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Abstract—This letter presents the results of the search for
optimum punctured recursive convolutional codes (RCCs) of rate

+ 1, for = 2 . . . 8, suitable for concatenated channel
codes whose constituent encoders are recursive, systematic convo-
lutional codes. The mother codes that are punctured are rate-1/2
RCCs proposed for use in parallel and/or serial concatenation
schemes. Extensive tables of systematic and nonsystematic punc-
turing patterns, optimized relative to various objective functions
suitable for concatenated channel codes, are presented for several
mother codes.

Index Terms—Convolutional codes, parallel concatenated con-
volutional codes (PCCCs), punctured, recursive convolutional
codes (RCCs), serial concatenated convolutional codes (SCCCs),
turbo codes, universal mobile telecommunications systems
(UMTS) code.

I. INTRODUCTION

FOR applications requiring high spectral efficiency, there
is often a need for high-rate codes that satisfy the system

requirements in terms of the required bit-error rate (BER) or
frame-error rate (FER) at a target signal-to-noise ratio (SNR).
To this end, high-rate punctured convolutional codes (CCs) or
a suitable concatenation of such codes are among the most
commonly used for forward error correction (FEC). Puncturing,
introduced in [1], is the most widely used technique to obtain
high-rate CCs, since the trellis complexity of the overall code
is the same as the lower rate mother code whose output is
punctured.

It is known that for soft-decision Viterbi decoding, the BER
of a convolutional code of rate with binary phase-
shift keying (BPSK) or quaternary phase-shift keying (QPSK)
modulation in additive white Gaussian noise (AWGN), can be
well upper bounded by the following expression:

(1)

in which is the minimum nonzero Hamming distance of
the CC, is the cumulative Hamming weight associated with
all the paths that diverge from the correct path in the trellis of the
code, and re-emerge with it later and are at Hamming distance

from the correct path, and finally is the Gaussian integral
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TABLE I
RATE-1/2 SYSTEMATIC RECURSIVE CONSTITUENT ENCODERS USED IN THE

DESIGN OF HIGH-RATE PUNCTURED ENCODERS

function, defined as . Note
that (1) is valid for any linear code, provided that the summation
is upper-limited to the block size of the block code.

A classic approach to the design of good punctured codes
consists of finding the puncturing pattern (PP) that yields a code
whose distance spectrum has the property of having the max-
imum minimum distance . A better approach is to obtain
the distance spectra of the punctured codes and to select the one
which minimizes the BER upper bound based on the first few
terms of the distance spectra.

In this letter, the emphasis is on the use of punctured CC
in serially concatenated convolutional codes (SCCCs) [2]
and parallel concatenated convolutional codes (PCCCs) [3].
Because of the inherent difficulty in finding good PPs for con-
catenated channel codes, usually it is preferable to search for
the optimal punctured constituent encoders of the concatenated
codes satisfying some specific requirements. Several authors
have already considered the problem of obtaining good PPs for
PCCCs [4]–[7] and SCCCs [8]–[11], while many others have
addressed the code-search problem for optimum punctured
nonrecursive convolutional codes. There is ample literature
in this area [12]–[16]. This letter presents the results of our
exhaustive search for good punctured, rate- , recursive
convolutional codes (RCCs) to be used in the construction of
PCCCs and SCCCs.

II. CODE-SEARCH TECHNIQUE

Mother codes selected for puncturing in this letter are the best
recursive rate-1/2 CCs with 4, 8, 16, and 32 states proposed in
the literature for the construction of both PCCCs and SCCCs.
Matrix generators of the considered codes are shown in the ex-
tensive PP tables presented in the letter. The first few terms of
the distance spectra of the rate-1/2 recursive CCs chosen for
puncturing are shown in Tables I and II. The tables also list the
effective distance , that is the minimum Hamming weight of
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TABLE II
OPTIMIZED RATE-1/2 SYSTEMATIC RECURSIVE CONSTITUENT ENCODERS

FOR CONCATENATED CHANNEL CODES

the codewords generated by weight-2 input patterns, and the dis-
tance generated by weight-3 input patterns of the considered
codes. To the best of our knowledge, all the mother CCs we have
used are among the best RCCs obtained by using primitive feed-
back polynomials for the code generators [3], [17].

For clarity of presentation, in the following, we shall dis-
tinguish between the design of mother encoders and PPs for
PCCCs and SCCCs.

A. Design of High-Rate Constituent Encoders for PCCCs

In this section, the focus is on the design of good high-rate
constituent encoders for PCCCs.

In addition to the mother codes presented in Table I, we have
conducted a search for good constituent recursive rate-1/2 con-
volutional encoders to be used in PCCCs. Note that the design
of good mother encoders and PPs for PCCCs follows the same
general rules.

In connection with the PCCCs, it is known that the constituent
encoders must be recursive and systematic in order for the in-
terleaver to yield a gain [3]. Furthermore, in PCCCs, the dom-
inant patterns yielding the lowest terms of the distance spectra
are due to input patterns with weight-2, especially for large in-
terleaver sizes. In fact, it is known that the performance of the
PCCC with large interleavers [17] for moderate-to-high SNR
can be expressed as

(2)

where is the code rate of the PCCC, and is the interleaver
length. For this reason, a good criteria for obtaining both good
mother encoders and PPs in a PCCC consists of maximizing the
effective distance .

We note that the maximum effective distance achievable
with a recursive systematic rate-1/2 encoder with generator ma-
trix can be obtained from [17],

. In particular, equality is achieved when the

denominator polynomial is primitive and under two ad-
ditional conditions which require that and that

for . The search for good mother en-
coders having highest has been conducted by considering the
above conditions on the polynomials associated with . We
have used these codes as mother codes by following the gen-
erally accepted rule that “good mother codes” lead to “good
punctured codes.” Indeed, practical documented results show
that PPs with maximum possible are derived from mother
encoders having maximum .

In connection with the use of punctured encoders in a PCCC,
the possible puncturing strategies can be different. Due to the
complexity of finding good PPs for the overall PCCC codewords
[6], a viable solution is to use punctured constituent encoders.
For example, in reference to the general scheme of a PCCC, a
rate- recursive systematic encoder can be used as the
upper encoder of the PCCC, whereas the lower encoder can be
punctured so that the systematic bits and some of its parity bits
are completely eliminated, in order to achieve the desired rate
for the overall PCCC.

Considerations above motivated us to design both systematic
mother encoders and PPs by using, as objective function, the
maximization of the effective distance . In a second phase,
among the encoders yielding the same (if several), we chose
the one requiring the minimum SNR for achieving the target
BER , and then the one with maximum . As a cost
function for optimization in connection with the minimization
of SNR, we have used the inverse of the BER upper bound, as
expressed in (1), using the first few terms of the distance spectra
of the codes. In the following, we shall identify this design cri-
teria for PPs as criterion .

The results of the search for good mother encoders are shown
in Table II labeled with the acronym for constituent encoders
with memory equal to 2, 3, 4, and 5 (the column heading shows
the number of states). The second column shows the generator
matrices of the optimal encoders, the third column lists the code
distance spectra up to the fifth term (each triplet represents the
Hamming weight of the codewords , the multiplicity of all
the input patterns with overall weight leading to codewords
with weight and the input weight ), and the last column
shows the effective distance and the distance generated by
weight-3 sequences denoted (the entry is used to
signify the fact that there are no weight-3 input patterns leading
to low-distance codewords).

B. Design of High-Rate Constituent Encoders for SCCCs

In this section, the emphasis is on the design of good high-rate
constituent encoders for SCCCs.

For serial concatenation of CCs, the optimization criteria
adopted is somewhat different, depending on whether the
punctured codes have to be used as outer or as inner codes. As
discussed in [2], the asymptotic BER of an SCCC for very large
interleaver sizes is given by

(3)



1848 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 52, NO. 11, NOVEMBER 2004

for even values of , and

(4)
for odd values of . In both equations, the terms and do
not depend on the interleaver length , is the free distance of
the outer code, is the effective distance of the inner code,
is the rate of the SCCC, and is the minimum weight of the
inner code codewords generated by weight-3 input sequences.

Equations (3) and (4) can be used to deduce some useful de-
sign criteria for constituent encoders of SCCCs. First of all, we
note that the inner encoder in an SCCC must be a recursive con-
volutional encoder, no matter if it is systematic or not, while
the outer encoder should have maximum free distance. It is not
necessary for the outer encoder to be either recursive or system-
atic, as is evident from the asymptotic interleaving gain given by

for odd values of , and for even values
of . In particular, compatible with the desired rate of the
SCCC, it is better to choose outer encoders with odd values of

. In summary, for the outer encoder in an SCCC, classical de-
sign methodologies for design of optimal CCs [12]–[16] are ad-
equate. In the moderate-to-high SNRs where an interleaver gain
is observed, the outer encoder should simply possess a good dis-
tance spectrum, i.e., highest minimum distance and low weight
of the associated error-sequence combination not just for the
minimum-distance term, but also for other low-distance terms
of the distance spectrum. Let us focus on the design criteria for
inner encoders in an SCCC. Equations (3) and (4) suggest that
for outer encoders with even values of , a suitable criteria to
design good inner encoders is to maximize their effective dis-
tance . In the case where the outer encoder has an odd value
of , it is also better to choose inner encoders with the greatest
possible (recall that is the smallest weight of the inner en-
coder codeword generated by weight-3 input sequences). In this
case, an inner encoder with the feedback polynomial containing
the factor can be chosen, thus avoiding altogether termi-
nating error patterns, and hence, low-weight codewords due to
input sequences of weight-3. Once the outer and inner encoders
are chosen in accordance to the previous criteria, the interleaver
design should focus on optimizing the matching between the
outer and the inner encoders in such a way that for each Ham-
ming weight of the outer codewords, the Hamming weight

of the inner codewords are maximized (here, is the min-
imum Hamming weight of the inner codewords generated by
inner input patterns with the same weight of the outer code-
words). This maximization is then applied to increasing weights
of the outer codewords.

In addition to the mother codes presented in Table I, we have
conducted a search for good constituent recursive rate-1/2 con-
volutional outer encoders in SCCCs, by using as an objective
function the minimization of SNR at a target BER [16].
In order to resolve potential ties, in a second phase between all
the encoders yielding similar performance, we choose the en-
coder with the best and, subsequently, the best . The results
of this search are shown in Table II labeled with the acronym
SNR for constituent encoders with memory equal to 2, 3, 4,
and 5.

The results in Table II obtained for the 32-state recursive en-
coders are slightly different. During our search, we found an
encoder satisfying both objective functions mentioned above
(listed in the last line of Table II for codes). For this
reason, in the upper line of the same row, we show the best en-
coder having maximum while simultaneously satisfying the
minimum SNR requirement and achieving maximum . This
encoder can be useful, for instance, as the inner encoder of an
SCCC when the outer encoder is punctured so that its minimum
distance is equal to three. In this case, because of the absence of
inner encoder codewords generated by weight-3 input patterns,
the overall SCCC yields better performance.

Following the general guidelines above, let us outline the de-
sign criteria adopted in this letter for obtaining good punctured
encoders for SCCCs. As far as the inner encoder of the SCCC
is concerned, the design rule consists of searching for the PP
leading to the maximum possible effective distance for a
given rate- . Between all PPs having the same maximum

, we choose the one yielding the minimum SNR requirements
for achieving the target BER , and finally, between all
the PPs yielding the same SNR requirement, we chose the one
with maximum . We shall identify this design criteria as cri-
terion .

In connection with the design of punctured encoders to be
used as outer codes in an SCCC, we conducted a search for
the best PPs yielding the minimum SNR requirements for
achieving the target BER . This target is such that the
optimization acts to maximize the minimum distance of the
punctured encoder and minimize the overall weight associated
with the input pattern yielding the minimum distance, followed
by maximization of the successive low-distance terms and
minimization of their corresponding input weights for the first
four minimum-distance terms used in the formulation of the
cost function. Between various PPs satisfying the requirement
with the same SNR, we chose the one having first of all the
maximum , and then the maximum . We shall identify
this design criteria as criterion .

III. CODE-SEARCH RESULTS

The results of our search for the best PPs are presented in
Tables III–VIII.

In particular, for any encoder with memory having states
(the column heading shows the number of states) in any given
column, Tables III–V show the best PPs resulting in punctured
encoders of rate- under criteria , , and .

For any given memory size and code rate, Tables VI–VIII
show the best PPs under criteria , , and , respectively.
Since there was no single punctured encoder of a given memory
outperforming all other encoders with the same memory over all
code rates examined, we developed three global cost metrics as
follows. For codes obtained using criterion , for any given
code rate, we evaluated the loss in SNR between the perfor-
mance of each encoder and the one achieving the desired target
with the minimum SNR. Then, we summed the SNR losses of
the punctured encoders over all the code rates. This was repeated
for other memory sizes independently. These PPs are shown in
Table VIII. In relation to the criteria and , for any given
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TABLE III
BEST PPS FOR VARIOUS CODE RATES UNDER CRITERION C

TABLE IV
BEST PPS FOR VARIOUS CODE RATES UNDER CRITERION C

TABLE V
BEST PPS FOR VARIOUS CODE RATES UNDER CRITERION C

number of states of the considered mother encoders, we selected
the encoders having the maximum over the largest possible
set of code rates. Then, between these encoders, we chose the

TABLE VI
OPTIMAL PUNCTURED ENCODERS OVER ALL CODE RATES UNDER

CRITERION C

TABLE VII
OPTIMAL PUNCTURED ENCODERS OVER ALL CODE RATES UNDER

CRITERION C

TABLE VIII
OPTIMAL PUNCTURED ENCODERS OVER ALL CODE RATES UNDER

CRITERION C

one yielding the minimum SNR losses evaluated as above for
criterion . The results are shown in Tables VI and VII.
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The tables are organized as follows. For any given memory
size shown in the column with the respective number of states
and any rate shown in a given row, we show the polynomial
generators of the mother encoder yielding the best PP in the
first line, the triplet identifying the minimum
distance , the number of nearest neighbors yielding the min-
imum distance , and the total weight of these input patterns

as the second line, and the effective distance and the
weight-3 distance of the punctured codes as the third line.
Where not specified, does not exist in the distance spectra
of the punctured codes. As an example of how to read the table
entries, consider the rate-2/3 puncturing pattern PP-13 related
to the mother encoder shown in Table III
yielding the best PPs under criterion . This PP, represented in
octal form, leads to a code whose minimum distance three is due
to one input pattern with input weight three. The effective dis-
tance of the code is four, and the weight-3 distance is three.

As noted above, the PPs are represented in octal form. A given
PP should be read from right to left by collecting pairs of sys-
tematic-parity bits. As an example, the PP in Table III, which
yields a code with rate-2/3 for the 4-state code, should be in-
terpreted as follows: (the
subscript denotes the base of the numbers). In this case, the PP
leaves the encoder systematic and deletes the first parity bit as-
sociated with every two input bits.

IV. CONCLUSIONS

In this letter, we have presented extensive optimized PP tables
for recursive CCs to be used in the design of parallel and serially
concatenated CCs. The optimization was conducted using three
different objective functions, each one of which is suited to a
certain application in connection with the design of PCCCs
and SCCCs. We have further conducted exhaustive searches
for mother encoders of rate-1/2 to be used for puncturing using
two different selection criteria. These encoders, and several
other encoders reported in the literature, were then used as
mother encoders to which puncturing is applied.

ACKNOWLEDGMENT

The authors wish to thank the editor and the anonymous re-
viewers for many useful suggestions that have improved the
quality of this letter.

REFERENCES

[1] J. B. Cain, G. Clark, and J. M. Geist, “Punctured convolutional codes
of rate (n�1=n) and simplified maximum-likelihood decoding,” IEEE
Trans. Commun., vol. COM-25, pp. 97–100, Jan. 1979.

[2] S. Benedetto, D. Divsalar, G. Montorsi, and F. Pollara, “Serial concate-
nation of interleaved codes: Performance analysis, design, and itera-
tive decoding,” IEEE Trans. Inform. Theory, vol. 44, pp. 909–926, May
1998.

[3] S. Benedetto and G. Montorsi, “Design of parallel concatenated convo-
lutional codes,” IEEE Trans. Commun., vol. 44, pp. 591–600, May 1996.

[4] F. Babich, G. Montorsi, and F. Vatta, “Design of rate-compatible punc-
tured turbo (RCPT) codes,” in Proc. IEEE Int. Conf. Communications,
vol. 3, Apr. 2002, pp. 1701–1705.

[5] , “Rate-compatible punctured serial concatenated convolutional
codes,” in Proc. IEEE Globecom, vol. 4, Dec. 2003, pp. 2062–2066.

[6] M. A. Kousa and A. H. Mugaibel, “Puncturing effects on turbo codes,”
IEE Proc. Commun., vol. 149, no. 3, pp. 132–138, June 2002.

[7] O. F. Acikel and W. E. Ryan, “Punctured turbo codes for BPSK/QPSK
channels,” IEEE Trans. Commun., vol. 47, pp. 1315–1323, Sept. 1999.

[8] S. S. Pietrobon, “Super codes: A flexible multi-rate coding system,” in
Proc. Int. Symp. Turbo Codes, Related Topics, Brest, France, Sept. 2000,
pp. 141–148.

[9] , “On punctured serially concatenated turbo codes,” in Proc. 35th
Asilomar Conf. Signals, Systems, Computers, vol. 1, 2001, pp. 265–269.

[10] F. Daneshgaran, M. Laddomada, and M. Mondin, “An extensive search
for good punctured rate-k=k + 1 recursive convolutional codes for se-
rially concatenated convolutional codes,” IEEE Trans. Inform. Theory,
vol. 50, pp. 208–217, Jan. 2004.

[11] O. F. Acikel and W. E. Ryan, “Punctured high-rate SCCCs for
BPSK/QPSK channels,” in Proc. IEEE Int. Conf. Communications, vol.
1, 2000, pp. 434–439.

[12] K. J. Hole, “Punctured convolutional codes for the 1-D partial-response
channel,” IEEE Trans. Inform. Theory, vol. 37, pp. 808–817, May 1991.

[13] Y. Yasuda, K. Kashiki, and Y. Hirata, “High-rate punctured convolu-
tional codes for soft-decision Viterbi decoding,” IEEE Trans. Commun.,
vol. COM-32, pp. 315–319, Mar. 1984.

[14] G. Begin, D. Haccoun, and C. Paquin, “Further results on high-rate punc-
tured convolutional codes for Viterbi and sequential decoding,” IEEE
Trans. Commun., vol. 38, pp. 1922–1928, Nov. 1990.

[15] K. J. Hole, “New short constraint length rate (N � 1=N) punctured
convolutional codes for soft-decision Viterbi decoding,” IEEE Trans. In-
form. Theory, vol. 34, pp. 1079–1081, Sept. 1988.

[16] P. J. Lee, “Constructions of rate-(n � 1=n) punctured convolutional
codes with minimum required SNR criterion,” IEEE Trans. Commun.,
vol. 36, pp. 1171–1174, Oct. 1988.

[17] D. Divsalar and F. Pollara, “On the design of turbo codes,”, JPL TDA
Progress Rep. 42-123, 1995.


	toc
	High-Rate Recursive Convolutional Codes for Concatenated Channel
	Fred Daneshgaran, Member, IEEE, Massimiliano Laddomada, Member, 
	I. I NTRODUCTION

	TABLE I R ATE -1/2 S YSTEMATIC R ECURSIVE C ONSTITUENT E NCODERS
	II. C ODE -S EARCH T ECHNIQUE

	TABLE II O PTIMIZED R ATE -1/2 S YSTEMATIC R ECURSIVE C ONSTITUE
	A. Design of High-Rate Constituent Encoders for PCCCs
	B. Design of High-Rate Constituent Encoders for SCCCs
	III. C ODE -S EARCH R ESULTS

	TABLE III B EST PP S FOR V ARIOUS C ODE R ATES U NDER C RITERION
	TABLE IV B EST PP S FOR V ARIOUS C ODE R ATES U NDER C RITERION 
	TABLE V B EST PP S FOR V ARIOUS C ODE R ATES U NDER C RITERION $
	TABLE VI O PTIMAL P UNCTURED E NCODERS O VER A LL C ODE R ATES U
	TABLE VII O PTIMAL P UNCTURED E NCODERS O VER A LL C ODE R ATES 
	TABLE VIII O PTIMAL P UNCTURED E NCODERS O VER A LL C ODE R ATES
	IV. C ONCLUSIONS
	J. B. Cain, G. Clark, and J. M. Geist, Punctured convolutional c
	S. Benedetto, D. Divsalar, G. Montorsi, and F. Pollara, Serial c
	S. Benedetto and G. Montorsi, Design of parallel concatenated co
	F. Babich, G. Montorsi, and F. Vatta, Design of rate-compatible 
	M. A. Kousa and A. H. Mugaibel, Puncturing effects on turbo code
	O. F. Acikel and W. E. Ryan, Punctured turbo codes for BPSK/QPSK
	S. S. Pietrobon, Super codes: A flexible multi-rate coding syste
	F. Daneshgaran, M. Laddomada, and M. Mondin, An extensive search
	O. F. Acikel and W. E. Ryan, Punctured high-rate SCCCs for BPSK/
	K. J. Hole, Punctured convolutional codes for the 1-D partial-re
	Y. Yasuda, K. Kashiki, and Y. Hirata, High-rate punctured convol
	G. Begin, D. Haccoun, and C. Paquin, Further results on high-rat
	K. J. Hole, New short constraint length rate $(N-1/N)$ punctured
	P. J. Lee, Constructions of rate- $(n-1/n)$ punctured convolutio
	D. Divsalar and F. Pollara, On the design of turbo codes,, JPL T



