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Overview

« Single-pixel imaging and other compressive imaging problems
« HQS for general inverse problems & compressive imaging

« The Alternating Direction Methods of Multipliers (ADMM)

« ADMM for general inverse problems & compressive imaging

« Qutlook on using ADMM with Poisson noise and multiple

regularizers

Must read: course notes on Solving Regularized Inverse Problems with ADMM!



Single-pixel Imaging
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Single-pixel Imaging
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Single-pixel Imaging
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Under-determined Inverse Problems

Image formation model: b=A4Ax+mn, b€ R, xe RN A€ RN

What makes it under-determined (or a
M<N

compressive imaging problem):

Problem: infinitely many solutions satisfy the observations!

Same problem as ill-posed problems! - need image priors



Under-determined Inverse Problems

« Image formation model: b=Ax+mn, b€ R, xe RN A e R"*N

- Standard approach - the least-norm solution: %, = AT(44T)b

o . o minimize, ||x||,
» This is the solution of optimization problem
subjectto Ax =0b

Note: among the infinitely many solutions satisfying the observations,
the least-norm solution is the one with the smallest L2 norm, thus
equivalent to ||-]|, regularizer



Under-determined Inverse Problems

« Image formation model: b=Ax+mn, b€ R, xe RN A e R"*N

Standard approach — the least-norm solution: %), = AT(A4AT)b

* Results (not great): Compression Factor N/,
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Other Inverse Problems in Imaging

primal domain

Fourier domain

Computational photography

Light field imaging

Thermal imaging

Hyperspectral Imaging .



Other Inverse Problems in Imaging

« All these inverse problems have important applications and

are very different

* Yet, they all boil down to the same inverse problem, each with

. . 1
a different matrix A4: minimize, 5 b — Ax||5 + A¥(x)

 The methods derived here also apply to all those problems
and applications; single-pixel imaging is a great example

problem - “if you can solve this, you can solve anything”



Review of HQS for General Inverse Problems

H H 13 7 . 1
Objective or “loss” function minimize, > lb — Ax||? + A\¥(Dx)

of general inverse problem: t
weight of regularizer

1
minimizeg, , 5 b — Ax||5 + AW (2)

\ J

Reformulate as:

Fx) 9@
subjectto Dx —z =0

Remove constraints using L,(x,2) = f(x) + g(2) +gIIDx — 7|2

penalty term (equivalent for large p): T
penalty term




Review of HQS for General Inverse Problems
P
Ly(x,2) = f(x) + g(2) +75 lIDx — 2|3
« Alternating gradient descent approach to solving penalty
formulation leads to following iterative algorithm:
while not converged:

X < proxs ,(z) = arg min, L,(x,z) = arg min,, f(x) + g |IDx — z||5

z < prox, ,(Dx) = arg min, L,(x,z) = arg min, g(z) +g |Dx — z||3



Review of HQS for General Inverse Problems

p
Ly(x,2) = f(x) + g(2) +5 |IDx — 2|3
b
1
L(x,2) =5 1% — b} + X% (2) + 5 |Dx - I

x € RN unknown image

A € RMXN  matrix describing image formation model

D
ze R*N,D = [D;] e R*MN  for TV regularizer

zeRY,D=1¢€RVN for denoising or other regularizers



Review of HQS for General Inverse Problems

x — update:

1 p
X < prox.|,,(z) = arg min, - ||Ax — b||5 + 5 |IDx — z||5

x — (ATA+ pD™D) ™' (ATb + pDTz)

~

y b
« For general inverse problems, we don't necessarily have an
efficient closed-form solution for this problem, like we did for the

deconvolution problem in lecture 10

« Use matrix-free iterative solver, such as the conjugate gradient
method, to solve Ax = b (e.9., scipy.sparse.linalg.cq)



Review of HQS for General Inverse Problems

Z — update for TV reqgularizer in closed form:

Z < prox|.,p(Dx) = arg min, A||z||; + g |IDx — z||5= S, (V)

Z — update for denoising-based reqgularizer in closed form:

Z < proxyq ,(x) = arg min, A¥(z) + g lx—z||5 =D (x, g2 = %)



Compression Factor N/,

2X

4x

8x

HQS for Single-pixel Imaging

HQS+TV

PSNR 33.7

|
|‘L_‘

PSNR 18.6

PSNR 15.4

HQS+DnCNN

PSNR 16.3

Works okay for low compression
factor, i.e., when M is close to N

Not very robust for larger
compression factors

Formulation using penalty termis
not adequate = need something
more robust



HQS vs. ADMM

1
Obijective function: minimize, 5 b — Ax||5 + AP (Dx)
1
Reformulate as: minimizeg, , 2 b — Ax||5 + AW (2)
£ 92

subjectto Dx —z =0

Penalty Method L(HQS)(x, z)=f(x)+g(2) + BIIDx . Z”2
of HQS: P ! I 2 2

Augmented LS (x,2,y) = f(0) + 9@ +yT(Dx - 2) + £ IDx - 213

Lagrangian: u=/py p p
= f(0) +9(@) +5IDx — z + ullj — 5 llull3



ADNMM

p p
LE)ADMM)(x’ z,u) = f(x) + g(2) .|_E |Dx — z + uII% ) IIuII%

x € RN unknown image

A € RMXN  matrix describing image formation model

D
zzu€e RN, D = [D;] e R*MN " for TV regularizer

zu€eRV,D=1¢eRVN for denoising or other regularizers



ADNMM

ADMM P P
Ly z,u) = () + 9(@) + 5 1Dx — 2+ ull3 ~ 5 llull3

« Alternating gradient descent approach to solving

Augmented Lagrangian:

while not converged:

(ADMM)

(APMYD (x, 7, ) = arg min, £ (x) + 2 1Dx — 2 + ull

X < proxy ,(z) = arg miny L
(ADMM)

p (x,z,u) = arg min, g(2) +g||Dx—z+u||%

Z « proxg ,(Dx) = arg min, L

u<—u+Dx-z



ADNMM

x — update:

1 p
X < prox.|,,(z) = arg min, - ||Ax — b||5 + > |IDx — z + ul|5,

x — (ATA+pD™D) " (ATh + pDT(z — u))

A b

« Same general x-update as HQS, use matrix-free iterative solver,

such as the conjugate gradient method, to solve Ax = b (e.g.,
scipy.sparse.linalg.cg)



ADNMM

Z — update for TV reqgularizer in closed form:

. p _
Z < prox|.|,,(w) = arg min, 1||z[|; + > lv—2z||5=§,(v),v=Dx+u

Z — update for denoising-based reqgularizer in closed form:

Z < proxp ,(x +u) = arg min, A¥(z) + g lx—z+ul3=D (x +u,0% = %)

- Same z-update rules as HQS!



ADNMM

ADMM for inverse problem with denoiser

2wl

initialize p and A
x = zeros (W, H) ;
z = zeros (W, H);
u = zeros(W,H);
for k = 1 to max_iters do
x = proxj.|, , (V) = cg_solve (ATA + pI, ATb + p(z — u))

proxp , (x +u) :D<x+u,02: %)
u=u+t+x-z

. end for

ADMM for inverse problem with TV

LR AR BRRE

initialize p and A

x = zeros (W, H) ;

z = zeros (W, H,2);

u = zeros (W, H,2);

for k£ = 1 to maz_iters do
x = prox, , (z—u) = cgsolve (AT A + pD'D, A"b + D (z — u))
z = prox| | ,(Dx+u) =35,/,(Dx+u)
u=u+Dx—-z

end for




ADMM — Results

Least Norm HQS+TV HQS+DnCNN ADMM+TV ~ ADMM+DnCNN

a9

PSNR 33.7 PSNR 32.0 PSNR 44.0

PSNR 18.6 PSNR 26.0

Compression Factor N/,
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PSNR 9.7 PSNR 15.4 PSNR 16.3 PSNR 15.2



Back to the Bayesian Perspective of
Inverse Problems

Note: the following material is optional and
not part of any homework or the midterm!



Bayesian Perspective of Gaussian Noise

Image formation model: b=A4x+mn, be€R" xeR",4Ae RN

Joint probability of M _lIb—Axll3
all observations: p(blx,0) = Hizlp(bilxi:o-) x e 202

p(b|x,o)p(x)
p(b)

Maximum-a-posterior (MAP) solution:

Bayes’ rule: p(x|b,0) = < p(b|x, o)p(x)

Xuap = argmin, —log(p(x|b,0))

1
= arg min, 702 b — Ax||5 + ¥(x)



Bayesian Perspective of Poisson Noise

Image formation model: b = P(Ax), b€ R, xe RN A€ RN

b; — .
Probability of p (b, |x) = (Ax);t =i
observation i: : b,!
Joint probability of blx) — M b
all observations: p(blx) = | “i=1p( i1 %)

_ elog((Ax)i)bi . e~ (Ax); i

4i=1 bl!




Bayesian Perspective of Poisson Noise

« Image formation model: b = P(Ax), b e R, xe RN A€ RM*N

p(b|x,o)p(x)
p(b)

« Bayes’ rule: p(x|b,0) = < p(b|x,o)p(x)

« Maximum-a-posterior (MAP) solution:

Xyap = arg min, —log(p(x|b,0)) = —log(p(b|x)) —log(p(x))
= arg min, — log(p(b|x)) + A¥(x)



ADMM+TV for Poisson Noise & Nonnegativity

Objective function: minimize, — log(p(b|x)) + A¥(Dx)

does not include 4 includes 4

Reformulate as:  minimizeg, ;3 — log(p(b|zl)) + A1llz20ly + I, (23)

T T l_!_’
_ _ 91(z1) 92(2>) 93(z3)
Indicator function: A Zq
I, () = {0 Ot;lf;Q subjectto |D|x — [Zz] =0
(&9 wise I Z3
K 7

Scaled (ADMM) p P
Augmented L™z = ) gi(z) + 5 I1Kx — 2+ ull3 — £ Jull
l

Lagrangian:



ADMM+TV for Poisson Noise & Nonnegativity

ADMM P P
LMz, = ) gi(z) + 5 1Kx = 2+ ullf - £ 3
l

« Alternating gradient descent approach to solving

Augmented Lagrangian:

while not converged:

(ADMM)

1
p (x,z,u) = arg min, Elle—z+u||§

X < prox.|,,»(2) = arg min, L

for all i

z; < proxy, ,(x) = arg min,, LE)ADMM)(x, z,u) = arg min,, g;(z;) + g |IKx — z + ul|5

u<u+Kx-z



ADMM+TV for Poisson Noise & Nonnegativity

« Derivation of all these proximal operators in the course notes on

Noise, Denoising, and Image Reconstruction with Noise!

while not converged:

(ADMM

X < proxj.,,»(z) = argmin, L,

1
D(x,z,u) = arg min, 5 |IKx — z + ul|5

for all i
z; < proxy, ,(x) = arg min,, LE)ADMM)(x, z,u) = arg min,, g;(z;) + g |IKx — z + ul|5

u<u+Kx-z



ADMM+TV for Poisson Noise & Nonnegativity

Blurry & Noisy Measurements Richardson-Lucy Method ADMM+TV+Nonnegativity
(maximum likelihood solution)  (maximum-a-posteriori solution)
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