission schedules

under scheduled access, they are nonlinear functions
of the transmission probabilities under random ac-
cess. The Logarithmic Barrier Method [26] can be used to solve
the resulting problem of linear optimization with nonlinear con-
straints. The achievable throughput rates per source–destina-
tion pair are depicted in Fig. 10 for broadcast communication.
Method C optimizes the throughput performance in terms of
maximizing for both network coding and plain routing op-
erations, whereas method A has the worst throughput perfor-
mance, which, however, approaches that of methods B and C,
as the number of nodes increases.

Next, we consider the problem of maximizing for broad-
cast communication under method C. For network coding, the
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Fig. 10. Achievable throughput rates per source–destination pair for broadcast communication under random access for the optimal solutions in terms of � .

resulting conditions on the minimum throughput rate are given
by and for
the source and relay packets, respectively, with common values
of and for . The combined condition is
given by . Note that the conditions for source
and relay packet transmissions approach each other for suffi-
ciently large and the right-hand side of the resulting inequality
is maximized by to the value of .

For plain routing, the conditions on the minimum throughput
rate are given by and

for the source and relay packet transmissions, respec-
tively. The combined condition is given by and
the right-hand side of this inequality is maximized by to
the value of . As increases, the maximum value of
approaches of the throughput value of that is achievable
under scheduled access with network coding or plain routing
operation.

IX. SUMMARY AND FUTURE WORK

The preceding analysis has illustrated the complex interac-
tions between MAC and network layer variables in a simple
wireless network topology. We focused on throughput regions,
as well as simple (scalar) throughput measures under both stable
and unstable buffer conditions. Network coding offers signifi-
cant throughput gains over plain routing under either scheduled
or random access. We also considered the energy efficiency as-
pect and evaluated the tradeoffs involving the throughput and
energy efficiency objectives.

The main result of our analysis is that even for the simple
tandem topology, there are serious and complex tradeoffs in-
volved regarding the choices of MAC, queue management, and
routing/coding. There are several interesting areas of investiga-
tion that spring naturally from our analysis. We proceed to men-
tion a few.

A. Beyond Tandem Topology and Multicast Communication

The analysis needs to be extended to more general topolo-
gies, e.g., two-dimensional grid networks. A dynamic program-
ming argument has been used in [27] to decompose a triangular
lattice network into star and tandem subnetworks, and general
network codes have been derived by combining network codes
for simpler subnetworks. A similar idea can be applied to the
stability analysis of network coding, where the local stability
conditions for smaller subnetworks (as derived in this paper for
tandem subnetworks) can be combined to derive the global sta-
bility conditions for more general network topologies. Thus, the
ingredients for such an extension are available, although it is
not straightforward to extend the results to the general network
topologies without loss of optimality (in terms of the stability
conditions).

Furthermore, packet transmissions need not be completely
reliable and may also reach beyond the one-hop neighbor
nodes. Specifically, if we introduce wireless losses (in addition
to the mutual interference effects of concurrent transmissions),
the choice of the optimal MAC schedules would be different.
However, the essence of the results (namely, the throughput
improvement of network coding over plain routing as well as
the effects of stable operation and cross-layer design) would
remain the same. An easy way to extend our work would be to
consider a fading link as a perfect link in competition with a
fictitious link (that models fading) with dummy packet traffic
and use our random access analysis in Section VIII, where
a fade would be a collision. In addition, the multicast traffic
scenarios can be modified to allow anycast communication,
under which packets from each source node can be transmitted
to different destination nodes at different rates. This requires
an extension of the concept of the stability and throughput
regions by allowing not only different source nodes but also
distinguishing the throughput rates for different destination
nodes in the same multicast group. The ultimate goal is to
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analyze network coding for arbitrary packet traffic models and
general network topologies.

B. Additional Performance Objectives

In this paper, we implicitly assumed infinite battery energy
supplies and limited the energy efficiency objective of each node
to be the minimization of the transmission and processing en-
ergy consumption for fixed transmission rates. The model could
be further extended to incorporate the case of finite energy sup-
plies that result in finite node and network lifetime. Finally,
the performance objectives should incorporate the packet delay
properties under stable operation. In this context, we also need
to consider the practical case of limited queue capacities and
evaluate the buffer overflow probabilities (in lieu of the stability
conditions for the case of infinite buffer capacities).

C. Noncooperative Network Operation

The optimal network operation requires cooperation among
the nodes at the MAC and the network layers. However, it is dif-
ficult to coordinate a large number of nodes. In addition, users
can operate selfishly in a distributed manner to optimize their
individual performance measures of throughput and energy. In
this context, we need to extend the proposed cross-layer frame-
work to the noncooperative network operation through a game
formulation of joint MAC and network coding (or plain routing)
with nodes competing for limited network resources such as
bandwidth and energy. In general, noncooperative network op-
eration will result in performance loss compared to centralized
cooperation [28]–[31]. Consequently, we need to introduce dis-
tributed mechanisms of cooperation stimulation for joint MAC
and network coding, as done before for MAC and plain routing
[32]–[34].

APPENDIX

A. Proof of Lemma 1

Consider the case in which a node has at least one source
packet in queue to transmit and at least one relay packet

in queue and at least one relay packet in queue
to deliver to neighbor nodes and , respectively.

Node has already packet but not yet packets and
. Similarly, node has already packet but not

yet packets and .
First, we assume that node does not separate but, rather,

combines the transmissions of source and relay packets. If node
transmits coded packet (or packet ), node

can decode packet by computing
(or node can decode packet by computing

). In a subsequent time slot, node needs to transmit coded
packet so that node can decode packet
by computing and node can decode
packets and by computing and

, respectively (or so that node can
decode packet by computing
and node can decode packets and by computing

and , respectively).
This operation delivers packets , , and to nodes

and using two packet transmissions in two time slots

and performing two coding operations with a total of two bit
additions at node and two decoding operations with a total
of two bit additions at each of the nodes and . The
packet delay is two time slots for both relay packets and

, whereas the delay of source packet is one time slot for
one neighbor node and two time slots for the other one, i.e., the
average packet delay is time slots.

Alternatively, node can first transmit packet (or
packet ), and then transmit packet (or packet

). This would result in the same performance as in the
previous operation.

Instead, node can separate the transmissions of source and
relay packets. Node transmits source packet and coded
packet separately such that both neighbor nodes
can decode packets , , and . Nodes and
directly receive uncoded packet and can decode packets

and by computing and
, respectively. This operation requires

two transmissions, two time slots, only one coding operation
with one bit addition at node , and only one decoding operation
with one bit addition at each of nodes and . The packet
delay is either one or two time slots for any packet depending
on the order of transmissions of the source and relay packets
and , i.e., the average packet delay is time slots.

The same argument can be made, if node has packets to relay
only in one direction rather than in both directions, as we con-
sidered so far. As a result, we can conclude that the separation of
source and relay packet transmissions is as good as combining
them for network coding purposes in terms of the throughput
and transmission energy cost and even better in terms of the pro-
cessing energy cost and packet delay.

B. Proof of Theorem 1

Each node separately transmits packets it generates and
(plain or coded) relay packets for and fractions of
time (whenever it is scheduled to transmit). The achievable
throughput rates satisfy

(28)

(29)

(30)

for network coding, and

(31)

(32)

for plain routing, where is the time schedule assigned to
node , where . For any
time fraction , the achievable throughput rates , ,
satisfy

(33)

(34)

for network coding, and

(35)

for plain routing. We sum up the traffic loads over all disjoint
time fractions , , and to obtain the achievable multicast
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throughput region with , , described by (5) and
(6) for network coding and plain routing, respectively.

C. Proof of Theorem 2

Under strategy 1, relay queues and have arrival rates
and , respectively. Under network coding, the service rate

for both relay queues is , since node can successfully
transmit one packet from each relay queue for fraction of
time. Therefore, relay queues and are empty with prob-

abilities and , respectively. Since a source
packet is transmitted only if both relay queues are empty, the
multicast stability conditions under network coding are given
by (7) and (8).

Under strategy 2, the source queue is empty with probability
. Hence, each of the relay queues and has the ser-

vice rate . The resulting stability condition is
the same as the achievable throughput conditions without equal-
ities and given by (9).

For plain routing, both queues can be merged such that the
total arrival rate is and the service rate is such
that the stability condition of (10) holds for both strategies 1
and 2.

Next, we evaluate the traffic loads over all disjoint time frac-
tions , , such that . Then, we obtain
(11) and (12) by summing up both sides of (9) and (10), respec-
tively, over . Also, note that the region described
by (7) and (8) is strictly smaller than the region described by (9)
for any given . Therefore, strategy 1 is strictly suboptimal for
network coding.

D. Proof of Theorem 3

First, we consider the total transmission energy cost
per time slot to achieve throughput rates . Node transmits
source packets with rate and incurs transmission energy
cost per time slot. Node receives relay packets with
rates and from the right and left neighbors, respectively.
For network coding, node consumes amount of energy
to transmit one coded packet from both relay queues and

. Since the relay packets arrive at queues and with
rates and , respectively, the total amount of energy per
time slot consumed by node to relay packets is given by

. For plain routing, each relay packet from any
of the relay queues is separately transmitted with cost such
that the total amount of energy per time slot consumed by node

to relay packets is given by . As a result, we
obtain the transmission energy cost given by (15) for network
coding operation and by (16) for plain routing operation.

Next, we consider the processing energy cost per
time slot to achieve the throughput rates . For network
coding, the total amount of energy consumed to achieve is

since relay node performs a coding operation with rate
and each coding operation is accompa-

nied by two decoding operations at neighboring nodes,
whereas the other packets are simply forwarded with rate

and processing cost . For plain
routing, the total amount of energy consumed to achieve is

given by , since any node forward relay
packets with rate , respectively. As a result, we obtain
the processing energy cost given by (17) for network coding
and given by (18) for plain routing operation.

E. Proof of Corollary 1

Proof follows directly by comparing from (15)
and (17) for network coding and from (16) and (18) for plain
routing.

F. Proof of Theorem 4

Node transmits a source packet with rate and in-
curs transmission energy cost . Under strategy 1, node
transmits a relay packet, if there exists at least one packet
in relay queue or . This occurs with probability

, since relay queues and

have the respective arrival rates and and the common
service rate and, therefore , they empty with probabilities

and , respectively. Hence, the transmissions

of relay packets incur the energy cost .

Since node is activated for fraction of the time, the total
transmission energy cost per time slot under network coding is
given by (20) for strategy 1.

Under strategy 2, node transmits a relay packet, if there ex-
ists no source packet in queue and there exists at least one
packet in queue or . The service rate is for queue

and for both queues and , since
node is scheduled to transmit for fraction of the time
and queue is idle with probability , and the relay

packets from queues and are transmitted only with prob-
ability during fraction of time. Since queues ,

, and are empty with respective probabilities ,

, and , the total
transmission energy cost per time slot under network coding is
given by (21) for strategy 2.

For plain routing, both strategies 1 and 2 approach the same
throughput rates and therefore the same transmission and pro-
cessing energy costs as in the case of saturated queues. Next,
we consider the case of network coding. Under strategy 1, the
coding operation is performed at node for fraction of
the time, if both relay queues have at least one packet, which
occurs with probabilities and , i.e., the processing

cost for network coding is . Otherwise, the relay packets
are forwarded for fraction of the time with probability

(namely, with the probability
that only one relay queue has packet(s)). On the other hand,
node forwards the source packets with rate and incurs the
processing energy cost . As a result, the total processing en-
ergy cost per time slot under network coding is given by (22)
for strategy 1.

Under strategy 2, the coding operation is performed at
node for fraction of the time (since source

queue is empty with probability and node is
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Fig. 11. Markov chain with none-zero probability states n , i = 2; 3, that are
equal to the number of packets at relay queue Q , i = 2; 3.

scheduled to transmit for fraction of the time), if both
relay queues have packets (which occurs with probabilities

and ); that is, the
processing cost for network coding operation is given by

. Otherwise, the relay packets are

forwarded for fraction of the time with
probability

(namely, with the probability that only one relay queue has
packet(s)). Node forwards source packets with rate and
incurs the processing energy cost . As a result, the total
processing energy cost per time slot under network coding is
given by (23) for strategy 2.

G. Proof of Corollary 2

The proof follows directly by comparing the values of
from (20) and (22) under strategy 1 and from (21) and (23)

under strategy 2.

H. Proof of Theorem 5

a) First, we consider strategy 3. Let denote the number
of packets in relay queue , . Compared to strategy 1,
the evolution of and cannot be decoupled into two one-di-
mensional Markov chains but, rather, follows a two-dimensional
Markov chain, as shown in Fig. 11.

Let denote the stationary probability of state
. We have the nonzero stationary distri-

butions given by , where

and given by , where

By drift analysis, the stability condition for queue is given
by

so that , and the stability condition for queue
is given by

so that . Note that these conditions contradict
each other; hence, either the value of or goes to infinity
with probability . As a result, we have and therefore

. Since , the queue and
either one of the queues and are not stable depending on

the values of and .

Under strategy 4, the source queue is stable, if .
The service rates of queues and are both reduced com-

pared to strategy 3 by a factor of , namely, by the

probability that queue is empty. As a result, both strategies
3 and 4 cannot yield stable solutions with nonzero throughput
rates for all source nodes.

b) For , all feasible states and , where and
are nonnegative integers, have equal probability, so that the

probability that the value of or goes to infinity approaches
zero, i.e., we can achieve the stable rates . Al-
though the queues and are stable for , the prob-
ability of the state approaches zero; hence, the
queue is still unstable, if .

For the limited case of , strategy 3 can achieve the
symmetric stable throughput rates , for which
strategy 3 reduces the transmission energy cost compared to
strategy 1.

For , the throughput rates and
are stable under strategy 1. For fraction of the time, node 2
transmits a packet with transmission energy cost , if at least
one of queues and has at least one packet. This occurs

with probability and in

particular with probability for and time
allocation . As a result, the transmission cost of node 2

is .
Under strategy 3, node 2 transmits a packet for fraction of

time, if both queues and are not empty. This occurs with
probability . As a result, the transmission cost of node 2

is or for . For both strategies, nodes
1 and 3 consume amount of energy per time slot. As a
result, strategy 3 consumes less transmission energy per time
slot compared to strategy 1 for the same set of stable throughput
rates, if .

The same arguments can be used to show that strategy 4 re-
duces the total transmission and processing energy cost com-
pared to strategy 2.
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I. Proof of Theorem 6

Let and be the probability that the packet relayed by
node is incoming from the right and left neighbor node, respec-
tively. For network coding, the relay queues and have
the respective arrival rates and according to the max-flow
min-cut theorem. The service rates of the queues and are
given by and , respectively, since any transmission
of node carries a relay packet with probability . If the coded
relay packet is not successfully received by both neighbor nodes,
the collided packet needs to be retransmitted. However, if only
one neighbor successfully receives the coded relay packet, then
the packet intended for the unsuccessful receiver is combined
with a new packet from the queue of the successfully transmitted
packet for the next network coding operation. We have
and , , for network coding, since network coding
allows node to relay two packets (one packet from the right
neighbor and one packet from the left neighbor) simultaneously.
On the other hand, we have , , for plain
routing, since only one packet can be relayed per time slot. As
a result, the achievable throughput rates satisfy

(36)

(37)

for the packet transmissions from relay queues and , re-
spectively, where and for network coding, and

for plain routing.
Since node transmits with probability and any transmis-

sion of node carries a source packet with probability , the
source packet transmissions impose the constraint

, where is the rate at which a source
packet transmission is successfully delivered to both neighbor
nodes.

If the transmission of a source packet from node is not suc-
cessfully received by all intended neighbor nodes, a retransmis-
sion is required, although that particular packet may have been
already received by one of the neighbor nodes.

In method A, the probability of successful transmission of a
source packet is given by provided that node transmits
a source packet, which happens with probability .
Thus, the achievable throughput of node satisfies the condition

, where .
In method B, the transmission of source packets of node

follows a Markov chain shown in Fig. 12, where
and . In state or , only

node or has received the packet of node . In state
, the packet has been received by both nodes and
or, equivalently, node is ready to transmit a new source

packet. Let denote the stationary distribution of state
.

The achievable throughput rate for source packet transmis-
sions of node satisfies

(38)

which can be rewritten as , where

Fig. 12. Markov chain model for the transmission of packets from source queue
Q at node i 2 N .

The rate at which a source packet is successfully trans-
mitted to both neighbor nodes has the upper bound given by

, which is equal to the maximum flow rate over the
minimum broadcast cut.

In method C, the saturated queues and are
served with rates and , such that and .
Method C can achieve the rate given by for
source packet transmissions provided that node transmits a
source packet. The throughput rate achievable by method
C satisfies the condition , where

.
As a result, the achievable throughput rates

satisfy

(39)

for source packet transmissions, where

(40)

for method A,

(41)

for method B, and

(42)

for method C.
Then, conditions (24)–(26) follow from (36), (37), and (39)

by eliminating , , and , and (27) follows directly from
(40)–(42).
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